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We examine adiabatic quantum pumping generated by an oscillating scatterer embedded in a
one-dimensional ballistic ring and compare it with pumping caused by the same scatterer connected
to external reservoirs. The pumped current for an open conductor, paradoxically, is non-zero even in
the limit of vanishing transmission. In contrast, for the ring geometry the pumped current vanishes
in the limit of vanishing transmission. We explain this paradoxical result and demonstrate that the
physics underlying adiabatic pumping is the same in open and in closed systems.

PACS numbers: 72.10.-d, 73.23.-b, 73.40.Ei

Adiabatic particle transport under slow cyclic evolution of
an internal potential has a long history [1]. However, only re-
cently was such adiabatic transport investigated experimen-
tally in open phase coherent mesoscopic conductors [2]. This
has stimulated increasing interest in this subject [3, 4, 6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].
The experiment by Switkes et al. [2] was carried out on open
samples coupled to reservoirs [5] via leads (see Fig.1a).

In open systems the electron spectrum is continuous and
even a slowly oscillating scatterer induces transitions between
electron states. Therefore a purely quantum-mechanical adi-
abaticity condition is always violated. However if the oscilla-
tion frequency ω is small compared to the inverse time τ−1

T

taken for carriers to traverse the scatterer, then such a pump
can be termed adiabatic. Brouwer Ref. [3] gave an elegant for-
mulation of adiabatic (ωτT ≪ 1) quantum pumping based on
the scattering matrix approach to low frequency ac transport
in phase coherent mesoscopic systems [4].

In contrast, in closed systems, when the sample’s leads are
bent back to form a ring (see Fig.1b), the spectrum is dis-
crete. In this case, if the frequency ω is small compared with
the level spacing, then the true quantum-mechanical adia-
baticity condition can be achieved. Formally the conditions
for the existence of an adiabatic pumped current in open and
in closed systems are the same: the oscillating scatterer has
to break the time reversal invariance [3, 20, 22].

Interestingly, we find that the expressions for the pumped
current in the open and closed cases differ significantly. To
illustrate this difference we consider a simple specific model:
A scatterer with two one-channel leads. In the absence of
magnetic fields such a model is described by the symmetric
2 × 2 scattering matrix

Ŝ =

( √
Re−iθ i

√
T

i
√

T
√

Reiθ

)

. (1)

Here R and T are the reflection and the transmission proba-
bility, respectively (R+T = 1). The phase θ characterizes the
asymmetry of particle reflection to the left and to the right.
We assume the quantities R, T = 1 − R, θ to be functions of
external parameters varying with frequency ω. If the scat-
terer is connected to the external reservoirs Fig.1a then the

adiabatically pumped current Idc is [6, 9]

I
(open)
dc =

eω

4π2

T
∫

0

dtR
∂θ

∂t
. (2)

Here T = 2π/ω is the period of a pumping cycle. For the
closed ring-geometry Fig.1b, we will show below that each

energy level E(l) can carry a pumped current I
(l)
dc given by

I
(l)
dc =

eω

4π
(−1)l

T
∫

0

dt

√

T

R

∂θ

∂t
. (3)

The full current circulating in a ring is given by the sum over
all occupied levels. Eq.(3) is valid only if R 6= 0.

There is a striking difference between Eq.(2) and Eq.(3):
Eq.(2) predicts pumping even in the limit of R = 1 if only
the phase θ changes by 2π during a pump cycle. This result
is paradoxical because at R = 1 the two reservoirs are in
fact completely decoupled from each other. In contrast, for

Idc Idc

V (t)1

V (t)2

V (t)2

Idc

V (t)1

α=1 α=2

x=0

S(t)

S(t)
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FIG. 1: A quantum dot with scattering matrix Ŝ and two
leads. Two nearby metallic gates modulate the shape and
hence the scattering properties of the dot. If the gate poten-
tials V1 and V2 change cyclically but shifted in phase then a
current Idc can arise in the leads. (a) - in an open conduc-
tor the current Idc flows between the external reservoirs; (b)
- in a closed conductor the current Idc flows along a ring of
length L formed by the leads. The Greek letter α numbers
the scattering channels.
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the ring, the expression for the current Eq.(3) seems to be
more reasonable because it gives no pumped current at R = 1
(when the ring is transformed into a wire disconnected from
a cavity).

