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We have investigated the characteristics of the currents in a pump-driven fermionic Mach-Zehnder
interferometer. The system is implemented in a conductor in the quantum Hall regime, with the
two interferometer arms enclosing an Aharonov-Bohm flux Φ. Two quantum point contacts with
transparency modulated periodically in time drive the current and act as beam-splitters. The
current has a flux dependent part I(Φ) as well as a flux independent part I(0). Both current parts
show oscillations as a function of frequency on the two scales determined by the lengths of the
interferometer arms. In the non-adiabatic, high frequency regime I(Φ) oscillates with a constant
amplitude while the amplitude of the oscillations of I(0) increases linearly with frequency. The flux
independent part I(0) is insensitive to temperature while the flux dependent part I(Φ) is exponentially
suppressed with increasing temperature. We also find that for low amplitude, adiabatic pumping
rectification effects are absent for semitransparent beam-splitters. Inelastic dephasing is introduced
by coupling one of the interferometer arms to a voltage probe. For a long charge relaxation time of
the voltage probe, giving a constant probe potential, I(Φ) and the part of I(0) flowing in the arm
connected to the probe are suppressed with increased coupling to the probe. For a short relaxation
time, with the potential of the probe adjusting instantaneously to give zero time dependent current
at the probe, only I(Φ) is suppressed by the coupling to the probe.

I. INTRODUCTION

Phase coherence in solid state conductors is a property
of fundamental interest. The prospect of solid state quan-
tum information has also put the focus on possible ap-
plications based on phase coherence. With the progress
of mesoscopic physics it has become possible to experi-
mentally explore the properties of quantum phase coher-
ence in solid state conductors in a controllable way.1 As
a prominent example, the fermionic (electronic) analog
of the well known bosonic (optical) Mach-Zehnder inter-
ferometer(MZI) was recently realized by Ji et al

2 and
further investigated in Refs. [3,4]. The absence of closed
electron orbits makes the MZI the most elementary in-
terferometer and therefore of particular interest.

The MZI experiments2–4 were all implemented in a
conductor in the integer quantum Hall regime, where the
electrons propagate along unidirectional, quantum me-
chanical edge states and quantum point contacts (QPCs)
act as beam splitters. In the experiments2–4 the visibil-
ity of the conductance oscillations as a function of flux
Φ were reduced below the ideal value, a signature of de-
phasing of the electrons propagating along the edges. De-
phasing in the MZI was investigated in several theoretical
works. Originally, Seelig and Büttiker5 investigated the
effect of dephasing on the conductance oscillations due
to Nyquist noise. Following the experiment in Ref. [2],
where also the shot noise was measured, a number of
works investigated the effect of dephasing on the current
and the noise. The dephasing was introduced via fluctu-
ating classical potentials6–8 and by coupling the MZI to

a quantum bath9 as well as to a voltage probe.6,7,10 Re-
cently these studies were extended to the full distribution
of the transferred charge, both for a fluctuating classical
potential8 as well as a voltage probe11,12 as a source of
dephasing.

Taken together, these theoretical investigations have
provided a qualitative picture of the effect of dephasing
on transport properties in the MZI. The experimental sit-
uation is however not conclusive. In the very recent work
by Litvin et al

4 the observed temperature and voltage de-
pendence of the visibility of the conductance oscillations
are in good agreement with the noninteracting theory of
Ref. [10]. In particular, the effect of the interferometer
arm asymmetry is clearly manifested. The overall visi-
bility is however low, a couple of percent. In contrast,
in the recent work by Neder et al

3 the visibility is high,
∼ 60%, but the voltage dependence of the conductance
visibility was found to be insensitive to arm asymmetry,
however showing a clear lobe structure. A possible ex-
planation for the findings of Ref. [3] was also suggested,
invoking interactions between electrons at different edge
states.13 The experimental situation thus motivates fur-
ther investigations of the coherent transport properties
of the MZI.

In this work we propose to investigate the properties
of the currents in a pump driven MZI. In contrast to pre-
vious work, both experimental and theoretical, all elec-
tronic reservoirs are kept at the same potential. The cur-
rent is instead created via the quantum pump effect,14–18

by varying periodically the transparencies of the two
QPCs. Working in the adiabatic, low pump frequency
limit the system is kept close to equilibrium. This min-
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imizes the effect of inelastic dephasing and hence allows
for a more detailed investigation of the coherence prop-
erties.

Theoretically, a large number of investigations of vari-
ous aspects of quantum pumping have been carried out,
a representative collection can be found in Refs. [14–
32]. However, only a few experiments aimed at investi-
gating quantum pumping of electrical currents have been
performed.33,34 In the MZI the current is a true quantum
interference effect. In addition, the elementary structure
of the MZI and the fact that the potential applied at
the QPC control both the pump effect and the scatter-
ing properties of the QPCs makes the MZI a promis-
ing candidate for a quantum pump. Previous studies of
pumping in mesoscopic interferometers have concerned
Aharonov-Bohm,28,35,36 double slit-quantum dot27 and
two-particle37 interferometers, however, to the best of
our knowledge, not MZIs.

