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PACS. 73.50Lw – Thermoelectric effects.
PACS. 73.90+f – Other topics in electronic structure and electrical properties of surfaces,

interfaces, and thin films.
PACS. 72.90+y – Other topics in electronic transport in condensed matter.

Abstract. – In this paper we have considered the effect of temperature on the thermoelectric
current in a one-dimensional ballistic ring coupled to two electron reservoirs. It is also shown
that under some conditions a circulating thermoelectric current highly exceeds the transport
current.

The phase-coherent transport is a feature of mesoscopic samples at low temperatures [1].
Hence, it is possible to observe a lot of quantum-mechanical phenomena [2]-[6] including the
Aharonov-Bohm (AB) effect [7], [8] in solids.
One of the manifestation of the AB effect is the existence of a thermodynamically in

equilibrium (persistent) current in mesoscopic rings threaded by a magnetic flux Φ at low
temperatures, which has periodic magnetic flux with period Φ0 = h/e. For the first time
the existence of such a current in real nonsuperconducting metallic one-dimensional rings was
predicted theoretically by Büttiker et al. [9]. The effect was observed experimentally both at
the ensemble of mesoscopic rings [10] and at the single ring [11], [12].
The persistent current exists not only in isolated rings, but also in the so-called “open

systems” (i.e. in rings coupled to one or several electron reservoirs) [13]-[17]. The persistent
current in an open system was observed experimentally in ref. [12]. Besides, the circulating
current occurs in a ring coupled to two electron reservoirs with different chemical potentials
µL �= µR (i.e. in the presence of a transport current) even in the absence of a magnetic flux [17].
This nonequilibrium current is due to the injection of carriers [14], [17] and differs from zero
only in an asymmetric ring. The existence of this current is a purely quantum-mechanical effect
and is due to the interference of an electron wave function in a doubly connected geometry.
The aim of the present paper is to consider the nonequilibrium current in a ballistic

one-dimensional “open system” due to the temperature difference of the electron reservoirs.
The thermoelectric current differs from zero if the conductance of the system depends on
energy [18]. When the transport in a mesoscopic sample is ballistic such a dependence arises
as a consequence of the interference. Therefore, the existence in mesoscopic samples of both the
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Fig. 1. – The ballistic ring coupled to two electron reservoirs.

circulating current and the transport thermoelectric current is a purely quantum-mechanical
effect.

As model of an “open system”, we consider a one-dimensional ballistic ring of length L
threaded by a magnetic flux Φ and connected via ballistic one-dimensional leads to two electron
reservoirs (fig. 1). Let us calculate the current I in such a system. In the ring the current
I is split into currents I1 in the upper arm and I2 in the lower arm and I = I1 + I2. The
magnitudes of I1 and I2 are different owing to the interference of the electron waves, and a
circulating current Ic = (I1 − I2)/2 arises in the ring [14].
Let us consider the case of a ring with a symmetric arrangement of leads: L1 = L2 = L/2

(where L1, L2 are the lengths of the upper and the lower arms, respectively). Let us place a
potential step of height eϕ� µ and of length b in the lower arm of the ring to take into account
the possible asymmetry (see fig. 1). Note, that formally the presence of the potential step is
equivalent to the asymmetric arrangement of leads: L1 �= L2. Such an asymmetry can be taken
into account by the replacements (kL+ δk)→ (kL1 + kL2) and δk → (kL1 − kL2). However,
such replacements are true only at T = 0, because the energy dependences of quantities in the
left and the right sides of these expressions are different.

Solving the one-dimensional Schroedinger equation for noninteraction electrons in the con-
sidered system, we take into account that the scattering of electrons in junctions A and B (see

fig. 1) may be described by the scattering matrix Ŝ(γ) [19], [20], which yields amplitudes of
outgoing waves in terms of incoming waves:

Ŝ(γ) =

⎛
⎝−(a+ b) γ1/2 γ1/2

γ1/2 a b
γ1/2 b a

⎞
⎠ . (1)

Here a =
(
(1− 2γ)1/2 − 1

)
/2; b =

(
(1− 2γ)1/2+ 1

)
/2; γ is the coupling parameter. For γ = 0

the lead and the ring are decoupled. γ = 1/2 is the maximum coupling. Note that γ = 4/9
corresponds to the approach of the quantum waveguide theory [21], where both the condition
of the current conservation and the condition of the electron wave function continuity in the
junction are used.