We now first discuss the resolution of this puzzling differ-
ence and only subsequently discuss the derivation of Eq.(3).
To resolve the paradox we analyze the topology of adiabatic
pump cycles and show that not each cycle is a genuine pump
cycle. Moreover for a true pump cycle both Eq.(2) and
Eq.(3) simultaneously either give a pumped current or give
no pumped current.

From Eq.(2) it follows that the charge Q = (2π/ω)I
(open)
dc

pumped during the LPC in the open case is exactly quantized
Q[(LPC)n] = ne. In some papers [6, 8, 9, 14, 21] this, in
fact, topological result was used to analyze the conditions for
quantization of the pumped charge. However, we can ask:
How can a charge ne be pumped between reservoirs if during
the cycle under consideration the reservoirs are completely
decoupled from each other since R = 1?

If the sample is characterized by the scattering matrix
Eq.(1) then any pump cycle can be represented by some closed

curve in the plane with
√

R and θ being the polar coordinates.
Because the maximum value for R is unity each pump cycle
lies inside the circle of radius R = 1. This circle (shown in
Fig.2a) itself represents a pump cycle. We call this cycle a
”limiting pump cycle” (LPC). In fact there is a set of cy-
cles which differ from each other by how many times n the
curve encircles the origin. We will use this winding number
n to distinguish different LPC′s. During the (LPC)n the pa-
rameters of the scattering matrix change as follows: R = 1,
0 ≤ θ < 2πn. Note that any pump cycle with R(t) ≤ 1 char-
acterized by the winding number n lies inside the (LPC)n.

The answer is the following. During the LPC the charge
ne comes from the left reservoir and accumulates on the left
side of the sample. In addition the same charge flows from
the right side of the sample to the right reservoir. As a re-
sult the charge ne is effectively transferred between the reser-
voirs. But this is not only the result of the LPC. There is
an unavoidable (dipole) charge accumulation inside the sam-
ple during the LPC. Formally we can show this as follows.
Since the direct transmission through the sample is prohib-
ited, S12 = S21 = 0, the sample can effectively be viewed as
a mesoscopic capacitor [25, 26]. The left and the right sides
of a sample are the plates of a capacitor which connect to
the left and to the right reservoirs, respectively. We can de-
fine the (one-channel) scattering matrices SL and SR for the
left and for the right plates, respectively: SL ≡ S11 = e−iθ,
SR ≡ S22 = eiθ. According to the Friedel sum rule [27] the
variation of the scattering matrix defines the variation of the
charge on the scatterer: δQ = e

2πi
δ ln(det[S]). Therefore the

charge variation on the plates of a capacitor is

δQL = − δθ

2π
e, δQR =

δθ

2π
e. (4)

Although formally the scattering matrices SL and SR are pe-
riodic in θ with the period of 2π, the absolute value of θ has
nevertheless a strict physical meaning: The change of θ deter-
mines the change of the charge of a capacitor. Thus we can
conclude that after each LPC the sample does not return to
its initial state but rather the sample accumulates some dipole
charge inside: QR[(LPC)n] = −QL[(LPC)n] = ne. Note that
the same amount of charge ne is effectively transferred be-
tween the reservoirs (during this cycle). Due to the build-up

R=1

θ

R=1

θ

a) b)

FIG. 2: (a)- A limiting pump cycle. During the cycle the
reflection probability is constant: R = 1, the phase θ changes
by 2π: 0 ≤ θ < 2π, and a dipole charge ±e is accumulated
inside the scattering region. (b) - A true limiting pump cycle.
After the cycle the reflection probability R and the phase θ
return to their initial values. There is no dipole charge accu-
mulation inside the scattering region. The charge transferred
between the reservoirs is Q = e for both cycles.

of a dipole charge the scatterer cannot operate for an infinitely
long time and therefore the LPC is not a ”true” pump cycle.

