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BCTYII 

CttcTeMHHH attaJii3 rn MaTeManr'IHe MO)l,emosaHIDI B raJiy3i ryp6itto6yAy

BaHIDI e BmKJIHBHMH cnoco6aMH OTpHMaHID! HOBJIX 3HaHb, TeXHOJiori1IHJIX Ta KOH

CTPYKTOpCbKJIX pimeHb. IMirnuiiIHe rn MaTeMaT111IHe MO)l,emosaHID! cyTTeso 3MeH

IIIyiüTb 1IaC BIJpOBa)l,)l<eHlIB HOBJIX HayKOBHX p03po6oK y BHp06HIIUTBO [l, 2] . 

CY1IaCHHH cpaxiseuh B rany3i Typ6itto6yAysaHH51 Mae BOJIOAÏTH anapaTOM 

aHaJIÏTH1IHOro Ta 1IHCJIOBOro aHanhy, MaTH HaBHqKIJ nporpaMHOÏ pearIÎ3alJ,ÎÏ oc

HOBHJIX MeTO)l,ÏB Ta anropHTMÏB, cepe)l, 51KHX OIJTHMÎ3aUÏ51 cpyHKo,ii1 0)1,HÎeÏ Ta 6ara

TbOX 3MÏHHIIX, o6po6Ka eKcnepHMeHTaJibHHX )l,aHHX, anpoKCHMaD,Ï51 clJYHKUÏOHaJib

HlIX 3aJie)KHOCTeiI TOUJ,O. 11,i 3HaHID! Ta HaBH1IKH )l,OIJOMaraEOTb aHaJIÏ3ysaTH OTpH

MaHi 3a )l,OIJOMormo naKeTiB npHKJia)l,HHX nporpaM CAD/CAM/CAE pe3y11hTaTH 

MO)l,emosaHH51 npouecis rn npttcTpoïB, nplliIMaTH npaBHJihHi KOHCTpyKrnpcbKÏ rn 

TeXHOJiori1IHÎ pimeHH51, 0611paTH OIJTHMaJibHÏ ariropHTMH p03B' 513aHH51 pi3HJIX 

KJiacrn 3a)l,a1I. 

MeTO)l,H1IHi BKa3ÏBKH MicrnTh Heo6xiAHÎ TeopeTH1IHÎ BÎAOMOCTi npo MeTo

)1,H, mo BHB1IalOTbC51, Ta ariropHTMH no6yAOBH o61IHCJI10BaJibHOro npouecy 3a 06-

paHJIM MeTO)l,OM [3-7] . .nirn nporpaMHOÏ pearIÏ3auiï MeTO)l,ÏB, mo BHBqaroTbCH, 06-

paHO MOBY nporpaMyBaHH51 GNU Octave (MATLAB) [8-12] rn iHTerposaHe cepe

)1,0BHIIle (IDE) GNU Octave. CrnHAapTHa 6i6moTeKa GNU Octave Ha)l,ae nepesi

peHi pearIÏ3auiï nom11peHIIX q11c110BHX MeTOAÏB rn 3aco611 sÎ3yaJii3auiï pe3y11hrn

TÏB, a IDE GNU Octave, IJ01IHHaro1IH 3 sepciï 4.0, Mae 3PY1IHHH rpacpiqHHi1 BÏKOH

HHH iHTepcpeiîc. 

MeTO)l,H1IHi BKa3ÏBKH MicrnTb npHKJia)l,H p03B 'H3aHID! 3a)l,aq rn ïx oKpeMIIX 

cpparMeHTÏB, mo IJOBHHHO )l,OIJOMOITH CTy)l,eHTaM B npoueci p03po6KH BJiaCHJIX 

o61IHCJI10BaJibHJIX ariropHTMÏB Ta nporpaM Ha ïx OCHOBÏ . .nirn Beix TeM HaBe)l,eHO 

opiettTOBHHH nepeniK crnHAapTHHX cpyttKUÏH rn oneparnpiB GNU Octave (AOAa

TOK A), rn,o Ha)l,ae tteo6xi)l,tti ÎHCTPYMeHTH M51 6e3nocepeAHhOro p03B'H3aHH51 3a

)l,aq Ta nepesipKH pe3yJibTaTÎB, OTpHMaHIIX 3a )l,OIJOMOrOEO BJiaCHJIX nporpaM, Ha

IJHCaHIIX MOBOEO nporpaMysattIDI GNU Octave (MA TLAB). 