We use a Floquet scattering approach to the quan-
tum pump problem.38–40 This allows us to calculate the
currents in the MZI for arbitrary pumping strength, fre-
quency and temperature. In the Floquet picture, cur-
rents arise due to photon assisted interference. It is found
that the pumped current contains both an Aharonov
Bohm flux dependent part I(Φ), due to interfering paths
enclosing the flux, and a flux independent part I(0). Both
current parts depend linearly on the pump frequency in
the low frequency, adiabatic regime and show oscillations
as a function of frequency in the high frequency, non-
adiabatic regime. The oscillations in the non-adiabatic
regime occur on two different frequency scales, governed
by the interferometer arm length difference and the mean
arm length respectively. For the flux dependent current
I(Φ), the oscillations have a constant amplitude while the
amplitude of the I(0) oscillations increases linearly with
frequency. The two current parts also display a different
dependence on temperature; the flux independent part is
insensitive to temperature while the flux dependent part
is monotonically suppressed with increasing temperature.

In the experiments in Refs. [33,34] rectification effects
made it difficult to distinguish the pumped current. Im-
portantly, in the MZI it is found that in the regime of low
amplitude, adiabatic pumping, rectification effects41 are
absent for semitransparent beam-splitters. In order to in-
vestigate the effect of dephasing on the pumped current,
we consider one of the interferometer arms connected to
a voltage probe. Electrons injected into the probe scatter
inelastically and hence lose phase coherence before being
emitted out of the probe again. Two limiting regimes of
the charge relaxation, or RC, time of the voltage probe
compared to the pump period are considered; the long
relaxation time regime, where the potential of the probe
is constant during the measurement, and the short re-
laxation time regime where the potential of the probe
adjusts instantaneously in order to keep zero time de-
pendent current at the probe. In the long time regime
the flux dependent current I(Φ) as well as the part of
the flux independent I(0) flowing in the arm connected

to the probe are successively suppressed by increasing
the dephasing, i.e. the strength of the coupling to the
probe. In the short time regime, only I(Φ) is suppressed
by dephasing.

The rest of the paper is organized as follows. In Sec.
II the Floquet scattering approach is first presented for
an arbitrary mesoscopic scatterer and then applied to the
MZI. In Sec. III the properties of the pumped currents
are analyzed. Next, in Sec. IV the effects of dephasing
are investigated for different response times of the probe.
Finally, in Sec. V we conclude.

II. THEORY AND MODEL

A. Floquet scattering approach

For completeness we first briefly review the Flo-
quet scattering approach to pumping in mesoscopic
conductors.38,39 A mesoscopic system connected to N
reservoirs via single channel leads is considered. The
system is perturbed by some time-dependent parameters
which all vary with the same frequency ω. The current
flowing in the system in response to the time-periodic
perturbation is periodic in time. Expanding the current
Iα(t) at reservoir α into a Fourier series, we have

Iα (t) =

∞
∑

l=−∞

exp (−ilωt) Iα,l,

Iα,l =

∫ T

0

dt

T exp (ilωt) Iα (t) , (1)

where T = 2π/ω is the period of the oscillations. The
Fourier component Iα,l can be written42

Iα,l =
e

h

∫ ∞

0

dE
[〈

b̂†α (E) b̂α (El)
〉

−
〈

â†α (E) âα (El)
〉

]

,

(2)
with 〈...〉 denoting a quantum statistical average. Here

El = E + lh̄ω and b̂α (E) and âα (E) are annihilation
operators for particles coming into and going out from the

reservoirs respectively. The operators b̂α (E) and âα (E)
are related via the Floquet scattering matrix sF as

b̂α (E) =

N
∑

β=1

∞
∑

n=−∞

sF,αβ (E,En) âβ (En) , (3)

where the element sF,αβ (E,En) is the amplitude for scat-
tering of an electron from reservoir β at energy En to
reservoir α and energy E. All the reservoirs are in ther-
mal equilibrium, giving the average

〈

â†α (En) âβ (Em)
〉

= fα (En) δαβδnm, (4)

where fα (En) = {1 + exp [En/kBTα]}−1
is the Fermi

distribution function with Tα the temperature of reser-
voir α and kB is the Boltzmann constant.
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FIG. 1: The pump driven MZI implemented in a conductor in
the quantum Hall regime, supporting a single, unidirectional
edge state. The conductor is connected to four reservoirs
α = 1 to 4 kept at the same potential. Two electrostatic split
gates, at A and B, are acting as QPCs. The corresponding
gate potentials VA(t, φA) and VB(t, φB), with φA and φB the
pumping phases, vary periodically in time. The time depen-
dent potentials give rise to scattering in both real and energy
space and are driving the pump current. An Aharanov-Bohm
flux Φ threads the MZI.

Substituting Eq. (3) into Eq. (2) and taking into ac-
count the unitarity of the Floquet scattering matrix,39

N
∑

β=1

∞
∑

n=−∞

s∗F,αβ (E,En) sF,γβ (El, En) = δl,0δα,γ , (5)

we can, with Eq. (4), rewrite Eq. (2) as

Iα,l =
e

h

∫ ∞

−∞

dE

N
∑

β=1

∞
∑

n=−∞

[fβ (E) − fα (En)]

×s∗F,αβ (En, E) sF,αβ (En+l, E) . (6)

Note that to get the above equation we have, compared
to Eq. (3), made the shift En → E. At l = 0 the equation
(6) defines a dc current

Iα,dc =
e

h

∫ ∞

−∞

dE

N
∑

β=1

∞
∑

n=−∞

|sF,αβ (En, E)|2

× [fβ (E) − fα (En)] . (7)

Through the rest of the paper we will focus on the dc-
current.