To obtain a true pump cycle (with no dipole charge accu-
mulation inside the scatterer) we have to return the sample
to its initial state. To this end we need to discharge the
capacitor. Formally this means that during such a process
(discharging) the parameter θ has to change from 2πn to zero
(if the cycle starts with θ = 0). Physically this means that
we have to make an electrical contact between the plates. In
other words, the sample has to become (at least partially)
transmitting for a moment.

The discharging can be realized in a number of ways. For
instance, we can transform any (LPC)n into a ”true limiting
pump cycle” (TLPC)n as shown in Fig.2b for n = 1. In this
case the overall pumped charge remains the same Q = en.
Importantly, the system now returns to its initial state after
the completion of each pump cycle. Hence the TLPC can be
repeated as many times as desired.

From this discussion one can see that in the integral repre-
sentation Eq.(2) generally consists of two parts. The first is a
true pumped current which results from the direct charge ex-
change between the outside reservoirs. The second is a pseudo
pumped current which is a consequence of a charge exchange
between the scatterer and each of the reservoirs separately.
Strictly speaking this last part does not follow from the cal-
culations of the pumped current (see e.g., Ref. [3]) and it arises
exclusively due to the representation of the pumped current
as a contour integral in the scattering matrix space. To be
consistent we can use the integral representation Eq.(2) only
with the restriction that any cycle showing a pseudo pump
effect must be excluded. Thus the (true) pumped current has
no contribution coming from the topology. This is in agree-
ment with Ref. [16].

We can therefore conclude that for any true pump cycle
Eqs.(2) and (3) both give either zero or give a pumped cur-
rent. Thus the same scatterer subject to the same (true)
pump cycle produces current in the open case Fig.1a as well
as in the closed case Fig.1b. Therefore the physics responsible
for generating a pump effect is the same in open and in closed
geometries. Of course because of the different spectra (con-
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tinuous and discrete) the pumped currents in an open and in
a closed system can be of very different magnitudes.

Now we proceed to the discussion of the pumped current
in a closed geometry to prove the announced result Eq.(3).
We use the scattering matrix approach to pumping in closed
systems developed in Ref. [22]. This allows us to consider
the pump effect in closed and open cases on the same foot-
ing. To clarify the essential physics of an adiabatic quantum
pump effect in closed systems we consider a simple model:
A one-dimensional ring of length L with embedded scatterer
(a quantum dot) of a small size w ≪ L (see Fig.1b). The
quantum dot is characterized by the 2 × 2 scattering matrix
Ŝ. We are interested in a dc current arising in a ring un-
der the slow cyclic evolution of the scattering properties of
a quantum dot. We assume that there are no other effects
which could generate circulating currents. In particular, (i)
there is no magnetic flux through the ring; (ii) the stationary

scattering matrix Ŝ of the dot obeys time reversal symmetry:
S12 = S21.

We suppose that the scattering matrix Ŝ depends on a set
of parameters {pi} which oscillate with frequency ω:

Ŝ = Ŝ(p1, p2, . . . , pNp
),

pi(t) = p0i + 2p1i cos(ωt + ϕi),
(5)

with i = 1, 2, . . . , Np. Then according to the Floquet theorem
one can write down the solution for the single-particle time-
dependent Schrödinger equation in a ring as follows [28]:

ΨE(x, t) = e−iEt/~

∞
∑

n=−∞

e−inωt
(

Aneikn(x−L) + Bne−iknx
)

.