GNU Octave e BÏJihHHM nporpaMHHM 3a6e3neqeHHHM, TOMY oTpHMysatti 3a 

i1oro BHKOpHCTaHH51M pe3yJibTaTH MO)l,emoBaHIDI MO)KHa BHKOpHCTOBysaTH B iH

)KettepHÎH npaKTtto,i rn HaYKOBii1 )l,Ï51JihHOCTi. PeKoMeHAYE:ThCH KOpttcTysaTHCH 

ttai1csi)KillIHMH sepci51MH naKery GNU Octave. 
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Jla6opaTOpHa po6orn 1 

P03B'H3AHHH CHCTEM JIIHIÜHHX AJITEEPANHHX PIBHHHh 

MemoJO e 03Hai1oMneHJUI cTyAeHTiB 3 MeTOLJ,aMH p03s'inattJU1 CHCTeM ni

HiHHHX anre6paÏqHHX piBHllHb (CJIAP) aHaniTWIHHMH Ta qHCJlOBHMH MeTOLJ,aMH j3 

BHKOpHCTaHJUIM GNU Octave. 

3aB)J,aHHH 

BapiaHrn 3aBLJ,aHJUI 06ttpa10T1> i3 AOAaTKa E. 
1. P03B'll3aTH CJIAP MeTOLl,OM raycca. 

2. P03s 'inaTH CJIAP 3a LJ,oooMormo s6yAoBaHIJX cpyttKUÎH GNU Octave. 

3. 3BiT rrpo po60Ty IlOBHHeH MÎCTHTH KüpüTKHH OIHlC po60TH, TeKCT rrpo

rpaMH i pe3yJlnTaTil ïi BlfKOHaHJUI. 

MeTOL\H'IHi BKa3ÎBKH LJ,o BHKouauuH JaB)J,anuH 

llocmaH08Ka 3aÔa'li. 3aLJ,aHo CllCTeMy 3 N niHiffirnx anre6paÏ'IHHX pis

JUIHJ> ( 1.1 ). 3ttaiirn po3B' H30K o,ieï CllCTeMH y BHrIDILli A · x = b, LJ,e A - MaTpHUH 

KoecpiuieHTiB po3MipoM N x N, b - BeKTOp npaBHX qacrnH po3MipoM N, x - III)'J<a

HHii BeKTOp po3MipoM N. 

{""" 
ai2X2 alNxN bv 

az1X1 az2X2 azNXN bv 

aN1X1 aN2X2 aNNXN bN . 

(1.1) 

B Typ6itto6yAyBaHtti Heo6xiAHÏCTh p03s'a3aHHH CJIAP BllCOKHX rropHAKÎB 

BlfHHKa€ B pi3HHX OilTHMÎ3auiiiHHX 3aLJ,aqax, HanpHKJlaLJ,, opocpiJIJOBaHHH JlOilaTOK 

Typ6iH 3a Ll,OilOMOrülO IlOJlÎHOMÎB Ta CilJlaiiHiB [l, 2]. lfacTHHa MeTOLJ,ÎB (KpaMepa, 

raycca) p03B'H3aHHH CJIAP € 3pyqHHMIJ Ll,Jill «py'IHOro» 3aCTOCyBaHHH, imna 

(iTepauiiiui MeTOL\H, po3KJlaLJ,aHHH MaTpHD,D) - Ll,Jill peani3ao,iï y BHrllilLlÎ 

KOMrr'10Tepttoï rrporpaMH [3--6]. 3a L1,000Moro10 GNU Octave CJIAP p03B'H3YJOTh 
. . . . . 

HK y ttarrrnaBTOMaTHIJHOMY pe)((HMl, TaK 1 BHKüpHCTOBYJOqlf BeJlHKY KlJlbKLCTb 

s6yLJ,OBaHHX cpyttKUÎH [7, 8]. 

