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JIESAKI TEOPEMM ITPO BUPOBHUYI ®YHKIIIT BIJT
JABOX 3MIHHHUX 31 SMIHHUMHA KOE®IINIEHTAMHA
EJACTAYHOCTI TA IX 3ACTOCYBAHHS

TIpononytoTbest GpopMyITIOBaHHS 1 JOBEISHHS TEOpEM MPO BUPOOHMYI (YHKLIT BiJl ABOX 3MiHHHX, Yac-
THHHI KOC(Illi€EHTH eTaCTUYHOCTI SKUX € (PYHKLIAMU OJIHi€l a00 ABOX 3MiHHMX. HaBeaeHo npukiag Bu-
poOHKYOI (YHKLIT, IO [OB’s3aHa 3 YNPABIiHHAM YPOXKaHHICTIO OBOYIB B 3aJIEKHOCTI Bill BOJOIOCTI
I'PYHTY Ta KOHLEHTpaLii 100puB.

Ipennaratorcst GOpMyJIHPOBKa H J0KA3aTEIBCTBO TEOPEM O IPOH3BOJCTBEHHBIX (PYHKIUSX OT IBYX IIe-
PEMEHHBIX, YaCTHbIE KOA(DGHUIMEHTBI, HIACTUYHOCTH KOTOPBIX SBISIOTCS (DYyHKIMSIMH OJHOM MM JBYX
nepeMeHHBIX. [IpuBenieH npuMep OPOU3BOJCTBEHHON (YHKIMH, KOTOpasi CBA3aHa C yIpaBIEHHEM ypo-
JKaHHOCTBIO OBOIIEH B 3aBUCUMOCTH OT BIXKHOCTH I'PYHTa U KOHIIEHTPALUHU yIOOPEHHUH.

In this paper the formulation and the proof of theorems of production functions from two variables is
offered, particular which factors of elasticity are functions of one or two variables. The example of pro-
duction function which is connected with management of productivity of vegetables depending on hu-
midity of a ground and concentration of fertilizers is offered.

Beryn. BupoOHn4i QyHKIIT € IINPOKO PO3MOBCIOKEHUMH (DYHKIISIMU TIPH
MOJICTIOBaHHI B €KOHOMimi. HalOimpI mommpeHi y 3acTOCYBaHHAX BHPOOHMUI
¢yHKII{ KiTPKOX 3MIHHHUX MArOTh CTaji YaCTHHHI KOe(ili€eHTH eacTUYHOCTI. AJe
Ha MPaKTUI BUHUKAIOTh CUTYallii, KOJIM YaCTUHHI KOe(Iil[ieHTH eJIacTHYHOCTI Jie-
SIKMX BUPOOHMYMX (QYHKILIH MOXYTh OyTH BiqoMHMH (QyHKLIIMH OJHI€T a00 IBOX
3MiHHUX. BpaxoByrouu, mo auBigipa 2-ro poay Ma€ YiTKHH €KOHOMIYHHH 3MiCT,
MIPOMIOHY€ETHCSI BAKOPUCTOBYBATH JIJIsI aHANI3Y BUPOOHNUNX (QYHKIIIH TUBidipiabHi
Ta MyJIbTUTPAJIbHI YUCIIEHHS IPYTrOro POLIY.

AHaJi3 ocTaHHIX J0CTiTXKeHb 3 MO0OYy10BH BUPOOHNYMX PYyHKUIH i3 3a7a-
HUMH KoedinieHTaMu ejacTuyHocTi. B TemepimHiit yac icHye 6arato BUpoOHH-
yux (yHKILIH, SKi BAKOPUCTOBYIOTBCSI [l MAaTEMAaTHYHOTO MOJICIFOBAHHS €KOHO-
MivHHX TIporieciB [1,4]. Ane Ha PaKTUII BUHUKAIOTHh CUTYaIlii, KOJIH KOeillieHTH
€aCTHYHOCTI IUX (YHKIIA MOXYTh OyTH 3MIHHUMH. TOMY aKTyalbHOIO € pO3po-
Oxa Teopii moOymoBY BUPOOHNUNX (PYHKIIHN i3 3SMIHHUMH Koe(]ilieHTaMHU enacTid-
HOCTI.

