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E-mail: splett@physik.rwth-aachen.de

Received 26 February 2010, in final form 18 May 2010
Published 12 August 2010
Online at stacks.iop.org/JPhysA/43/354027

Abstract
We review recent theoretical investigations on the two-particle Aharonov–
Bohm effect and its relation to entanglement production and detection.
The difficulties of the entanglement detection due to dephasing and finite
temperature are discussed regarding a recent experimental realization of a two-
particle Aharonov–Bohm interferometer [15]. We also discuss a theoretical
proposal for a two-particle Aharonov–Bohm interferometer, which as against
the finite bias setup is driven with dynamical single-electron sources allowing
for the tunable production of time-bin entanglement.

PACS numbers: 72.10.−d, 73.23.−b, 72.70.+m

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The Aharonov–Bohm (AB) effect [1] played a central role in the development of mesoscopic
physics. Much of this initial theoretical [2] and experimental [3] work focused on samples
with a ring geometry to detect the single-particle quantum interference in response to an AB
flux. Beyond the single-particle interference, the two-particle interference effects are quantum
mechanical phenomena of particular interest. They are known from examples in optics, such
as the Hanbury Brown–Twiss effect [4] and the Hong–Ou–Mandel [5] effect. Two-particle
correlations with massive particles in the form of current–current correlations in mesoscopic
multiprobe electrical conductors have been discussed by Büttiker [6] and Martin and Landauer
[7] and have been experimentally investigated by Oliver et al [8] and Henny et al [9]. More
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Figure 1. (a) Schematic of the original optical HBT intensity interferometer designed to
measure the angular diameter of stars, from [17]. (b) Implementation of a fermionic two-particle
interferometer in the quantum Hall regime, from [14]. (c) Schematic of the source part of the 2PI,
from [17].

recently bunching and anti-bunching phenomena have found interest in cold-atom physics
[10, 11]. In recent years much interest has been on the generation, manipulation and detection
of entanglement, which is a resource for quantum information processes. There is indeed
an intimate relation between two-particle interference and entanglement in the two-particle
interferometer [12] (2PI). Here, it is thus not single-particle interference that counts, but as we
explain in this article, a two-particle AB effect is the center of interest.

Complex electronic interferometers (in analogy to optical ones) are conveniently realized
in conductors in the quantum Hall regime [13] where electrons propagate along chiral edge
states. In mesoscopic physics electrons can play a similar role as photons do in optics: chiral
edge states take the role of waveguides and quantum point contacts (QPCs) constitute beam
splitters having a controllable transmission. A 2PI showing the two-particle AB effect was
recently proposed theoretically [14] and realized experimentally [15]. It is therefore of deep
interest to find out about the possibilities of entanglement production and detection in the
presence of dephasing and finite temperature [16, 17]. Early works [18] and related ideas for
a two-particle AB effect are presented in [19, 20].

The recent experimental success in implementing a high-frequency single-electron source
in the integer quantum Hall regime [21, 22] triggered the idea to design 2PIs, which are based on
the tunable emission of single electrons or holes from different sources into the interferometer
setup [23–25]. In a suggested setup, two-particle correlations, appearing as a consequence of
erasing of which-path information, manifest themselves as an AB effect in the noise. This
goes along with a tunable time-bin entanglement allowing for entanglement on demand.

2. Entanglement production and detection at finite temperatures

An electronic analog to the optical Hanbury Brown–Twiss interferometer (HBT) [4], shown in
figure 1(a), was theoretically proposed in [14]. This proposal envisaged a setup in the integer
quantum Hall regime, see figure 1(b), including four uncorrelated sources of which sources 3
and 4 are grounded and a bias V is applied to sources 1 and 2. Particles emitted from the sources
into chiral edge states (solid lines in figure 1(b)) are scattered at QPCs with transmissions tA, tB,
tC, tD before they are detected at one of the four detector contacts A± and B±. Transmission
t and reflection r are defined following the logic of figure 1(c). The setup is penetrated by a
magnetic flux �. While the geometry prohibits the appearance of single-particle interference,
measurable in the current, two-particle interferences can be detected.
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The joint probability to measure a particle in the detector Aα and at the same time a
particle in the detector Bβ, with α = ± and β = ±, is given by