Memoô I'aycca CKJlaL1,a€T1>ca 3 npaMoro Ta 3Bopornoro npoxoLJ,iB . IliA qac 

npaMoro npoxoLJ,y 3a Ll,ODOMOrOIO eneMeHTapHHX oepeTBopeHh DOCJliLJ,OBHO 

BLlKJ110qa10T1> 3MÏHtti 3 (1.1) Ta cpopMYJOTh sepxHIO TPHKYTHY MaTpHUIO (1.2), a oiLJ, 

qac 3Bopornoro - 06qttcJ11010T1> KopeHi X;, i E [1, N] , ooqHHaJOqH 3 xN . MeTOLlY 

faycca BJlaCTHBO HaKOilHIJyBaTH DOXH6KH npll BllKOpllCTaHHi LJ,eC»TKOBHX L1,po6iB 

Ha npoMi)((HHX KpOKax MeTOL\y. Peani3ao,iH MeTOL\Y MH po6orn i3 npocTHMH LlP0-

6aMH € HeTpHBÏaJlhHOIO 3aL1,aqe10, OCKÎJlbKH 3a3BWiai1: MOBH nporpaMyBaHHll He 
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ni,!l,TpHM)'IOTb TaKHH <j)opMaT )J,aHHX Ha BHyrpilIIHbOMY piBHi. 

n,, 
C12X2 C1N-1XN-l C1NXN di ,  
CzzXz CzN-lXN-l CzNXN dz, 

. . .  
0 0 CNN XN dN . 

(1.2) 

<l>yttKI.ÜÏ GNU Octave, llKi BHKOpHCTOBYJOTI>Cll B po6oTi : chol( ), lu(), qr( ), 

norm( ), eig( ), onepaTOp «\» .  

IIopH,!l,OK BHKouauuH po6oTu 

1. 3ri)J,HO 3 sapiaHTOM npHBecrn CJIAP )J,O BIITmc)J,y A · x = b. 

2. Po3B'll3anc CJIAP 3a MeTO)J,OM raycca. 

3 .  3uai1nr snacui 3Ha1IeHHll MaTpHUb A rn b. 

4. 3uai1TH p03B'll30K y BIITJU!)J,Ï x = A\b rn BÎ!lXHJI b - Ax. 

5. P03B'll3aTH CJIAP 3a )J,onoMormo po3KJJa)J,aEilli! MaTpHUo XoneDJ>Koro, 

LU- rn QR-po3KJJa)J,aHb. 

6. 3a)J,aTH MaTpHui A= ( ra n d ( 5 ) . *2 5 ) . +10 rn b= ( ra n d ( l , 5 ) . * 20 ) ' .  ITo-

BTüpHTH II. 2. ITpoKoMeHTysaTH pe3ynornTH. 

llpuKJ1aô p03B'll3aHHll CJIAP y GNU Octave. 

A = [ 5  2 3 ;  2 6 1 ;  3 1 7 ] ;  b = [ 10 ;  20 ;  30 ]  

[ L ] = c hol (A)  % Po3KnaA Xon e �bKOro 

e r r= A- L ' * L 

y= L ' \b ;  x= L\y 

norm ( A*x - b )  

[ L  U P ] =lu (A)  

% L ' - Tpa H c noHOBaHa MaTp H �R 

% x= L\ ( L ' \b )  

% noxH 6Ka p03 B'R 3 Ky ,  p - HOpMa ( p=2 )  

% LU- p03 KnaA 

e r r=A - L *U % noxH 6Ka po3 KnaAaH HR 

y = L\b ; X = U\y % P03B0R 30K X = U\ ( L\ b )  

norm ( A*x - b )  % noxH 6Ka , p - HopMa ( p=2 )  

[Q  R ]  = q r (A)  % QR- p03 KnaA 

X = R\ (Q ' * b )  % P03B0R 30K cnAP 

norm ( A*x - b )  % noxH 6Ka , p - HopMa ( p=2 )  

IIuTaHHH .Ll,JIH caMonepesipKu 

1. Ha3BiTo npttKJJa)J,11 3acTOcysaHHll CJIAP y Typ6itto6y)J,ysattHi. 

2. 51Ki He)J,OJJÏKH y MeTO)J,y faycca? 51K ïx nO)J,OJJaTH? 

3 .  Ha3BÏTI> OCHOBHÏ nptti10MH po60T11 3 MaTpHUllMH y GNU Octave. 

4. 3a)J,aT11 MaTpttui A= [ 2 , 3 ; 4 , 1 ] ,  b= [ l 3 ;  17 ] rn 3Hai1TH p03B 'll30K 

CJIAP qttcJJOBHM i rpa<j)iqHHM MeTO)J,aMH 3a )J,OnOMOrolO GNU Octave. 

