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INPUMEHEHUWE METOJA JIATPAHXA-PUTIHA-KAHTOPOBHUYA
K AHAJIN3Y KOJIEBAHUM TYPBUHHBIX JIOATOK

AHHOTAITHA Paccmampusaiomcs KoneOanus mypouHHbIX JONAMOK KAK TUHENHO YNpyeux ecmecmeeHHO 3aKpyYeHHbIX
KOHCONbHBIX NpsiMbIX cmepoicheti. TIpoeubvt annpoxcumupylomes no memody Pumya. Koagpguyuenmor annpoxcumayuu s6-
aames Qyukyusmu epemenu coenacto Kanmoposuuy. J[ns ux onpedenenus cocmasnensl ypasuenus Jlazpanica, pewaemvie
YUCTEHHO cpedcmeamu cucmemvl Komnviomeprot mamemamuxu (MathCAD). Memoouxka nozeonsem npogooums NOIHGIL
MOOANbHBIL AHANU3, @ MAKJICE PACCUUMbIBAMb HeCIMAayUoHapHvle c60600Hble U GblIHYICOeHHble Konebanus. IIpedcmasnensi
pesynvmamsl pacuema 014 JONAmKy napogou mypounsl Kanyscckoeo mypounnozo 3asooa.

Kniouesuwie cnosa: mypbunnvle 10namKu, ecmecmeenHo-3aKpyyernble CMepICHU, TUHEeUHAs Meopus CImepoicHell, Yacmomel u
@opmul kKonebanuil, 3a0a4a Ha cobcmeennvle 3Havenus, ypashuenus Jlazpandica, KOMnvIOmepHas MamemMamuxa.

V. ELISEEV, A. MOSKALETS

APPLICATION OF THE LAGRANGE-RITZ-KANTOROVICH METHOD
TO THE VIBRATION ANALYSIS OF TURBINE BLADES

ABSTRACT The purpose of this effort is the method of vibration analysis. Object of research is turbine blade. A calculation
method based on Lagrange equations is proposed. Blade is assumed to be an elastic rectilinear twisted rod. Linear theory is
used which means that translational and angular displacements, as well as the loads, are supposed to be small. Deflections
are approximated using the method of Ritz. The coordinate functions correspond to the boundary conditions. The coefficients
of approximation are time dependent parameters according to the method of Kantorovich. These coefficients are generalized
coordinates. Lagrange equations are solved numerically by means of computer mathematics system (MathCAD). This method
enables us to calculate natural frequencies and modes of blade and analyze unsteady free vibrations and forced ones.

Key words: turbine blades, twisted rods, liner theory of rods, natural frequencies and modes, eigenvalue problem, Lagrange
equations, computer mathematics.

BBenenune

CTep)KHM Kak MOJAEIH TYpPOMHHBIX JIONIATOK
UCTIONB3YIOTCS JOBOJIBHO JAaBHO. BHauane nomaTku
paccuuThiBaK Kak Oanku [1]. Mcrnoms30Baich Takxke
W 3aKpydeHHbIe cTepkHU [2, 3]. C HEKOTOPHIX TOpP MX
CTaJIM BBITECHATH TPEXMEPHBIE MOAETH M KOHEYHO-
JNeMeHTHBIN aHanmm3 [4, 5]. OmHako ceifyac HENb3s
CKa3aTb, YTO BO3MOXXHOCTH OJHOMEPHBIX MOJeNei
ucyeprnanel. PaccMOTpeHHE CTEp)KHEBBIX MOJENeH
ONPaBIAHO, €CIM HE TMPOSBIAIOTCI OCOOEHHOCTH
TpEXMepHOro mois HampsbkeHuit [6—8]. Mcmomns3ys
CTepKHH, MOXKHO peIaTh 3aJadyd, HEJOCTYIIHBIE B
TpEXMEpHON TOoCTaHOBKE [9].

Lens padoTsI

Llenpio paOOTHI SBISIETCS CO3IaHUE MHXKEHEp-
HOW METOAMKH pacyéra KoleOaHWH JIOTATOK Kak 3a-
KpyueHHBIX crepxkHeil [10]. [Ipennaraemas metonuka
OCHOBBIBAETCSI HA TEOPHH CTEPKHEH W BapHalMOHHOM
Mmetoze Jlarpamxka [11] B coueTaHNU ¢ KOMIIBIOTEPHOH
MaTeMaTHKou [12].

H3n0kxeHne OCHOBHOTO MaTepuaJja

Hccneayrorcest cBOOOMHBICE W BBIHY)KIACHHBIC
KoJIeOaHus JIONAaTKU MapoBod TypOuHBl Kamykckoro
TypounHoro 3aBoga (KT3) [13]. Moaenpio Jonatku
SIBIISIETCS TIPSIMOM €CTECTBEHHO 3aKPYYEeHHBINH KOH-

COJIBHBII CTEpP)KEHb HECUMMETPUUYHOIO CeueHus. Y
TaKAX CTepkHeH OOKOBasg MOBEPXHOCTH OOpa3oBaHa
BHUHTOBBIM JBIDKEHHEM KOHTYpa ceueHus [14].
BBoautcs Tpoiika nexkapTOBBIX OCeH, OCb X
HampaBjIeHa Yepe3 LEHTPHl TSKECTH CEUeHHH BIOJb
JonaTtky (CYMTAeTCsl, YTO IEHTPBI TSHKECTH HpPUHAI-
nexxar onxHOM upsimoit). Ilporm®G 3akpyueHHOTO