PAαBβ(0) ∝ |sAα1s
∗
Bβ1 + sAα2s

∗
Bβ2|2 + (|sAα1|2 + |sAα2|2)(|sBβ1|2 + |sBβ2|2)

∝ SAαBβ + 2τCIAαIBβ, (1)

with the coherence time τC depending on voltage and temperature. The joint probability can
be expressed by the average currents IAα and IBβ into the detectors and by the zero-frequency
current–current correlator SAαBβ between currents detected at B± and A± [26]. For the simple
case of semitransparent QPCs and energy-independent scattering amplitudes, these long-time
observables are given by

IAα = IBβ = e2V

2h
, SAαBβ = e3V

4h
[1 + αβ cos φ]. (2)

The flux-dependence of the current–current correlator is the signature of the two-particle AB
effect. The magnetic flux � enters through the corresponding phase φ = 2π�/�0, with
�0 = h/e being the single-particle flux quantum.

The connection between the two-particle AB effect and orbital entanglement can be
seen from the examination of the many-body ground state of the electrons injected into
the interferometer. The initial state of injected particles at zero temperature is given by
|�in〉 = ∏

0�E�eV a
†
1(E)a

†
2(E)|0̄〉, where a

†
1(E) creates an electron with energy E incident

from source 1 on the filled Fermi sea |0̄〉. For the projection of the outgoing state on the part
with one particle reaching the beam splitter A and one particle reaching the beam splitter B
coming either from source 1 or 2, one obtains

|�AB(E)〉 = 1√
N

(
rCtDb

†
A1b

†
B2 − rDtCb

†
A2b

†
B1

)|0̄〉 (3)

using the scattering matrices of the different beam splitters; an operator b
†
A1 creates an electron

close to the beam splitter A on the upper half of the setup. N is a normalization constant. The
entanglement of the state |�AB(E)〉 can conveniently be quantified in terms of the concurrence
C [27], which ranges from zero for an unentangled state to unity for a maximally entangled
state. Indeed we find for |�AB〉 the concurrence

C = 2

N
|rCtCrDtD| = 2

N

√
RCTCRDTD (4)

which reaches unity for semitransparent beam splitters. Note that the normalization factor N
is then maximal, namely equal to 1/2. This demonstrates that at most only half of the particles
injected from 1 and 2 lead to split pairs, with one particle emitted toward A and one toward
B, i.e. a maximal pair emission probability of 1/2. For a measurement during a time τ the
maximum concurrence production [28] is thus N /2, where N = τeV/h is the number of
pairs injected from 1 and 2 in the time τ and in the energy interval 0 � E � eV .

Indeed the two-particle AB effect was experimentally realized [15] in the above suggested
spirit. By electrical gating both the situation in which single-particle interference is visible and
the situation where single-particle interference is fully suppressed were obtained. Magnetic-
field-dependent interference patterns in the current crosscorrelations were measured in the
latter case, which could clearly be attributed to the two-particle AB effect. The experiment
showed an amplitude suppression of the two-particle AB effect to 25% of the theoretically
predicted value due to finite temperature and dephasing. This demands for a theory for
entanglement generation, characterization and detection in fermionic 2PIs at finite temperature
and finite dephasing. The question is if the electrons reaching the detectors A and B
are entangled and, if so, if one can unambiguously detect this two-particle entanglement
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by measurements of currents and current correlators—the standard quantities accessible in
electronic transport measurements. Both questions were answered positively in [16, 17] as
discussed in the following. The effect of dephasing can be modeled by a voltage probe [30]
coupled to an interferometer arm, the coherence being quantified by 0 � γ � 1, and it can be
cast by a suppression factor in the off-diagonal elements of the density matrix |�AB〉〈�AB |.
The result is a concurrence C = γ , where we assumed zero-temperature and semitransparent
beam splitters, showing that the entanglement persists even for strong dephasing.