B. Mach Zehnder interferometer

We consider a pump-driven Mach-Zehnder interferom-
eter (MZI) implemented in a conductor in the quan-
tum Hall regime, as shown in Fig. 1. Transport takes
place along a single edge state (filling factor one) and
is unidirectional. Two electrostatic split gates A and
B, defining quantum point contacts (QPCs) j = A,B,
are subjected to time dependent potentials Vj(t, φj) =
Vsj + Vj cos(ωt + φj) with φj the pumping phase. The
pumping potentials give rise to scattering of electrons be-
tween the edges as well as absorption or emission of one
or several quanta of energy h̄ω. An Aharonov-Bohm flux
Φ penetrates the interior of the interferometer. The con-
ductor is connected to four electronic reservoirs α = 1
to 4. All four reservoirs are kept at the same potential
(grounded) and temperature Tα = T . Thus, the Fermi
distribution functions for all the reservoirs are the same,
fα (E) = f0 (E), and in the absence of the pumping po-
tentials there is no current flow.

The scattering at the QPCs A and B, taking place both
in real space and in energy space, can be described by the
Floquet scattering matrices

Sj(En, Em) =

(

rj (En, Em) t′j (En, Em)
tj (En, Em) r′j (En, Em)

)

, (8)

with primed amplitudes for particles incident on the
QPCs from left in Fig. 1. The QPCs thus act as inelastic
beam splitters. We consider the scattering amplitudes to
be independent on energy on the scale of the pump fre-
quency. Consequently, Sj(En, Em) ≡ Sj,n−m(E) can be
expressed in terms of the Fourier coefficients for the cor-
responding frozen scattering matrix43 Sj (E, t) as

Sj,n−m (E) =

∫ T

0

dt

T ei(n−m)ωtSj (E, t) . (9)

Moreover, it is assumed that the scale of the energy
dependence of the QPC scattering amplitudes is much
larger than the thermal energy kBT , allowing us to ne-
glect the energy dependence of the Floquet scattering
matrix of the QPCs all together, Sj,n−m (E) = Sj,n−m.

Propagating ballistically along the edges between the
QPCs the electrons pick up a phase containing both a ge-
ometrical part kmLi and a part ψi due to the Aharonov-
Bohm flux, with i = L,R. Here ψL + ψR = 2πΦ/Φ0

where Φ0 = h/e is the flux quantum. It is assumed
that the wavenumber km = k(Em) can be taken linear in
energy,10,44

kmLi = ζi (µ) +
Li
h̄vD

(E +mh̄ω) , (10)

where ζi (µ) is the accumulated phase at the Fermi energy
and vD the drift velocity of the edge states. The lengths
of the interferometer arms are LL and LR respectively,
where we without loss of generality take LL ≥ LR. The
total Floquet scattering amplitude can thus be expressed



4

in terms of the scattering amplitudes of the QPCs and
the phases acquired along the interferometer arms. For
scattering from energy E at reservoir 1 to energy En at
reservoir 3 the amplitude is

sF,31 (En, E) =
∞
∑

m=−∞

[

rB,n−me
ikmLR−iψRrA,m

+t′B,n−me
ikmLL+iψLtA,m

]

(11)

and similarly for the other amplitudes. Inserting these
scattering amplitudes into Eq. (7) we arrive at the ex-
pression for the dc current.

To perform an analysis of the entire parameter space,
in the plots we model for simplicity the QPC potentials
with oscillating delta function potentials

Vj (t, φj) = δ (x) (Vsj + 2Vj cos(ωt + φj)) . (12)

We note that this choice leads to completely symmet-
ric scattering matrices, tj,n = t′j,n and rj,n = r′j,n. It is
pointed out explicitly in the text below where this ad-
ditional symmetry qualitatively affects the result. The
frozen scattering amplitudes of the QPCs are given by

tj(t, φj) =
1

1 + ime/(h̄
2kµ)[Vsj + 2Vj cos(ωt+ φj)]

,(13)

and rj(t, φj) = tj(t, φj)−1, with me the effective electron
mass and kµ the wavenumber at the Fermi energy. This
gives from Eq. (9) the Fourier coefficients

tj,n =
e−inφj

√

[1 + iaj]
2 + b2j

×
{

i

bj

[

1 + iaj −
√

(1 + iaj)2 + b2j

]

}|n|

,

rj,n = tj,n − δn,0, (14)

with aj = Vsjme/(h̄
2kµ) and bj = 2Vjme/(h̄

2kµ).