5. 3a)J,aTH MaTpttui A= [ 2 , 3 ;  4 , 1 ] ,b= [ 10 ;  8 ]  rn 3Hai1TH p03B'll30K CJIAP 

3a MeTO)J,OM KpaMepa rn rpa<j)iqHHM MeTO)J,OM 3a )J,OnOMOrolO GNU Octave. 
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Jla6opaTOptta po6orn 2 

JIIHI:ÜHHÜ PErPECIHHH:Ü AHAJII3 
EKCTIEPIIMEHTAJibHHX �AHHX 

MemoJO c 03Hai1oMneHJUI cTyAeHTÏB 3 nittittHHM MeTO)l,OM Hai1MeHIIIHX 

KBa)l,paTiB (MHK) Ta attani3 eKcnepHMeHTaJlhHHX )l,aHHX 3aco6aMH GNU Octave. 

3aB)J,aHHH 

BapiaHTH 3aB)l,aHJUI 06ttpa10Th i3 AOAaTKa B.  

1. 3a )l,orr0Moro10 MHK Ta s6yAoBaHHX cpymrn.ii1 GNU Octave BH3HaqHTH 

rrapaMeTpH KpHBOÏ, HKa HattxpamHM qliffOM OIIIlCY€ eKcnepHMeHTaJlhHÎ )l,aEIÎ. 

2. 3BiT rrpo po60Ty noBHHeH MÎCTHTH KüpüTKHH OITHC po60TH, TeKCT rrpo

rpaMH i pe3yJlbTaTH ïi BHKOHaHJUI. 

MeTO)J,HIJHÎ BKa3ÎBKH )J,O BHKouauuH JaB)J,anuH 

llocmaH08Ka 3aÔa'li. B pe3ynhTaTÎ eKcnepHMeHTaJJhHHX )l,ocnim1œHb oTpn

MaHo Ha6ip TO'IOK ( Ta6Jl. 2.1 ), HKÎ nos ' H3aHi )l,eHKOIO cpyttKD,ÎOHaJlhHOÏ 3aJle)((HÎCTIO 

y =  f(x) . ITo6yJiysarn aHanÎTnqHy 3aJJe)((HÎCTh y =  f(x, a1 , a2 , . . .  , an) ,  HKa Hatt-

6inbIII TO'IHO orrncyc pe3ynhTaTH eKcnepHMeHTy. 

Ta6nnwi 2.1 - Ha6ip BXÎ)l,HHX )l,aHHX 

X 

y Yn 

JliHiUHUU MHK. ,L(Ju1 p03s 'a3aHHH o,icï 3a)l,aqi o6npaEOTh BHA aHanÎTnqHoï 

3aJle)((HOCTÎ y = f (x, al, az, . . .  , an) Ta BH3HaqaEOTh Küecpio,iCHTH a; . y HattrrpocTi

IIIOMY BHIIaJIKY IIIYKaEOTh napaMeTpH rrpHMoï y = a2x + a1 
BiJIIIOBÎJIHO AO Memoôy HaiiMeHULUX Keaôpamie [3, 4] y KO)((HiiI TO'IUÎ 

MÏHÎMÏ3YJOTb CYMY KBa)l,paTÎB BÎAXHJlÎB 3HaqeHb eKcrrepHMeHTaJJhHOÏ ( Yi ) Ta 

pü3paxoBaHOÏ (Y;) cpyHKUÎH 

(2.1) 

Heo6xi)l,HOIO YMOBOIO icttysaHJUI MÏHÎMYMY cpyttKUÏÏ (2.1) € acp /aa; = 0 .  
51Kmo napaMeTpH a; BXO)l,HTh y (2.1) JlÏHÏHHO, OTPHMYJOTh CHCTeMy 3 n JlÏHÏHHHX 

piBIDIHb 3 n HeBÏ)l,OMHMH 
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{'n 
acp( al, az, . . .  , an)/ aal = 0, L..l=l 

'n 
acp( av az, . . .  , an)/aan =o . L..l=l 

(2.2) 