MaremaTiHyHHUi amapar AWBIAIpiaIbHUX Ta MYJBTHTPAIGHHX YHCIEHb, PO3-
poOneHux B mpatli [2] Bigpi3HIETHCS TUM, IO AWBiAipa 2-T0 poay

5u(x) . u(xxh):u(x)
sx T m h
Ma€ 9YiTKAH EKOHOMIYHHX 3MICT — BOHA € KOe(iIlli€EHTOM eNacTHYHOCTI (PyHKIiT
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u(x) B 3aJIOKHOCTI Bil X (TYT i Jaii 3HaK « <—>» O3HAya€ JorapupmMyBaHHs:
BiH BUKOPHUCTOBYETHCS 3 METOIO IOCATHEHHS TIOBHOI aHAJIOT11 3 TIOXiIHOIO).
3okpema, 1ie BUpOOHUYI (YHKIT A1 JOCTIIKCHHS SKOHOMIKH YIpPaBIiHHSI
BPOXKalHICTIO OBOYIB B 3aJIEKHOCTI BiJ BOJIOTOCTI IPYHTY Ta B 3aJIEXKHOCTI BiX
KoHIeHTpanii noopuB [3]. Hampuknanm, mpomec, SKU ONHCYEThCS (YHKIIEIO
u (x, y) , sIKa Ma€ KOe(IlliEHTH eIaCTHYHOCTI, 10 3aJIeXkKAaTh BiJl SMIHHUX X Ta ) :

AKIIO u(x,y) — BPOXKaKHICTh OBOYIB, x(ﬂ/M3) — BOJIOTICTh IPYHTY, y(ke//w3) —

KOHIICHTpaLis 10OpuB (MiHEpaTbHUX, OPTaHIYHHX), TO KOSPIIIEHT eTacTUIHOCTI
E. [u] =Xxu, /u € BEIIMINHOIO, KA 3AJICKUTD Bi x HpH (ikcoBaHOMy y . Ocki-

JIBKA JIETKO 3PO3YMITH, 10 MPHU Majifi BOJOTOCTI IPYHTY JUIsS IiABUIICHHS BPO-
JKAHOCTI MOXHA 30UITBIITYBAaTH OOCSTH 3POIICHHS IPYHTY, a JUIsl BUIAJKY, KOJU
BOJIOTICTh JOCSTAE JESIKOI ONTHUMAIBHOI BETUYUHH, BPOXKAUHICTD JIUISI 33JAHOTO Y

Gyste HaiiBuol0. AHasoriuno koedinient enactuunocti E, [u]=xu) /u e semu-

YHHOIO, KA 3AJICXKUTH Bifl ) TpH (PIKCOBAHOMY X , OCKUIBKH JIETKO 3PO3YMITH, IO
MIpH Maii KOHIIEHTpAIlil TOOpUB y IPYHTI IS IMiJBUIICHHS BPOXKAIHOCTI MOXKHA
301IBITyBaTH 0OCATH BHECEHHS NOOPHB, a U BUMAIKY, KOJIU KOHIIGHTpAaMis 100-
PHB Y I'PYHTI JOCSTA€E JIesIKO1 ONTUMAaJIbHOT BETMUMHHU, BPOKAMHICTD VIS 3aJaHOTO
x Oyje HaWBHIIOKO 1 T.1I..

ToMy akTyabHOIO € po3poOKa Teopii moOyIoBH BUPOOHWYNX (YHKIIH dac-
TUHHI KOe(illi€EHTH eTacTHYHOCTI SKUX 3aJIe)KaTh BiJ OXHi€i ab0 ABOX 3MIHHHX 3
BUKOPHCTAHHSM JIMBIIIPIaIbHOTO Ta MYJIbTUTPAIEHOTO YUCICHHS JUI KOHKPETHUX
rajy3eil eKOHOMIKH HapOJHOTO TOCIOAapCTBA.

IMocTranoBka 3amavi. B maHiii poOOTI pO3B’sA3yEThCs HACTYIHA 3ajaadya: ITo-
OymyBaTH 1 JOCTiIuTH (PYHKIII TBOX 3MIHHUX U (x, y) , 9aCTUHHI Koe(illieHTH erna-
CTHYHOCTI SKUX 32 3MIHHIMH X Ta ) BIIONOBITHO € (GYHKIISIMH OTHIET 3MIHHOT X

gi y abo IBOX 3MIHHHX X,V .