III. PUMPED CURRENT

In the Floquet scattering picture, the pumping cur-
rent arises due to interference between different paths
of the electrons in energy space, i.e. photon-assisted
interference.45 Due to the absence of closed orbits in
the MZI, there are only two different types of interfering
paths; the two paths either go along the same interferom-
eter arm, L or R, or along different arms. The latter paths
enclose the flux Φ in and give rise to an Aharonov-Bohm
effect in the pumped current. In Fig. 2 different interfer-
ing paths contributing to the current are shown. We note
that an Aharonov-Bohm effect in the pumped current
was also predicted for other interferometers.27,28,35,36

It is thus natural to part the total current into a flux
dependent and a flux independent part. Focusing on the
current at reservoir 3, we write

I3,dc = I
(0)
3 + I

(Φ)
3 . (15)

Inserting the scattering amplitudes in Eq. (11) into the
current expression Eq. (7) and carrying out the energy
integrals we arrive at the flux independent part

I
(0)
3 =

eω

2π

∞
∑

n=−∞

∞
∑

m=−∞

∞
∑

p=−∞

n

×
{(

rA,mr
∗
A,p + t′A,mt

′∗
A,p

)

t′B,n−mt
′∗
B,n−p

× exp

[

iω(m− p)

(

τ +
h̄

2Ec

)]

+
(

r′A,mr
′∗
A,p + tA,mt

∗
A,p

)

rB,n−mr
∗
B,n−p

× exp

[

iω(m− p)

(

τ − h̄

2Ec

)]}

(16)

and the flux dependent part

I
(Φ)
3 =

2eEc
h

g (T )

∞
∑

n=−∞

∞
∑

m=−∞

∞
∑

p=−∞

sin

(

nh̄ω

2Ec

)

×2ℜ
{

rB,n−mt
′∗
B,n−p

(

rA,mt
∗
A,p + t′A,mr

′∗
A,p

)

× exp

[

i

(

ψLR + ω

[

(m− p)τ + (n− p−m)
h̄

2Ec

])]}

,

(17)

where

g (T ) =
πkBT

Ec
csch

(

πkBT

Ec

)

, (18)

the phase ψLR = ζL (µ)−ζR (µ)−2πΦ/Φ0 and ℜ denoting
the real part.

In order to explicitly display the relevant energy and
time scales we have introduced the asymmetry energy
Ec = h̄vD/ (LL − LR) and the average time τ = (LL +
LR)/(2vD) for ballistic propagation between the QPCs.
By definition τ > h̄/(2Ec). There are thus three differ-
ent, possible pumping regimes depending on the relation
between the pump frequency ω and the frequency scales
Ec/h̄ and 1/τ : (i) For ω ≪ 1/τ the pumping is adi-
abatic, the total scattering amplitudes of the MZI are
independent on energy on the scale of the pumping fre-
quency ω. For non-adiabatic pumping there are in ad-
dition two regimes. (ii) In the intermediate frequency
regime 1/τ ≪ ω ≪ Ec/h̄ the pumped current is inde-
pendent on the interferometer asymmetry but depends
on the total time τ . (iii) For Ec/h̄ ≪ ω, in the high fre-
quency regime, the pumped current depends both on the
asymmetry and the total time.

Several important observations can be made directly
from the formal expressions in Eqs. (16) and (17). First,

the flux independent current I
(0)
3 is an incoherent sum

of the currents pumped through the left and right arms.

The two currents are denoted I
(0)
3L [upper term in Eq.

(16)] and I
(0)
3R (lower term) respectively. Each current

term, I
(0)
3L or I

(0)
3R , depends explicitly on the time for bal-

listic propagation through the corresponding left or right
arm, τ + h̄/(2Ec) = LL/vD and τ − h̄/(2Ec) = LR/vD.
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FIG. 2: Two qualitatively different types of first order photon-
assisted interference processes contributing to the current: (a)
along the same spatial paths L or R and (b) along the different
spatial paths L and R. The paths in (b) are sensitive to the
enclosed flux Φ. Filled balls indicate inelastic scattering, the
electrons pick up or lose one quantum of energy h̄ω, while
empty balls indicate elastic scattering.

For the flux dependent current, no such partitioning into
left and right arm currents is possible.

Second, while the flux independent current I
(0)
3 is inde-

pendent on the temperature, the flux dependent current

I
(Φ)
3 is monotonically suppressed with increasing temper-

ature. Despite the fact that both terms are of interference
nature, they thus depend on temperature in very differ-

ent ways. The energy scale of the decay of I
(Φ)
3 is set

by the asymmetry energy Ec: the factor g(T ) is equal to
unity for kBT ≪ Ec and decays as exp(−πkBT/Ec) for
kBT ≫ Ec. This is qualitatively similar to the voltage
biased MZI10 and can be understood as an effect of en-
ergy averaging. Notably, the temperature dependence of
the current is affected neither by the pumping frequency
ω nor by the average time τ .

Third, the qualitative behavior of the currents as a
function of frequency can also be understood from Eqs.

(16) and (17). It is clear that both currents I
(0)
3 and

I
(Φ)
3 show oscillations in the non-adiabatic regime as a

function of ω, on the scales Ec/h̄ and 1/τ . In the inter-
mediate frequency regime (ii), for 1/τ ≪ ω ≪ Ec/h̄, the
pumped current is however insensitive to the asymmetry
and shows oscillations with the basic period τ only. In
regime (iii), for Ec/h̄ ≪ ω, the pumped current shows
oscillations as a function of frequency on both the scales
1/τ and Ec/h̄. For a small asymmetry, Ec ≫ h̄/τ , the
oscillations show a beating pattern with rapid oscillations
on the scale 1/τ periodically modulated in amplitude on
the scale Ec/h̄. This is illustrated in the plots in Fig.
3. We point out that for the flux independent current

I
(0)
3 the beating pattern can simply be understood as the

effect of adding the two currents terms I
(0)
3L and I

(0)
3R with

the two different time periods τ ± h̄/(2Ec).