JliHÎUHUU 6UnaÔOK, y= al + azX. Ili)l,CTaHOBKOIO y B (2.1) Ta (2.2) OTpH

M)'IOTb CHCTeMy )],BOX piBIUIHb 3 )],BOMa HeBiAOMHMH (2. 3) 

p03B'H3KOM HKOÏ e 

az = [n "\"'
n 

YiXi - "\"'n 
Yi "\"'

n 
xi]/ [n "\"'

n 
Xf - ('

n 
xi)

2 ] , L..l=l L..l=l L..l=l L..l= l L..l= l 

a1 = � f"\"'
n 

Yi - az "\"'
n 

xi] . 
n LL..,=1 L..,=1 

(2. 3) 

(2.4) 

Koec):>iuieHT Kopemiuiï r (2.6) BHKopncTOB)'IOTb AJUI ouiHKH cTeneill! 3ane)K

HOCTi MÏ)K BHMÏpHHHMH BeJIHqHIJaMH. >IKCUO l r l  � 1, TO ÎCHye JIÎHiiffia 3aJie)KHÎCTb 

MÎ)K )l,aHHMH, a HKlUO l r l  � 0, TO MÎ)K )l,aHilMH HeMae JIÎHÎHHOro 3B'H3Ky. 

Ae :X, y - cepeAHÎ apHcpMeT[lqHi 3HaqeHHH. 

B pmi KopeKTHoro p03B'H3KY 3aAaqi t-KpHTepil1 CT'EOAeHTa (2.6) Mae 6yrn 

6i11ome rn6JI[lqHOro 3Ha'IeHIUI po3DOAÎJIY CT'EOAeHTa AJUI 3aAaHoro n [3] 

t = r.J(n - 2)/(1 - rz) . (2.6) 

<l>yttKuiï GNU Octave, HKi BHKOpHCTOB)'IOTI>CH B po6oTi : polyfit( ), 

polyval( ), sum( ), mean( ), corr( ), sqp( ), plot(), oneparnp «\». 
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IIopH)J,OK suKouauuH po6oTu 

1 .  Bu3uaquTu napaMerpu niuiï perpeciï 3a MHK (2. 1-2 .6) :  

• 3a)J,aTH BeKTOpH eKcnepHMeHTaJlbHHX 3Haqeub X Ta y; 
• 3a )1,0noMoroIO plot(x, y) no6y)J,)'BaTH rpa<j)iK BHMipHHHX 3uaqeu1>; 

• c<j)opM)'BaTH CHCTeMy piBHllHb (2.3) .  P03B'll3aTH OTpHMauy CHCTeMy 3a 

)1,0nOMOrOIO KOMaH)J,H «\» ()1,HB. na6. po6. 1 ) ;  

• po3pax)'BaTH Koe<PiuieuT KopeJrnuiï (2.5) ;  

• no6y)J,yBaTH Ha 0)1,HOMY rpa<j)iKy eKcnepHMeHTaJlbHi TOqKu Ta po3paxo

Batty muuo perpeciï. 

2. Bmua'IttTII Koe<j)iuirnTif niuiï perpeciï 3a )1,0IIOMoroIO CTaH)J,apTHHX 

<j)yuKuiii GNU Octave. IIopiBHllTII pe3yn1>rnn1, no6y)J,)'BaBnm ua O)J,HOMY rpa<j)iKy 

eKcnepBMeHTan1>ui rnqKif Ta p03paxosauy niuiio perpeciï. 

3 .  Bmua'IttTif Koe<j)iuirnTif niuiï perpeciï 3a )1,onoMoroIO <j)yHKUiï sqp( ). 

IIopiBHllTif pe3yn1>TaTif 3 nonepe)J,HÎMif. 

IIuTaHHH )1,JIH caMonepesipKH 

1 .  Ha3BÏTb npttKJia)J,tt BttKopttcTaHHll MHK y Typ6iuo6y)J,)'BaHHi. 

2. llJ.o )],a€ 3HaHHl! auaniTifqHOÏ 3aJle)((HOCTÎ MÎ)(( )1,aHifMif, l!KÎ 6yntt OTpH-

MaHi ni)], 'lac eKcnepHMeuTy? 

3 .  Ha3BÏTb OCHOBHi eTan:Il MeTO)J,Y Hai1MeHll1IfX KBa)J,paTiB? 

4. .1J:m1 'Ioro BttKopttcTOBYIOTb Koe<PiuieHT KopeJilluiï y MHK? 