(6)

Here the wave vector is kn =
√

2meEn/~2 with Re[kn] ≥ 0
and Im[kn] ≥ 0; En = E + n~ω. The Floquet eigenenergy E
is determined by the periodicity condition and it is quantized
like in the stationary ring problem (see Ref. [28] and below).
Each Floquet state ΨE can be occupied by only one electron
(because of the Pauli principle) and thus the wave function
ΨE must be normalized.

To find the circulating current Idc carried by the single-
particle state ΨE of interest here we integrate the quantum
mechanical current over the time period T = 2π/ω and obtain

I
(E)
dc =

∑

En>0

e~

me
kn

(

|An|2 − |Bn|2
)

. (7)

We have restricted the summation over the propagating
modes (En ≡ E + n~ω > 0) only.

We are interested in the low frequency limit ω → 0. To be
more precise we assume

ω ≪ ∆(E)/~, τ−1
T . (8)

Here ∆(E) is the level spacing close to the energy level E
under consideration. The first inequality ~ω ≪ ∆(E) (charac-
teristic for finite-size systems) guarantees that the oscillating
scatterer does not produce interlevel transitions (Rabi oscil-
lations). Otherwise a large non-adiabatic current arises [22].
The second inequality ω ≪ τ−1

T allows us to use an ”instant
scattering” approximation [18] which implies that scattering
of electrons by the quantum dot is fast enough to ignore the
change of the scattering properties of a quantum dot during
the particle traversal (reflection). In this case the scattering

properties of a quantum dot are completely described by the
stationary scattering matrix Ŝ with parameters depending on
time Ŝ(t) = Ŝ({pi(t)}) [20]. For instance, the Fourier coef-

ficients Ŝnω of this scattering matrix define the amplitudes
Ân =

√

k/knŜnω for scattering (transmission or reflection) of
an electron with energy E = ~

2k2/(2me) with the emission
(n < 0) or the absorption (n > 0) of n energy quanta ~ω.

In the adiabatic limit [3, 20] knowledge of the solution of a
scattering problem with small oscillating amplitudes is suffi-
cient to calculate the pumped current in the lowest (first) or-
der in ω at arbitrary oscillating strength (amplitudes). There-
fore, first, we consider the case when the parameters oscillate
with small amplitudes: p1i ≪ p0i, ∀ i. We calculate the
current in the lowest nonvanishing order in the oscillating
amplitudes. In this case it is enough to take into account
only the first sidebands [18]. Thus in the expansion Eq.(6)
we keep only the terms with n = 0,±1 (we put all the co-
efficients An, Bn for |n| > 1 equal to zero). The scatter-
ing matrix relates the incoming waves An, Bn to outgoing
ones Ane−iknL, Bne−iknL. We number the scattering chan-
nels as shown in Fig. 1b. Thus the scattering matrix defines
the boundary conditions for an electron wave function Eq.(6)
(n = 0,±1) as follows [22]:

Ane−iknL =
∑

m=0,±1

√

kn−m

kn

× (An−mS21,mω + Bn−mS22,mω)

Bne−iknL =
∑

m=0,±1

√

kn−m

kn

× (An−mS11,mω + Bn−mS12,mω) .

(9)

Note that on the RHS of the above equations for n = ±1 we
have to put A±2 = 0 and B±2 = 0. To obtain the current
Eq.(7) to first order in ω we expand e−ik±1L in Eq.(9) as
follows

e−ik±1L ≈ e−ikL

(

1 ∓ i
ω

ω0
− 1

2

(

ω

ω0

)2

± i

6

(

ω

ω0

)3
)

, (10)

where ω0 = v/L, and v = ~k/me is an electron velocity. In the
above expansion we ignore all the terms containing additional
small factors ω/E.

Solving Eq.(9) after a lengthy but rather straightforward
calculation we obtain the circulating current Eq.(7) (we re-

store the upper index (l))

I
(l)
dc = eωIm

[

Γ(l)
ω θ

(l)
−ω

]

. (11)

Here we have introduced two real quantities. The first one
is characteristic of the spatial asymmetry of the scatterer:
θ = i

2
ln(S11/S22). This quantity is real since |S11|2 = |S22|2.