Importantly, the amplitudes of the oscillations of I
(0)
3
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FIG. 3: The flux independent current I
(0)
3 (upper panel) and

the flux dependent current I
(Φ)
3 (lower panel) as a function

of pump frequency. Guided by the experiments in Ref. 3,4
we have taken an asymmetry, τ = 5h̄/Ec, and symmetric
static beam splitters, aA = aB = 1. The other parameters
are bA = 0.4, bB = 1.3 (strong pumping), φA = 0, φB = 0.8π
and ψLR = 0.8π.

and I
(Φ)
3 show a different frequency dependence. As

is clear from Eq. (16), in the high frequency regime,
Ec/h̄ ≪ ω, the flux independent current is proportional
to ω while the flux dependent current has no frequency
dependent prefactor. Plotting the currents divided by
the elementary pumped current I0 = eω/2π, the oscilla-

tions of the normalized current I
(0)
3 /I0 have a constant

amplitude as a function of frequency while the amplitude

of I
(Φ)
3 /I0 decreases as 1/ω. This is illustrated in Fig. 3.

In the adiabatic regime, ω ≪ 1/τ , both currents I
(0)
3

and I
(Φ)
3 in general show a linear dependence in ω. We

however note that the our choice of a spatially symmetric
model potential for the QPCs leads to a flux independent
part of the current proportional to ω2. This quadratic
frequency dependence is not clearly visible in the plot in

Fig. 3. This sensitivity of I
(0)
3 to spatial symmetry is

further discussed below.

A. Weak amplitude pumping

Several of the properties of the pumped current be-
come more transparent in the limit of weak pumping,38

where only one quantum of energy h̄ω can be absorbed
or emitted when scattering through the MZI. This allows



6

us to write the two current parts on the form

I
(0)
3 =

−2eω

π
ℑ

{

t′Bδt
∗′

B (δtAt
∗
A + δr′Ar

′∗
A )

× sin

(

φA − φB − ω

[

τ +
h̄

2Ec

])

+ rBδr
∗
B (δrAr

∗
A + δt′At

′∗
A)

× sin

(

φA − φB − ω

[

τ − h̄

2Ec

])}

(19)

with ℑ the imaginary part and

I
(Φ)
3 =

8eEc
h

g(T ) sin

(

h̄ω

2Ec

)

ℑ
{

eiψLR

× [(δrBt
′∗
B + rBδt

′∗
B) (rAδt

∗
A + δt′Ar

′∗
A )

× sin(φA − φB − ωτ)

+rBt
′∗
B [δrAδt

∗
A + δt′Aδr

′∗
A ] sin

(

h̄ω

2Ec

)]}

. (20)

Here we introduced the notation rj,0 = rj , r
′
j,0 =

r′j , tj,0 = tj and t′j,0 = t′j for the amplitudes to scat-
ter elastically, without absorbing or emitting any energy
quantum, and rj,±1 = δrje

∓iφj , r′j,±1 = δr′je
∓iφj , tj,±1 =

δtje
∓iφj and t′j,±1 = δt′je

∓iφj for the amplitudes to emit
(-) or absorb (+) a single energy quantum.

Importantly, the terms in the current expressions di-
rectly correspond to the first order scattering processes

shown in Fig. 2. For I
(0)
3 , the upper term in Eq. (19),

I
(0)
3L , arises due to interference between electrons that

propagate along the left arm and pick up or lose a quan-
tum h̄ω at either A or B. These processes are shown at
the top of panel (a) in Fig. 2. The lower term in Eq. (19),

I
(0)
3R , arises from the corresponding processes for electrons

propagating in the right interferometer arm.

For the flux dependent current I
(Φ)
3 , the interfering

paths go along different interferometer arms L and R.
The upper term in Eq. (20) arises from processes where
electrons pick up or lose one quantum h̄ω at different
QPCs A and B. These processes are depicted to the
right in panel (b). The lower term in Eq. (20) arises
from processes where both electrons pick up or lose one
quantum h̄ω at the same QPC, A or B, depicted to the
left in panel (b). Importantly, electrons which scatter in-
elastically at the same QPC pick up the same information
on the pumping phase. Consequently, the corresponding
interference term is independent on the pumping phase,
as seen in the lower term in Eq. (20).

The weak amplitude expressions for the current also
clearly demonstrate the origin of the sign change of the
current as a function of frequency, as shown in Fig. 3.
In the low frequency, adiabatic limit the weak amplitude
pumped current is always17 proportional to sin(φA−φB),
i.e. the sign of the current is determined by the pumping
phase difference. In Eqs. (19) and (20) the frequency
formally enters the current expressions as an additional
pumping phase, thus leading to an oscillating sign of the
current as a function of frequency.