If the coupling parameter in junction A is denoted as γA and in junction B as γB, expressions
for the current I and the circulating current Ic are as follows:

I =
2e

h

∫
dε gε(fOL − fOR) , (2)

Ic =
2e

h

∫
dε
(
cε(fOL − fOR) + dε(γAb

2
BfOL + γBb

2
AfOR)

)
, (3)
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where fOL and fOR are the Fermi functions in the left and the right reservoirs, respectively;
ε = h̄2k2/(2m); k is the wave number; m is the effective mass. Expressions for functions gε,
cε and dε are of the form

gε =
4γAγB
Zk

{
1− cos(δk) cos(βk) + cos(2πΦ/Φ0)

(
cos(δk)− cos(βk)

)}
, (4)

cε = −
2γAγB
Zk

sin(δk) sin(βk) , (5)

dε = −
4

Zk
sin(βk) sin(2πΦ/Φ0) . (6)

Here Zk = (2bAbB cos(2πΦ/Φ0) + 2aAaB cos(δk)− (KAB + 1) cos(βk))2 + (KAB − 1)2 sin
2(βk);

KAB = ((1−2γA)(1−2γB))1/2; βk = kL+δk is the change of the electron wave function phase
along the ring (at Φ = 0); δk = −2π(eϕ/∆ε)(b/L) is the change of the electron wave function
phase due to the potential step [22]; ∆ε = h(2ε/m)

1/2/L is the level spacing in the isolated
ring near the energy ε at Φ = 0. Note, that when (ε−µ)/µ� 1, δk(ε) is constant and is equal
to δk(µ); in this case it will be denoted δµ. According to the purpose of the present paper,
such an approach is valid at T/µ� 1.

In the equilibrium case, when the chemical potentials and the temperatures of the reservoirs
are identical (µL = µR; TL = TR), the current through the system equals zero: I = 0; how-
ever, at Φ �= 0 there is a circulating current in the ring: Ic(Φ) �= 0 (that is the second term in
eq. (3)).

The two terms in eq. (3) correspond to the arising of the circulating current due to the
electrostatic (ϕ �= 0) and the magnetic (Φ �= 0) AB effects. Thus, as far as in the electrostatic
AB effect there is no destruction of the electron movement symmetry in the ring in opposite
directions, in order to arise the circulating current an external break of such a symmetry is
necessary, that takes place in the nonequilibrium case (µL �= µR or TL �= TR), i.e. when the
transport current is present. In the case of the magnetic AB effect the mentioned symmetry is
broken down, therefore the circulation current Ic can exist even in the absence of the transport
current.

In the present paper we consider the nonequilibrium state due to the temperature differences
of the reservoirs: TL �= TR. Thus, we shall consider the chemical potentials of the reservoirs
to be identical: µL = µR = µ, and the magnetic flux to be equal to zero: Φ = 0. In this case
there is a thermoelectric current I(∆T ) (where ∆T = TR − TL) between electron reservoirs.
This current excites the circulation current Ic(∆T ) in the ring.

As has already been mentioned, the existence of a transport thermoelectric current I is
due to the dependence on energy of the conductance of the sample connected to the electron
reservoirs. In the considered case the dependence of gε and cε on the energy, determining
thermoelectric transport and circulating currents, is due to the interference of the electron wave
functions in the ring and therefore is a purely quantum (mesoscopic) effect, which vanishes
in the macroscopic limit (i.e. after averaging over the energy in the scale exceeding ∆µ).
Therefore, as will be seen below, the thermoelectric current vanishes at TL, TR � ∆µ. Besides,
in the considered system the flow of electrons can move both from a more heated reservoir to
a less heated one and vice versa, and this depends on the parameters of the system.

Functions gε (4) and cε (5) are periodic in k with period 2π/L and can be expanded in



192 EUROPHYSICS LETTERS

Fourier series:

gε = ḡ +
∞∑
n=1

An cos(nkL) +Bn sin(nkL) , (7)

cε = c̄+
∞∑
n=1

Cn cos(nkL) +Dn sin(nkL) . (8)

Substituting eqs. (7) and (8) into eqs. (2) and (3), we obtain the expression for the thermo-
electric current in the limit of Lkµ � 2π in the following form:

I =
I0

2π

∞∑
n=1

(
An sin(nLkµ)−Bn cos(nLkµ)

)(
Ψn(TL/T

∗)− Ψn(TR/T
∗)
)
, (9)

Ic =
I0

2π

∞∑
n=1

(
Cn sin(nLkµ)−Dn cos(nLkµ)