CTEPKHS BCErJa HMMEET JBE KOMITOHEHTBI u'y,u;

(GyHKIMM KOOpAMHATHEI X U BpeMeHH f. Kunetndeckas
SHEPTH

1
T=%Jp(df,+u22)dx, )
0
Izie p — MOTOHHAsl Macca.
[IOTeHIMANBHYI0 JHEPTHIO ONPEACIHM C JO-
IYIEHAEM, YTO OCEBOE MEPeMEIICHHE NP H3THOe
Uy =—yu', —zu:

Hzgjdxju;zsz
20 F

z

= %j. (Jyu;2 +2J uul + Ju"? )dx )
0

C MOMEHTaMH UHEPIIUU
J,=[y*dF, J, =[ydF, J, =[zdF.
F F F
OT Mozenu ¢ pacnpenenéHHbIMH TapaMeTpaMu
nepernéM K JUCKPETHOM MOCPENCTBOM alMpOKCHUMa-
UM IPOTHOOB
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XapakTepHsle 111 Metoaa KantopoBuua, urparor pons
0000MEHHBIX KOOPAWHAT U IOUICKAT OIPECIICHUIO
u3 cucrembl ypaBHeHuid Jlarpamxa. KoopaunaTHbie
GhyHKIMN (p(x) 3371al0TCsI HaMU C  COOJIOCHUEM

ycioBul 3akperuienus. [Ilpuaumaem
(pl-(x):xm, i=1..,N. 4
IMoncrasus (3) B (1) u (2), nony4nm KUHETHYE-
CKYIO Y IOTCHLIMAJBHYIO SHEPTHIO IUCKPETHOM MoJe-
JIM JIOTIATKH:
(g - P )
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MAaTpPHII HHEPIUH U KECTKOCTH.
O0001mEHHbIe cUITbI TSl ypaBHeHui Jlarpanka
HAXOJSATCS 10 BUPTYAIBHOM padore:

!
f.8u, + f.8u_)dx=Q'8U  +Q8U _,
I(} y )d Yy

0

u aHanoruyHo cronben Q.. 3xaech f), . — KOMIOHEH-

TbI [IOTOHHOM Harpy3KH.

CoKpaTMB MAaTpUYHYIO 3alllCh BBEICHHEM
0JIOYHBIX CTOJIOIOB ¥ MATPHIL;:
U m 0
U=| 71|, M= , ()
U, 0 m
c, C 0
C= y yz , Q _ ( J’J , (9)
(Cyz Cz J Qz
3amuinieM ypaBHeHus Jlarpamka
MU +CU =0(t). (10)

B cnygae cBoOomubIx Konebanwmii (Q = 0) pac-
CMaTpUBAIOT TJIaBHbIE KOJEOAHUSI C COOCTBEHHBIMHU
dopmamu @ 1 yacToTamu A

Ult)=osinae, (C-2M)o=0. (1)

DT10 0000mEHHAs 3a1a4a Ha COOCTBEHHBIE 3HA-
4eHus, pemaemasi B Mathcad BCTpOCHHBIMHU TIPOIIETY-
pamu genvals u genvecs [12].

Bemomnaensr pacuérsl jomatku KT3. Ilpum
N = 6 HaiifeHo:

A =1541, A, =3614, Ay =7377,

Ay =17622, A5 =20577, Ag=37316.

Kaxmass cobctBenHass ¢opma @ comepkut
MHOXHTENb A, ONpeIeIsIeMblii YCIIOBUEM HOPMHPOB-

ku AT MO =1. PesynpraTer pacuéra ¢opm mpuse-
JIeHbI Ha puc. 1.

[Tpu pacuére BBIHYKACHHBIX KOJEOAHWH st
HaXOXKJCHHUS aMIUIUTYJ KCIOJIb30Bajach BCTPOEHHAsS
¢bynkus  Isolve. IlapameTpsl a’3poAWHAMHYECKON
Harpy3k# B3sThl Kak B [10]. PesynbpTarsl pacuéra BbI-

[
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Puc. 1 — Hopmuposannwie cobcmeennvle hopmoi:
1—6 — nopsoxoswiii Homep hopmbi
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mux cmpuoicnie. Ilpocunu annpoxcumupyiomes 3a memooom Pimya. Koegiyienmu anpoxcumayii € gynkyismu uacy 32i0no
Kanmoposuuy. /[ns ix eusnauennsa cknaoeui pienanna Jlaspanoica, sKi 6UpiuLylomsCsa 4uceibHo 3acobamu cucmemu Komn'o-
mepnoi mamemamuxu (MathCAD). Memoouka 0036013€ npogooumu nOGHUL MOOAAbHUL AHANI3, A MAKOJIC PO3PAX0BYEAMU
HecmayionapHi invii i umyuweni konueanus. Ilpedcmasneni pesyromamu po3paxyHxy 0as ronamxu naposoi myp6oinu Kany-
3bK020 MYPOIHHO20 3a600).
Knrwouoei cnosa: mypoinui 1onamxu, npupooHo-3aKkpyueri CIMepoCHi, TiHiliHa Mmeopisi CMpUdCHie, yacmomu i hopmu Koau-
6aHb, 3a80aHHA HA 61ACHI 3HAYEHHS, piGHANHHA Jlacpandica, Komn 1omepHa Mamemamuxa.
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