5 .  51K c<j)opM)'BaTtt CJIAP )1,Jill Btt3uaqeHHl! Koe<j)iuirnTiB perpeciï? 

Jla6oparnpua po6orn 3 

HEJllHIMIDIH PErPECIMHU:Ü AHAJII3 
EKCIIEPMMEHTAJlhHHX�AIDIX 

MemoJO e 03HaiioMneuWJ cTy)J,eHTÎB 3 ueniuiHHHM MeTO)J,OM uai1Meurnux 

KBa)J,paTiB Ta auani3y eKcnepHMeHTaJJbHHX )1,aHHX 3aco6aMtt GNU Octave. 

3aB)J,3HHH 

BapiaHTif 3aB)J,aHWJ o6upal0Tb Î3 )1,0)J,aTKa B.  

1 .  3a )1,0IIOMorolO MHK Ta s6y)J,oBaHHX <PYHKuil1 GNU Octave smuaqifTif 

napaMerpH KpHBOÏ, l!Ka uaiiKpamBM quuoM onucye eKcnepuMeHTaJlbHi )1,aui. 

2. 3BiT npo po6oTy nOBHHeH MiCTHTH KOpOTKHH onuc po60TH, TeKCT npo

rpaMH i pe3yJlbTaTH ïi BHKOHaHHll. 

MeTO)J,uqui BKa3ÎBKH )1,0 BHKOHaHHH 33B)J,3HHH 

flocmaH06Ka 3aÔa'li. B pe3yJibTaTi eKcnepHMeHTaJlbHHX )1,0CJli)J,)((eHb oTpH

Mauo pli)], ToqoK (rn6n. 2. 1 ). B pe3yJibTaTi niuiiiuoro MHK 3 'Hcysanu, mo Mi)(( 
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TOqKaMH He ictty€ JlÏHÏHHOÏ 3aJle)!(H0CTi. Ilo6y;::i:ysaTH attaniTttqHY 3aJle)!(Hicn, 

y = f (x, av a2 , • • •  , an) , llKa ttaH:6iJihW TOqHo onttcye pe3yJihTaTH eKcnepHMettTy. 

He!liHiÜHuu MHK. B ttenittiH:ttoMy perpeciH:ttoMy attani3i nepesipmoTh ri

noTe3y npo Te, mo eKcnepHMeHTaJlhHi ;::i:atti nos 'll3atti ;::i:ellKOIO ttenittiH:ttolO 3aJJe)!(

tticTIO. y pll;::i:i Bttna;::i:KÏB 3a ;::i:onOMOrOIO ;::i:o;::i:aTKOBHX nepeTBopetth MO)f(Ha n036y

THCll ttenittiH:ttocTi <j)yttKuiï Y (2 . 1 )  Ta 3acTOcysaTH nittiH:ttttH: MHK a6o ni;::i:i6paTH 

<j}yttKI.(ÏOHaJlhHY 3aJle)!(HÏCTh (3 . 1  )-(3 .3 )  Ta 011,ÏHHTH i-i a;::i:eKBaTHÏCTh (3 .4). 

flo!liHoM k-20 cmeneHR Y = I��11 a,x' - 1 • Koe<PiuiettTH nonittoMa BH3ttaqa

IOTh p03B'll3aHWIM CJIAP (3 . 1 ), MaTprni.i Koe<j)iuieHTÏB llKOÏ BH3HaqaIOTh si;::i:nosi;::i:

HO ):(0 (3 .2)-(3 .3) .  

C·a = b. 

- i+j-2 . - . -
I

n 
C;j - xk , i - 1, .. ., k + l, J - 1, .. ., k + 1 .  

k=l 
b;j = '\"'

n 
ykxL - 1 , i = 1, ... , k + 1 .  Lk=l 

cJJyHKlfii; RKi MO:J/Cfla npueecmu ôo J1ùtiufto20 eu2J1Rôy: 

(3 . 1 ) 

(3 ,2) 

(3 . 3 )  