MartemaTnuna Monean. Hixue chopmyinroemo i goBenemMo Teopemu, II0
CTOCYIOTBCSA TOOYIOBH SIBHUX (POopMyIN Uit QYHKIH IBOX 3MIHHHX u(x, y) , K1

MAaIOTh 3a/1aHi 3MiHHI YaCTHHHI KOSQII[iEHTH eTaCTHIHOCTI.
Teopema 1. Po36 530k cucmemu OugioipiaibHux pieHsHb

(%)= (y)+xIny-g'(x),
ou M
<5—y>:g(x)+ylnx-f ).

mobmo supobHuYa yHKYiA, Modxce Oymu npedCmasieHa y 6ueisioi:
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u(xy)=x"y e, @

de C — dosinbra cmana.
JloBenenns. 3ayBaxxumo, 1o cucrema (1) ekBiBaJleHTHa CHCTEMI HEJHIHHUX
IuQepeHITiaTbHIX PiBHIHD

xﬁuf()x:y)
x
————=/(y)+xlny-g'(x),
u(x,y) 5
oy '
— = g(x)+yix- ().
u(x,y) (%) ()
Bisbmemo nuBinipy 2-ro pojy o x Bin (2):
au(x,y) o . _ )
X ) x{f(y)xf(Y) lyg( )+xf(J’)|:yg( Hnyg’(x)}}.c_
u(x, y) - xf()’)yg(x) .C =
B x.f(y)xf(J/)fl yg(X) +x'xf(y)yg(x) 1nyg'(x)~C
B 00 ¢ =

=f(y)+x-Inyg'(x).
To0To nepiue TBepKEHHSI TEOPEMH | T0BEIECHO.
Biszsmemo nuBinipy 2-ro pomy 1o y Bix (2):

au(x,y) N )
Y y{g(x) yEH0) 4 g0 f,(y)}}. c
u(x,y) 010 ¢ =
= y.g(x)yg(x)—le(y) +y'yg(x)xf(y) Inx f'(y) =
050

=g(x)+ylnxf'(y).
ToOTo moBeaeHe i mpyre TBepAKEHHSI TeopeMH 1.
Takum uuHOM, Teopema 1 noBeneHa.
Teopema 2. Bupobnuua dymxyis u(x, y) , AIKA 3a0080bHAE HACHYNHUM

ymoeam:

“4)

Modice bymu npedcmasnena y uensoi:
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jde IM‘{Y
u(x,y)=e * e ¥ -C, 5)
oe C — doginvra cmaa.

JoBenenns. Cucrema (4) exkBiBaJeHTHA TaKil CUCTeMi HENiHIHHUX Audepen-
[iaJIbHUX PiBHSHb:

x@uéx,y)
X
aGoyy )
(6)
au(x,y)
oy ().
u(x,y)
Bizsmemo nuBinipy 2-ro pomy o X , OTPHMA€EMO:
S0y 8,
Su(x,y) xa”(a%y) x-eI x dx~e Y «V.f(x).c
’ _ x x _ _
o o) g, oy W)
e ¥ e ¥ .C
ToOTo mepiie TBEpIKEHHS TEOpEMH 2 TOBEICHO.
Bi3bMemo nuBizipy 2-ro poay 1o y , OTpUMaEMoO:
f(x 2(»)
y@u(x,y) y-ej¥dx -eI B dy.g(y).c
5u(x,y) _ oy _ y =g(y)
Sy u(x.y) 0y 180y, '
e X e 7V .

To06to noBeseHe i Kpyre TBEPIPKESHHS TEOPEMU 2.
TakuM 4MHOM, TEOpeMa 2 JOBEJIEHA.

Teopema 3. fkwo supobnuua ¢yuxyis u(x, y) Mae xoe@iyienmu eracmuy-

HOCMI:

(M):f(x,y)”'U@dyj,x’

ox
, 7
§u§(x,y) :g(x,y)+y~(jf(x’y)dx] i
y X 5

60HA MOJiCe Oymu npedcmasiena y eueisioi:
J.f(x’y)dx Ig(x,}’)dy
l/l(xay):e * e Y -C, (8)
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oe C — ooginvra cmaia.

JoBenenns. Crucrema (7) ekBiBaJIeHTHA TaKiil CHCTEMI HEJHIHHUX TUQepeH-

HiaTBHUX PIBHIHB:

au(x,y)

Xiax g(xy) ’
—:f xay +X‘[ —’dy] B
e RRAGSAC Lt g
6u(x,y)

yu(%zg(x,y)+y-[j@dxj’y.

)

BizsmeMo muBimipy 2-ro poay Mo X , OTPAMAEMO:

8u(x,y)
x A )
Su(x,y) _ Ox
ox u(x,y)

=f(x,y)+x-(f@dy];.