B. Adiabatic, weak pumping

It is of particular importance to consider the weakly
pumped currents in the adiabatic limit, where the effects
of inelastic dephasing are minimized. In the adiabatic
limit the current reduces to, using the unitarity relations
in Eq. (5)

I
(0)
3,ad =

ieω

π
sin(φA − φB) (rBδr

∗
B + r∗BδrB)

× (δtAt
∗
A − δt′At

′∗
A − δrAr

∗
A + δr′Ar

′∗
A ) (21)

and

I
(Φ)
3,ad =

2eω

π
sin(φA − φB)g(T )ℑ

{

eiψLR

× (δrBt
′∗
B + rBδt

′∗
B) (rAδt

∗
A + δt′Ar

′∗
A )} . (22)

Note that the second line in Eq. (21) is purely imaginary.

From the expression of the flux independent current I
(0)
3,ad

we see explicitly the dependence on spatial symmetry of
QPCA. For a completely symmetric scattering potential,
i.e. primed scattering amplitudes equal to unprimed, the
adiabatic phase independent current is zero and the low
frequency current is ∝ ω2. We point out that the absence
of a noticeable magnetic flux through the point contact
area, i.e. tA = t′A, is not enough to suppress the adiabatic
current. We also note that only the spatial symmetry of
QPC A is relevant, a consequence of the chiral transport.
That is, reversing the sign of the quantum Hall magnetic
field, the pumped currents, now at reservoirs 1 and 2,
would be sensitive to the symmetry of QPC B only.

From the dependence of I
(Φ)
3,ad on ψLR, as well as the

fact that ψLR depends both on the Aharanov-Bohm flux
as well as phases picked up propagating along the edges
[see definition below Eq. (18)], we can conclude that the
flux dependent part has no definite magnetic field sym-
metry. We also note that in the adiabatic expression for
the flux dependent current, the lower term in Eq. (20),
independent on the pumping phases, does not contribute.

C. Rectification effects

For mesoscopic conductors, an unavoidable feature is
stray capacitances between the various circuit elements,
i.e. the electronic reservoirs, the electrostatic gates and
the mesoscopic sample itself. A capacitive coupling be-
tween the pumped QPC gates and the electronic reser-
voirs induces an ac potential at the reservoirs (for nonzero
impedance of the current measurement circuit). This
gives rise to a rectification current which can obscure the
pumped current.26,33,34,39,41 In the MZI, for weak, adi-
abatic pumping, the rectified dc-current is in the most
general situation given by41

I3,rect = cA1
∂G31

∂VA
+ cB1

∂G31

∂VB

+ cA2
∂G32

∂VA
+ cB2

∂G32

∂VB
, (23)
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where the constants cjα depend on the capacitive cou-
plings , the impedance of the measurement circuit, the
pumping phases and the pumping amplitudes and Gαβ =
dIα/dVβ is the conductance. From the theory for the
conductance of the MZI in Ref. [10] we have

∂G31

∂VA
=

∂TA
∂VA

∂G31

∂TA
=
∂TA
∂VA

2e2

h

×
(

TB −RB +H
RBTB(RA − TA)

2
√
RATARBTB

)

(24)

and similarly for the other conductance derivatives. Here
TA = 1 − RA = |tA|2 = |t′A|2 is the transmission prob-
ability of the static QPC A and H = H(kBT,Ec,Φ) a
function dependent on the different energy scales kBT
and Ec and the enclosed flux Φ. The rectification cur-
rent and the pumped current thus depend differently on
the scattering parameters, the magnetic flux and the en-
ergy scales, allowing one to distinguish experimentally
between the two currents. In particular, from Eq. (24) it
is clear that working with semitransparent beam splitters
TA = RA = 1/2 and TB = RB = 1/2 the rectification
currents are zero. This holds independently on the values
of the individual couplings cjα.

We also emphasize that induced ac-potentials at the
reservoirs do not simply lead to a rectification current
which is incoherently added to the pumped current; there
is in general also a current due to interference between
processes responsible for the pumped current and the rec-
tification current.39 However, the induced ac-potential is
proportional to41 dVA/dt, dVB/dt ∼ ω and in the weak
amplitude, adiabatic limit the interference current is con-
sequently ∝ ω2.

A related issue is the effect of the temporary charging
of the MZI itself due to the pumping. In the calcula-
tions and discussions of the pumped current above we
have neglected this effect, i.e we have considered non-
interacting electrons. An interacting theory should also
take into account screening at the edges and the effect
of capacitive couplings of the edges to e.g. each other
and to the electrostatic gates. This would require a
self-consistent determination of the time dependent edge
state potentials.46,47 Such an interacting theory however
goes beyond the scope of this paper.

IV. DEPHASING

An important problem in the study of interference phe-
nomena in mesoscopic conductors is decoherence. Phase
information of the electrons propagating in the MZI is
lost. Various approaches to dephasing in the voltage bi-
ased MZI were discussed in the introduction. Here we
introduce dephasing in the MZI by coupling one of the
arms of the interferometer to a voltage probe as shown in
Fig. 4. A voltage probe is an additional electronic reser-
voir with the potential left floating. Electrons entering
the voltage probe are incoherently fed back into the in-
terferometer arm, thereby suppressing phase coherence.

Voltage probes as means to introduce incoherent, inelas-
tic scattering was proposed by Büttiker.48,49 The concept
has thereafter been extended and applied to a large num-
ber of mesoscopic conductors, both theoretically and ex-
perimentally. A recent account of this development was
given in Ref. [50].