The effect of finite temperature is that the injected state is in a mixed state and that in
principal all four sources—even the grounded ones—can emit particles. This leads to situations
where 0–4 particles are emitted at the same energy and in particular a state having a particle
at detector A, and a particle at detector B can have additional electrons at both detectors. It is
therefore useful to discuss the entanglement generation and detection in terms of projected and
reduced density matrices from which a projected and a reduced concurrence can be extracted.
The projected density matrix, ρp(E) = ∏

A ⊗ ∏
B ρ(E)

∏
A ⊗ ∏

B , is obtained from the full
energy-resolved density matrix ρ(E) of the injected state by projecting out the states which
have a particle at detector A and B by projection operators

∏
A and

∏
B . Finite temperature

leads to an overall modification of the energy-dependent probability for two-particle emission
via a prefactor containing the Fermi functions of all four sources. Furthermore, equivalent to
the effect of dephasing, a suppression of the off-diagonal components appears. Finally, a finite
amplitude for the diagonal density matrix elements for two particles being emitted from either
sources 1, 3 or 2, 4 is found which is absent at zero temperature. The resulting concurrence
shows that entanglement persists up to a certain critical temperature, T

p
c , depending on the

coherence γ , the beam splitter transmissions and the applied voltage,

kT p
c = eV ln

( √
1 + 4γ

√
RCTCRDTD + 1√

1 + 4γ
√

RCTCRDTD − 1

)
. (5)

In particular this shows that in the experiment [15], entanglement was present, i.e. the
temperature was below the critical temperature.

Anyhow, experimentally the projected density matrix is not accessible, because in
experiment also those states contribute to current and current correlations, which have two
particles at the same detector. Furthermore, a current measurement provides in general energy-
integrated results. Therefore, it is useful to study the reduced two-particle density matrix also.
If one had access to energy filters, the reduced energy-resolved density matrix of the outgoing
state with the matrix elements

[
ρE

r

]
ij,kl

= 〈
b
†
Aib

†
BjbBkbAl

〉
(where an operator b

†
Ai creates an

electron in the detector Ai) would be tomographically reproducible by current and current-
correlation measurements. The qualitative difference between the energy-resolved reduced and
the projected density of states arises from the fact that also states with more than one particle
at A and/or B contribute to ρE

r but not to ρp(E). A crucial result is that the obtained reduced
concurrence is always smaller than the projected one. Importantly, at finite temperature,
without any energy filters, we do not have access to the energy-resolved quantities discussed
above, only to the total currents and current correlators measured at contacts Aα,Bβ. When
studying the total reduced density matrix and the extracted concurrence, one finds that only in
certain parameter regimes can the reduced concurrence serve as a lower bound to the actual
entanglement captured in the projected concurrence. In a regime where this is the case, the
reduced and the projected concurrence are shown in figure 2. Even though the corresponding
parameter regime was reached in the experiment and the measured reduced concurrence can
therefore serve as a lower bound to entanglement, it turns out that the reduced concurrence
extracted from measurement is negligibly small and no conclusive statement can therefore
be made regarding the experimental entanglement detection in [15]. At the same time these
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Figure 2. Reduced (lower, green) and projected (upper, blue) concurrence as a function of
dephasing and temperature [16].

theoretical findings suggest that by a mere reduction of the temperature, the produced orbital
entanglement will be detectable.

3. Tunable time-bin entanglement from single-particle sources

Recently, a single electron source was experimentally realized in the integer quantum Hall
regime at gigahertz frequencies [21]. In a controlled manner, by an external driving of electric
fields, single electrons and single holes are emitted from such a source close to the lead’s
Fermi energy. The controlled emission of single particles also allows for controllability in
two-particle experiments. Another advantage is that the use of controllable single-particle
sources could be a solution to avoid undesirable contribution of the grounded contacts at non-
zero temperatures. This is because the contribution of a particle emission from all the contacts
is the same with or without working single-particle sources and it constitutes a background
which is later subtracted. Here we propose a mesoscopic circuit in the quantum Hall effect
regime containing driven single-particle sources; no bias is applied across the device. The
proposed setup comprises two uncorrelated single-particle sources and two distant Mach–
Zehnder interferometers, with magnetic fluxes. We show that this allows us in a controllable
way to produce orbitally entangled electrons while the current is insensitive to magnetic fluxes.