ToOTo mepiie TBEpIKEHHS TeOpEMH 3 TOBEICHO.
BizbMemo nuBizipy 2-ro poay 1o y , OTpUMaEMO:

au(x,y)
yt
5u(x,y) _ oy _
v a(ny)
f(x,y)dx jg(x’y)d f(x,y)dx Ig(x,y)d '
y g(x’y)eJ x e 7 }’+ej x eV y'El'f(x’y)de C
y X )

=g(x,y)+y-(j@dxj, .

ToOT0 Apyre TBEPMKECHHS TEOPEMH 3 TOBEICHO.

y
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Takum yuHOM, Teopema 3 JoBeleHa.
Teopema 4. fxuo eupobruua QyHkyis u(x, y) Ma€e yacmuuHi Koe@iyieHmu

eacCMUYHOCI, SIKI 3a1excamsb 8i0 000X 3MIHHUX HACMYNHO20 8USIAOY:

M—)=f(x)+x-lnx~fx’(x)+lny,

ox (10)
ou(x,y ,
é('y ) =g(y)+y-lny-gy(y)+lnx,
mooi 80HA Mae Oymu NpeOCmasieHa y 6uisoi:
u(x,y) =/ g0 (11)

oe C — 0osinbra cmana.

JoBenenns. Cucrema (10) exBiBaJieHTHA Takiit cuctemi HenmiHiitHUX qudepe-
HITIaJIbHUX PIBHSHB:

x@u(x,y)
Ox
u(x,y)
ou(x,
i)
vy ny-o In x.
(rr) g(y)+y-Iny-g,(y)+Inx
Bizsmemo nuBinipy 2-ro pomy Mo X , OTPHMA€EMO:
Ou(x,y) S() " g iy | g() S ((my) Lo
Su(x,y) :x Ox _x{(x )xy o Yoo (x )x
ox u(x,y) xf(x)yg(y)xlny .C

o[£ () e () [y 4O O [y ]
PUQN )N e

=f(x)+x-Inx- f{(x)+Iny,
(12)

x{f(x)xf(x)f1 'yg(y)xl“y +x/ @ Inx- f] (x)-yg(y)xlny +yg(y)xf(x) lny-xlny_l}'C

o/ () W)y o

=f(x)+x-lnx- f{(x)+Iny.
TobTo nepiie TBepKEHHS TEOpEMH 4 JI0BEICHO.
BizbMemo nuBizipy 2-ro poay no y , OTpUMaEMo:

Ou(x,y) g @)y g0 (S0 ) Lo
5u(x,y) _yay_J’{(y )yx X Tty (x by )y
oy ou(xny) X/ ,80) iy o
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y{[g(y)yg(y)_ly; +yg(y) Iny-g, (y)] o/ (¥) Iny +yg(y) (xf(X)xlny) '} .C

J(x)8() Iy~

X0y
y{[g(J’)yg(y)fly'y +y* W ny. g, (y)]xf(X)xIHY}. c v {ygm (xf(")xl“y )y} .C
= x/-(x)yg(y)xlny .C + xf(x)yg(y)xlny C
Y {g ()40 o O 8 iy ()6 O
) NIENE N +
) y yg(y) {(xf(x)) ) Ly ) (xlny) y} c _
/) yg(y) o
~ y.g(y)yg(y)fl /) Iy +y.yg(y) Iny-g, (y),xf(x)xlny .
xf(x)yg(y)xlny .C
ey )y e

+

y . L
xf(x)yg(y)xlny~c =g(y)+y-Iny-g,(y)+Inx.

To6Tto npyre TBepKEHHS TeOpEeMH 4 TOBEACHO.
Takum unHOM, TEOpEeMa 4 HOBeNCHA.

IepcnieKTHBH MOJAJIBIINX JOCTIIKeHb. B monanpmioMy mianyerbes mody-
JyBaTH BIAMOBIIHI BUPOOHUYI (YHKINT Ui BUMAAKY, KOIU iX KoeillieHTH enac-
THUYHOCTI OY/IyIOThCS 13 BpaXyBaHHSIM €KCIIEPUMEHTAIBHUX JTAHUX.

BucnoBkn. Takum yuHOM, B poOOTI HaBeneHi, copMynboBaHi 1 AOBeleHI
TEOPEMH, SIKI T03BOJISAIOTH MOOYAyBaTH BUPOOHUYI QYHKIIT Y BUIIISI, SKUH SBHO
3aJIC)KUTH BiJl YACTHHHUX KOSQIIIEHTIB €MACTHYHOCTI IUX (DYHKITIH.
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