For our purposes, in quantum Hall systems the theory
of current and noise in the presence of voltage probes
was developed in Ref. [51] and applied to a voltage bi-
ased MZI in Refs. [6,7,10]. We point out that the very
recent experiments by Oberholzer et al,52 investigating
the current cross correlations in a quantum Hall geome-
try coupled to a voltage probe, were in excellent agree-
ment with the theory of Ref. [51]. Moreover, dephasing
of the pumped current via voltage probes was considered
in Refs. [53–55].

ϕ�Vϕ

1

2

3

4

1Lψ

Φ

( )BV , Bt φ

( )AV , At φ

Rψ

2Lψ
B

A

FIG. 4: The pump driven MZI of Fig. 1 with the left arm
connected with strength ǫ to a voltage probe ϕ. The dynamics
of the potential Vϕ of the probe is governed by the charge
relaxation time (see text).

The elastic scattering matrix of the contact to the
probe is given by

( √
1 − ǫ i

√
ǫ

i
√
ǫ

√
1 − ǫ

)

. (25)

Here ǫ governs the strength of the dephasing. For ǫ = 1
the dephasing is complete, i.e. the probe is fully coupled
to the MZI and all electrons propagating along the inter-
ferometer arm enter the probe. For ǫ = 0 the transport
is fully coherent, the probe is decoupled from the MZI.

An important property of the voltage probe is the
charge relaxation time of the voltage probe,11,12 i.e.
the time scale on which the probe is charged or dis-
charged. The charge relaxation time determines the dy-
namics of the potential Vϕ(t) of the probe and conse-
quently the response to the injected, time dependent
charge. The charge relaxation time is given by the RC-
time τRC = RC, with R the charge relaxation resistance
and C the capacitance (see Fig. 4). Büttiker and one
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of the authors53 considered adiabatic pumping in a con-
ductor connected to a voltage probe, assuming instanta-
neous charge conservation at the probe, i.e. a relaxation
time much shorter than the pump period. Cremers and
Brouwer54 investigated the pumped current in a chaotic
quantum dot in the same short relaxation time limit.
Considering the experimental setup of Ref. [33], Polian-
ski and Brouwer56 investigated the adiabatic dynamics
of the floating potential of reservoirs. They considered
the two limiting cases of long and short relaxation time
compared to the pump period. Here we will consider the
same limiting cases of short and long relaxation time for
the voltage probe, without the restriction to adiabatic
pumping.

A. Long charge relaxation time τRC ≫ T

First, the case with long relaxation time is considered,
where the potential of the probe does not react on the
injected charge on the time scale of the pumping period,
τRC ≫ T . In this situation the potential of the probe
is constant during the measurement. Since the particles
entering the probe have scattered at the adiabatically
pumped QPC A only, there is no dc-current flow into the
probe and the potential of the probe Vϕ stays at the same
potential as the four reservoirs of the MZI. We thus have
an extended pumping problem with five instead of four
equipotential reservoirs, which can be treated along the
same lines as above.

First, the coupling of the MZI to the probe leads to a
modification of the scattering amplitudes in Eq. (11), as
sF,αβ → s̃F,αβ, with e.g.

s̃F,31 (En, E) =
∞
∑

m=−∞

[

rB,n−me
ikmLR−iψRrA,m

+
√

1 − ǫt′B,n−me
ikmLL+iψL tA,m

]

(26)

and similar for the other amplitudes to scatter from reser-
voirs 1 and 2 to 3 and 4. Moreover, there are now the
amplitudes to scatter to and from the probe, as e.g. from
ϕ to 3

s̃F,3ϕ (En, E) = i
√
ǫt′B,ne

ik0LL2 , (27)

where LL2 is the length along the left edge between the
probe and QPC B (see Fig. 4). Inserting the scattering
amplitudes s̃F,αβ into the formula for the dc-current, Eq.
(7), we arrive at the result that the coherent current is
modified as

I
(0)
3L → (1 − ǫ)I

(0)
3L ,

I
(Φ)
3 →

√
1 − ǫI

(Φ)
3 . (28)

The flux independent current in the arm to which the

probe is coupled, I
(0)
3L , is successively suppressed for in-

creasing coupling ǫ to the probe. For perfect coupling,

ǫ = 1, the current I
(0)
3L is zero. The pumped current flow-

ing through the arm not connected to the probe is how-
ever unaffected by the coupling to the probe. In contrast,

the entire flux independent current I
(Φ)
3 is suppressed for

increasing coupling to the probe, down to zero for perfect
coupling.

B. Short charge relaxation time τRC ≪ T

In the limit of a response time much shorter than the
pumping period, τRC ≪ T , the potential of the probe
Vϕ(t) adjusts instantaneously, in order to keep the time
dependent current at the probe zero, Iϕ(t) = 0. This cor-
responds to that all frequency components of the current
[see Eq. (1)] are zero,

Iϕ,l = 0. (29)

Since the electrons entering the voltage probe are rapidly
thermalized, the electrons in the probe can be considered
in the same way as electrons in a reservoir with oscillating
potential, i.e. in dynamical equilibrium. The oscillating
potential gives rise to a nonequilibrium distribution of
the electrons leaving the probe. Formally, assuming a
uniform potential of the probe, we follow the scattering
approach in Ref. [47] and introduce annihilation opera-
tors for the electrons emitted from the probe as