The second one is Γ−1 = −i
(

e−iKLS−1
12 − 1

)

, where K =
k({p0i}) is the solution of the dispersion equation for the sta-
tionary problem (with pi = p01). This dispersion equation
reads: Re

[

e−ikLS−1
12 − 1

]

= 0. From the dispersion equation
it follows that the imaginary part of Γ vanishes. In partic-
ular, for the scattering matrix Eq.(1) we have K ≡ k(l) =
1
L

[πl − (−1)l arcsin(
√

T )] and Γ(k(l)) = −(−1)l
√

T/R.
Equation (11) determines the current carried by the partic-

ular energy level E(l). To find the full circulating current we
have to sum Eq.(11) over all the occupied levels in the ring.
Equation (11) shows that the adiabatically pumped current
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exists only if the time reversal symmetry (TRS) in the sys-
tem is dynamically broken by the oscillating scatterer. Such a
breaking of TRS is a necessary condition for the existence of
an adiabatic pump effect in both open [20] and closed systems.
Otherwise if TRS is present then the Fourier coefficients for

the real quantities Γ and θ are real and, thus, the current I
(l)
dc

Eq.(11) is identically zero.
Note that generally there is another necessary condition

for the existence of an adiabatic quantum pump effect for
open and closed systems: The varying parameters must affect
the spatial asymmetry of the scatterer [20]. In our case the
quantity θ [see Eq.(1)] is a measure of a spatial asymmetry of
the scatterer.

Next we consider a large amplitude pump cycle. To this
end we apply the inverse Fourier transformation to the RHS
of Eq.(11) and represent the circulating current as an integral
over the pump cycle (over the time period T = 2π/ω):

I
(l)
dc = −eω

4π

T
∫

0

dtΓ(l) ∂θ(l)

∂t
=

eω

4π

T
∫

0

dtθ(l) ∂Γ(l)

∂t
. (12)

In equation (12) the integrand should be considered as a func-
tion of the time-dependent parameters pi = pi(t) and the

eigenenergy E(l) = E(l)({pi(t)}) which adiabatically follows
them.

The integral representation Eq.(12) allows us to calculate
the circulating current for the pump cycle of an arbitrary
strength. The only necessary condition is that the adiabatic-
ity conditions Eq.(8) must hold at any point of a pump cy-
cle. Note that the level spacing depends on time since each
eigenenergy is a function of time. Therefore our considera-
tion is valid if there is no level crossing (∆(E) 6= 0) during the
pump cycle.

We would like to stress that the dual representation for
the pumped current in Eq.(12) shows clearly that only true
pump cycles Fig.2b contribute to the calculated quantity - the
pumped current. This is in full agreement with the Floquet
scattering matrix approach to the pump effect in the open case
[20]: The integral representation (see Eq.(18) in Ref. [20] ) for
the pumped current is a direct consequence of a differential
representation (see Eq.(17) in Ref. [20] ). The later does not
support a pseudo pump effect.

In conclusion, we have developed the scattering matrix ap-
proach to adiabatic quantum pumping in closed mesoscopic
systems such as a ring with an embedded quantum dot. This
formulation permits a direct comparison of pumping in open
and closed systems. We have discussed the seemingly para-
doxical nature of the result for open systems. Closer inspec-
tion of the two results demonstrates that the physics under-
lying the adiabatic quantum pump effect in closed systems
is very similar to that in open systems coupled to external
reservoirs.The approach presented can be generalized to many
channel rings and to closed systems with a more complicated
topology. Experimental comparisons of pumping in open and
closed systems would be very desirable,

This work is supported by the Swiss National Science Foun-
dation.
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[18] M. Moskalets and M. Büttiker, Phys. Rev. B 66, 035306
(2002).

[19] D. Cohen, cond-mat/0208233 (unpublished).
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