A mesoscopic two-particle collider [23], which is similar to the Hong–Ou–Mandel optical
interferometer [5], see figure 3, is at the basis of the more complicated setup mentioned above,
showing a two-particle AB effect. In such an electronic Hong–Ou–Mandel interferometer,
tunable two-particle correlations are manifest as will be discussed in the following. A
mesoscopic cavity—indicated by A or B—is driven by a time-dependent gate potential,
yielding the periodical high-frequency emission of the quantized charge. In this setup,
the single particles (electrons and holes) are injected into edge states and are scattered at
QPCs. In the setup shown in figure 3 the two mesoscopic capacitors A and B are contacted
by QPCs, with the reflection (transmission) coefficients rA (tA) and rB (tB), to chiral edge
states. The capacitors serving as single-particle sources are driven by the time-dependent
potentials UA(t) and UB(t), with equal frequency �. The emitted particles are transmitted or
reflected at the central QPC (C), with the reflection (transmission) coefficients rC (tC) before
they reach the contacts 1 and 2. If the sources are driven such that the two particles arrive at the
quantum point contact independently, they generate the shot noise P12 which—depending on
the particle number emitted per period from both sources—is found to be an integer multiple
of P0 = −(2e2/π)TCRC�. P0 is the shot noise produced by the central QPC alone and is
independent of the source properties. However, when two particles of the same kind meet at
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Figure 3. Single particles are emitted from the two capacitors A and B (indicated by circles)
through quantum point contacts (indicated as dashed lines) into edge states (indicated by full
lines), where they can possibly collide at the central quantum point contact C [23].
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Figure 4. Emitters A and B driven by the potentials UA(t) and UB(t) inject single particles into
edge states (solid lines). After scattering at a center, QPC (C) particles reach Mach–Zehnder
interferometers with the Aharonov–Bohm fluxes �L and �R. The black and grey (green), dotted
and dashed lines show possible two-particle trajectories which lead to particle collisions erasing
which-path information [25].

the middle QPC, noise suppression is found due to the Pauli principle. In other words, one can
see the effect of the fermionic statistics. This setup is the basis for the design of a two-particle
emitter with a controllable degree of correlations.

In the following we discuss a setup which is adequate to explore the entanglement
production from two uncorrelated sources. For this purpose, we extend the mesoscopic
circuit in the quantum Hall effect regime comprising two independent single-particle sources
mentioned before by two distant Mach–Zehnder interferometers (MZIs,) with magnetic fluxes
[25], as shown in figure 4. Therefore, before reaching the contacts 1–4, the signals from the
single-particle sources traverse the lower (d) or upper (u) arms of two MZIs, L and R, pierced
by the magnetic fluxes �L and �R. Some of the possible trajectories that a particle can take
from one of the sources to one of the contacts are indicated in figure 4.

We consider a model of a mesoscopic capacitor consisting of a single circular edge state
[21, 22, 29]. Using a scattering matrix approach, the mesoscopic capacitors, α = A,B, with
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Figure 5. Two-particle Aharonov–Bohm oscillations in the shot-noise correlation P12 as a function
of the difference in the magnetic fluxes �A −�B and difference of phase ϕ of the potentials UA(t)

and UB(t). This phase difference is related to the tunable difference in the emission times from
the two cavities [25].

the time-dependent potential Uα(t) are described by a Fabry–Perot-like amplitude [31],

Sα(t, E) = rα + t2
α

∞∑
q=1

rα
q−1 eiqEτα−i�q

α(t), (6)

depending on the energy of an incoming particle and the time at which it exits. Here τα

is the time a particle spends for a single round trip along the circular edge state of the
mesoscopic capacitor. Due to the time-dependent potential, a particle picks up a phase
�

q
α(t) = e

h̄

∫ t

t−qτα
dt ′Uα(t ′), in addition to the phase due to the guiding center motion qEτα .