)(
Ψn(TL/T

∗)− Ψn(TR/T
∗)
)
. (10)

Here I0 = 2evµ/L (where vµ is the Fermi velocity); T
∗ = ∆µ/(2π

2); kµ = (2mµ)
1/2/h̄;

Ψn(x) = x/sh(nx). It should be noted that coefficients An, Bn, Cn and Dn do not depend on
the Fermi energy, the length of the ring and the temperature.
The obtained expressions allow us to analyse the temperature dependence of the thermo-

electric current in the ballistic ring.
Firstly we consider the regime of the linear response: ∆T � T = TL. In the low-temperature

limit T � T ∗ expressions similar to those obtained in ref. [18] are valid:

I(∆T ) = −∆T
π2T

3e

∂

∂µ
G(µ) , (11)

Ic(∆T ) = −∆T
π2T

3e

∂

∂µ
Gc(µ) , (12)

where G(µ) = (2e2/h)gµ is the conductance of the ring at T = 0; Gc(µ) = (2e
2/h)cµ.

At higher temperatures of T � T ∗ the magnitude of the current decreases and this is due
to the averaging of gε and cε in eqs. (4) and (5). Then in eqs. (9) and (10) one can possibly
be limited by the term with n = 1, and as a result we obtain

I(∆T ) = −∆T
π2T

e

1

sh(T/T ∗)

∂

∂µ
G1(µ) , (13)

Ic(∆T ) = −∆T
π2T

e

1

sh(T/T ∗)

∂

∂µ
Gc1(µ) . (14)

Here the index “1” denotes the first harmonic of the quantity that corresponds to the term
with n = 1 in expansions (7) and (8).
From eqs. (11)-(14) it follows, that in the linear-response regime the thermoelectric current

(in absolute magnitude) has its maximum at T � T ∗. The magnitude of the maximum is
Imax/I0 � ∆T/∆µ. Note that the sign of the current the low-temperature (11), (12) and the
high-temperature (13), (14) limits can be different.
Furthermore, we consider the thermoelectric current at an arbitrary ratio between the

temperatures of the reservoirs TL and TR. The characteristic feature of this regime is that the
averaging over the energy of gε and cε for electrons moving from the left to the right (with



m. v. moskalets: temperature-induced current in a one-dimensional etc. 193

temperature TL) and from the right to the left (with temperature TR) are two independent
processes. As a result, reservoir temperatures are well distinguished (|TR − TL| � T ∗), the
magnitude of the thermoelectric current is determined by the lower of the two temperatures
and does not depend on the other temperature. At TR > TL � T ∗ the expressions for the
currents are

I(TL) = −T
∗π
2TL

e

1

sh(TL/T ∗)

∂

∂µ
G1(µ) , (15)

Ic(TL) = −T
∗π
2TL

e

1

sh(TL/T ∗)

∂

∂µ
Gc1(µ) . (16)

Let us briefly consider the dependence of the thermoelectric current on the chemical poten-
tial. gε and cε at Lkµ � 2π are periodic in µ with period ∆µ, therefore the thermoelectric
current has the same period. The function I(µ) (as well as Ic(µ)) contains various harmonic
(with period ∆µ/n, where n = 1, 2 . . .). However, at T > T

∗ only the first harmonic survives
(see eqs. (13)-(16)).
By varying the potential step height eϕ, the amplitude of the first harmonic of the function

g(µ) may be vanishing. In this case the function I(µ) at high temperatures (namely, at
T � T ∗/2) has period ∆µ/2 (in eq. (8) the term with n = 1 is equal to zero, and it is
necessary to keep the term with n = 2). At the same time the function Ic(µ) at T � T ∗ has,
still, a period ∆µ. Besides, in this case the magnitude of the transport current decreases faster
with the increase of the temperature: Ic(T )/I(T ) � exp[T/T ∗]� 1, at T � T ∗.
In the present paper the thermoelectric current in a ballistic one-dimensional asymmetric

ring coupled via one-dimensional ballistic leads to two electron reservoirs, which have identical
chemical potentials, is considered. The dependence of the current on the reservoir temperatures
is investigated. It is shown, that at a small difference of the reservoir temperatures, ∆T � T ∗,
the dependence of the current on the temperature has its maximum at T � T ∗. At the same
time at ∆T � T ∗ the magnitude of the current does not depend on the temperature of the
more heated reservoir.
It is shown, that under some conditions the magnitude of the circulating current in the ring

can greatly exceed the magnitude of the transport current.
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