• Y= axbecx, Y= axb, Y= aexb. 3a YMOBH y> 0,  nicJill noraptt<j)MyBaH-

Hll Ta 3aMiH Z = ln Y Ta A = ln a OTPHMYEOTh <PYHKUÏIO 

Z = A + b · ln x + ex . IIicJill ni;::i:crnHOBKH Z B (2. 1 )  OTPHMYfOTh CJIAP; 
• Y= l/(ax + b) - 3aMiHII Z = l/Y Ta X = l/x; 
• y= l/(aex + b) - 3aMÏHII z = l/Y Ta X = ex . 
Y pmi a;::i:eKBaTHO ni;::i:i6paHoï <j)yHKIJ,iï CYMapHa KBa;::i:paTwrna ooMHJIKa Ha-

6mo1<a€ThCll ):(0 Hym1, a iH;::i:eKC KopeAAuiï R 6JIH3hKHH ):(0 O):(HHHIJ,Ï 

n 

L[
Y; - Y;] 2 � O,R = 

i= l 
1 - '\"'n 

(Y; - Y;) 2/'\"'n 
(Y; - Y) 2 . L,=1 L,=1 

(3 .4) 

<l>yttKUÎÏ GNU Octave, llKJ BHKopncTOBYIOTbCll B po6oTi : polyfit( ), 

polyval( ), spline( ), sqp( ), plot(). 

IlopH;::i:OK BHKOHaHHH po60TH 

1 .  3a;::i:aTH BeKTOpH X Tay BHXÎ):(HHX TOqOK Ta oo6y;::i:ysaTH ïx rpa<j)iK. 

2. 3a ):(ODOMOrOIO <PYHKIJ,ÏÏ polyf it() o6qHCJIHTH Koe<Piui€HTH ):(JUI ;::i:eKiJlh

KOX oonittoMiB pi3HHX cTeoettiB (ttanpttKJJa;::i:, 3, 5, 6, 7). OuittHTH a;::i:eKBaTHÏCTh ni

;::i:i6pattoï <j}yttKUÏÏ 3a ;::i:onOMOrOIO (3 .4). Ilo6y;::i:ysaTH rpa<j)iKH, nopiBHllTH pe3yJlh

TaTH 3 eKcoepHMeHTaJlbHHMH ;::i:aHHMH, 3p06HTH BHCHOBKH. 

3 .  Q6qHCJlHTH Koe<Piui€HTH noniHOMa, BHKOpHCTOBYIOqH (3 . 1 )-(3 .3)  Ta 
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BHJT)"IHBlIIH 0)1,HH-)J,Ba KOe<j)iu,i€HTH noJTiHOMa, HanpnKJTa)J,, )],Ba CTapllli napHi 

cTene1U1. Ou,iHHTH a)J,eKBarnicn. ni.lli6pattoï <j}yttKu,iï, no6y.llyBaT11 BÏ.llTIOBÏ.llHÏ 

rpa<j)iKH, 3pü6HTH BHCHOBKH. 

4. Bn3HaqHTH Koe<j)iu,i€HTH nonittoMa i3 n. 2 3a .llOnoMoroIO sqp( ). 

5. Bn3HaqHTH attaniTJ1qHY <j}yttKu,iIO, w,o ttaH:Kpaw,e Bi.llnOBi.lla€ eKcneptt

MeHTaJTbHHM )J,aHHM (T11n11 <j)yttKu,iH: .llHB . .llO.llaTOK E). 
6. Bn3HaqHTH cnnaH:tt, llKHH ttaH:Kpaw,e BÏ.llTIOBÏ.lla€ eKcnepnMeHTaJTbHHM 

)J,aHHM, no6y.llysaTH rpa<j)iK, 3pü6HTH BHCHOBOK. 

IInTaHHH )J,JIH caMonepesipKn 

1 .  B llKlIX 3a.lla'Iax y rany3i Typ6itto6y.uysattID! srrn:m<ae Heo6xi.uHiCTb 3a-

crncysattHll ttenittiH:Horo MHK? 

2. OnmniTb anropttTM 06qucneHID1 Koe<j)iu,ieHTiB noniHoMa k-ro cTerreHll. 

3. 51K OLJ,ÎHilTH a.ueKBaTHÏCTb o6paHOÏ <j)yttKLJ,ÏOHaJTbHOÏ 3aJTe)((HOCTi? 

4. 51K HeJTiHii1Hy <j}yttmùo rrpnBeCTH .uo JTÎHÎHHOro BHrJlll.Uy? 