The scattering matrix of the full system also depends on the central QPC and the Mach–
Zehnder interferometers. A phase is accumulated depending on whether a particle comes from
the source α = A,B and whether it traverses the upper or the lower arm of the interferometer
β = L, R. This phase is determined by the time for the traversal of the respective interferometer
arm and by the magnetic flux. Here we discuss the case of slow driving, meaning that the
frequency � is much smaller than τ−1

α , but importantly without requesting restrictions on
� with respect to the time scales related to the entire system. This means that the traversal
times of the interferometer arms can be long with respect to the time scale set by the driving
frequency.

If the difference in the path lengths of the interferometer arms is bigger than the spreading
of the wave packets emitted by a driven capacitor, single-particle interferences in the current
are suppressed. We characterize this arm-length difference by the differences in the traversal
times τL and τR. Still in this case, two-particle correlations can be observed in the noise
properties. We calculate the symmetrized zero-frequency noise power (shot noise) P12 for
currents flowing into contacts 1 and 2 in the regime where only two-particle correlations are
possibly occurring. If the arm-length differences of the MZIs are chosen to be commensurate,
τ := τL = ∓τR, we find at zero temperature

P12 = −P0

∑
s=e,h

{TLTR[1 − L(ts)]

− γLγR · cos(�L ± �R)[L(ts − τ) + L(ts + τ)]}, (7)

with the parameters Tβ and γβ containing the MZI transmission amplitudes. Here the time
difference ts depends on the emission times of electrons s = e and holes s = h from
the different single-particle sources and the time delay due to the asymmetry of the setup.
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Therefore, ts contains information on the time difference with which particles from the two
sources arrive at the interferometer entrances. This time difference enters the Lorentzians,
defined by L(X) = 4�A�B/[X2 + (�A + �B)2], where �A and �B are the widths of the current
pulses emitted from the capacitors A and B.

The contribution in the second line in the expression for P12 depends on the magnetic
flux. It is different from zero whenever the emission times of the cavities are such that
a collision of two electrons (and/or two holes) can take place at the interferometer outputs,
|ts ± τ | � �β . It is due to the commensurability of the arm lengths that the collisions taking
place at one interferometer output automatically imply the collision at both interferometers.
The result is an appearance of non-local two-particle correlations irrelevant to the current but
with a pronounced effect in the noise. In other words, the two-particle correlations manifest
themselves as an AB effect in the noise.

In figure 5 we show the shot noise for τL = τR, as a function of the magnetic
flux difference and the phase shift ϕ between the potentials UA(t) = UA cos(�t) and
UB(t) = UB cos(�t +ϕ). The tunable phase shift between the modulated potentials yields the
difference of emission times from the two capacitors. At ϕ = ϕ0 the condition te − τ = 0
is satisfied, and an electron emitted by the capacitor A and moving along the lower arm
of an interferometer can collide (overlap) with an electron emitted by the capacitor B and
moving along the upper arm of the same interferometer (vice versa for ϕ = −ϕ0). Therefore,
the which-path information is lost and as a consequence two-particle correlations appear
between particles at different contacts. Note that the necessary collisions take place at distant
interferometers and in general at different times. Therefore, a variation of the phase difference
between the driving potentials can switch on or switch off the two-particle AB effect, by
avoiding or allowing collisions. Note that the dip at ϕ = 0 is due to fermionic correlations
appearing when particles collide at the central QPC, as already discussed for the setup in
figure 3. This is the case if ts = 0 and the first contribution to P12 is suppressed.

In an appropriate time interval, i.e. in the time intervals in which the which-path
information is erased, the concurrence

C =
2TCRC

√
T l

RRl
LT l

LRl
R

T 2
CT l

RRl
L + R2

CT l
LRl

R

(8)

reaches a maximum. Depending on the QPC transmissions of the middle QPC, TC, and the
transmissions of the different QPCs of the MZIs, T l

R, T l
L, T l

L, T l
R, the concurrence reaches

the value 1. Importantly, the distinction discussed before between reduced and projected
entanglement is not useful in the case of single-particle emitters. One can equally show that a
Bell inequality is violated [32], proving the existence of time-bin entanglement. This means
that the tunability of the single-particle sources allows us in a controllable way to produce
orbitally entangled electrons in given time bins.
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