â′ϕ (E) =

∞
∑

n=−∞

L−nâϕ (En) . (30)

Here the operators âϕ (E) describe equilibrium electrons:
〈

â†ϕ (En) âϕ (Em)
〉

= f0 (En) δn,m. The amplitudes Ln
are defined as

Ln =

∫ T

0

dt

T exp (inωt) exp

(

−i
∫

dteVϕ(t)/h̄

)

. (31)

The annihilation operators for particles injected into the
probe can then be written as

b̂ϕ (E) =

∞
∑

n=−∞

[sF,ϕ1(E,En)â1(En)

+sF,ϕ2(E,En)â2(En) +
√

1 − ǫL−nâϕ(En)
]

. (32)

Importantly, the amplitudes Ln in Eq. (30) effectively
describe forward, inelastic scattering from the probe out
into the MZI. We can consequently combine the ampli-
tudes Ln for excitation of the electrons in the probe and
the amplitudes s̃F,αβ for scattering in the MZI with zero
probe potential into a new, unitary Floquet scattering
matrix s̄F,αβ . This gives s̄F,αβ(E,En) = s̃F,αβ(E,En)

for β 6= ϕ and s̄F,ϕϕ(E,En) =
√

1 − ǫL−n and similarly
for s̄F,3ϕ and s̄F,4ϕ. It is then possible to proceed as above
and insert the scattering amplitudes s̄F,αβ into the for-
mula for the fourier components of the current, Eq. (1).
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This gives

Iϕ,l =
e

h

∫ ∞

0

dE

∞
∑

m=−∞

[f0 (Em) − f0(E)]

×
∑

β

s̄∗F,ϕβ (E,Em) s̄F,ϕβ (El, Em) , (33)

where β runs over 1, 2 and ϕ. The requirement of in-
stantaneous current conservation, Eq. (29), then directly
gives

∑

β

s̄∗F,ϕβ (E,Em) s̄F,ϕβ (El, Em) = 0, (34)

which in terms of the amplitudes Ln can be written

L∗
mLm+l =

1

ǫ

∑

β=1,2

s̄∗F,ϕβ (E,E−m) s̄F,ϕβ (El, E−m) .

(35)
We will then use Eq. (35) to calculate the dc-current at
reservoir 3. The dc-current is given by Eq. (7), now with
the scattering amplitudes s̄F,3β. Via the amplitude s̄F,3ϕ
the current depends on the product L∗

mLm+l. Inserting
the expression for L∗

mLm+l from Eq. (35) we arrive at
the result for the flux dependent part of the current

I
(Φ)
3 →

√
1 − ǫI

(Φ)
3 , (36)

while in contrast to the long relaxation time result in Eq.

(28), the current part I
(0)
3 is unaffected by the dephasing.

Importantly, the different dephasing behaviors in the
two regimes of probe relaxation time are clearly mani-
fested in the pumped current. In the long time regime

the suppression of the current in the left arm I
(0)
3L leads to

that the measured current only depends on the time for
ballistic propagation in the right arm, see Eq. (16). As a
consequence, the beating pattern in the frequency depen-
dence of the pumped current (see Fig. 3) is suppressed
on increasing dephasing. In the short time regime there
is no such suppression.

V. CONCLUSIONS

We have investigated the pumped currents in a MZI
implemented in a conductor in the quantum Hall regime.
The motivation for our investigation was twofold. First,
a MZI is the most elementary interferometer, due to
the absence of closed electronic orbits. In our proposal
the pumped current in the MZI is moreover operated

solely by modulating the potential at the two QPCs.
This makes pumping in the MZI both fundamentally im-
portant and experimentally achievable. Second, recent
experiments2–4 on transport in a voltage biased MZI has
demonstrated the relevance of dephasing and raised a
number of questions on the coherence properties of MZIs.
Working in the adiabatic pumping regime makes it pos-
sible to investigate these coherence properties close to
equilibrium, keeping dephasing at a minimum.

The dependence of the current on pumping frequency,
pumping strength, temperature and lengths of the arms
of the MZI were investigated. The two parts of the cur-
rent, the flux dependent and the flux independent ones,
were demonstrated to depend in a qualitatively differ-
ent way on frequency and temperature. The two current
parts also showed a different sensitivity to dephasing, in-
troduced by coupling a voltage probe to one of the inter-
ferometer arms. The flux dependent current was succes-
sively suppressed for increasing coupling, while only the
part of the flux independent current flowing in the arm
connected to the probe was sensitive to dephasing in the
limit of long charge relaxation time of the probe. We
also demonstrated that rectification effects, preventing
an unambiguous demonstration of quantum pumping of
current, are absent in the MZI when working with semi-
transparent beam splitters in the adiabatic, weak pump-
ing regime.

In a broader perspective, a better understanding and
control of coherence properties of edge state transport
is important for a successful realization of two-particle
Hanbury Brown Twiss interferometers,57 entanglement
production57,58 and quantum state transfer59 in quan-
tum Hall systems. In the context of entanglement, an
unambiguous demonstration of quantum pumping in the
MZI also opens up for schemes for entanglement genera-
tion based on quantum pump effects.37,60–63
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47 M. H. Pedersen and M. Büttiker, Phys. Rev. B 58, 12993

(1998).
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