5 .  51K CTeilÎHb IlOJTÎHOMa BilJTHBa€ Ha KpHBy perpeciï? ll(o si.u6ysa€TbCll 3a 

3Ha'IHOro IlÎ.UBHW,eHID! CTeneHll IlOJTÎHOMa (k > 7 ... 10)? 

Jla6oparnpHa po6orn 4 

IIPHMI METO)UI IIOIIIYKY MIHIMYMY «l>YHKI.1,IÏ O.IJ:HI€Ï 3MIHHOÏ 

MemoJO e 03Hai1oMJTeHID! cTy.UeHTÎB 3 npllMHMH Mern.uaMH nornyKy MiHi

MYMY o.uttieï 3MÎHHOÏ 3aco6aMn GNU Octave. 

3aB)J,3HHH 

BapiaHTH 3aB.uaHHll o6npal0Tb j3 .uo.uaTKa r. 

1 .  3ttai1Tn MÎHÎMYM <j}yttmiï 3ri.uHo 3 sapiattTOM : a) 3a .uonoMormo rrpo

rpaMn tta MOBi GNU Octave; 6) 3a .uonoMorolO s6y.uosaHIJX <j}yttKu,il1. 

2. 3BiT rrpo po60Ty IlOBHHeH MÏCTHTH KüpüTKHH OIIIlC po6orn, TeKCT npo

rpaMH i pe3yJTbTaTH ïi BHKOHaHHll. 

MeTO.UH'IHi BKa3ÎBKH .uo BHKOHaHHH 33B)J,3HHH 

llocmaH08Ka 3aÔa'li. HexaH: u,iJibOBa <j)yttKLJ,ÜI y = f ( x) e <j)yttKu,ielO o.u

HJ€1 3MiHHOÏ X Ta Ma€ MiHÎMYM Ha 3a)J,aHOMY iHTepsani. Bn3HaqnTH MiHÎMYM 

u,iJTbOBOÏ <j}yttKLJ,iï j3 3a)J,aHOIO nox116KOIO c. 

B raJTyJi TYP6itto6y.llysatt1U1 no.lli6tti 3a)J,aqi BHHHKalOTb .llOBOJTi qacrn, 

HanpHKJTa)J,, ni)], qac o6qHCJTeHJUI napaMeTpiB i.lleaJTbHOÏ Teqiï B CTyneHi ra30BOÏ 

Typ6iHH LJ,ÎJTbOBa <j}yttKLJ,ÜI BÎ)J,XHJTY MaCOBOÏ BHTpaTH ra3y qepe3 conJTOBY (Gs(P1)) 
Ta po6my pellliTKH (GR(p1)) f(p1) = [G5(p1) - GR(p1)]2 € <j)yttKu,ielO O.llHi€Ï 3MiH

HOÏ (P1) a6o B npou,eci OnTHMi3au,iï npo<j)iJTiB nepeTHHiB JTOnaTOK Typ6iH, )J,e u,i-
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JlbOBa <l>YHKI.Üll Bi)J,XIIJlY nnomi (f(w1)) Bi)], 3a)J,aHOÏ (f) F = lf(w1) - f 1 TaKO)f( € 

<l>YHKIÛ€10 0)J,Hi€Ï 3MiHHOÏ (w1) [ 1 ,  2] .  

3a2aJ1bHa c xeMa npRMux Memoôi6 nomyKy MiHiMYMY Ha iHmep6aJ1i. 

<l>yttKI1ÜO f(x) , x ED = [a, b] Ha3IIBaJOTb yttiMO)J,aJlbHOJO Ha D, llKIIIO icttye 

TaKa TOq Ka x* E D' mo 

51KIIIO yttÏMO)J,aJlbHa <l>YHKUÏll € HenepepBHOEO, TO BOHa Ma€ emrny TQqKy Mi

HÎMYMY Ha D, llKa cnisrra)J,ae 3 x*(pHc.4.1 a). 

j(x) 

j(x, 

f(x, 

0 
a 

j(x) 

j(x, ) 

j(x,) 

0 
x* x, x, b X a x, x, 

a 6 

x* 

P11cyttoK 4. 1 -JloKaJIÎ3auiH ÎHTepsaJiy nowyKy MÎHÎMYMY 

b X 

.ll:Jlll JIOKaJ1i3a14iï ü1mep6aJ1y, UfO Micmumb MiHiMyM, o6qIICJllOIOTb 3HaqeHHll 

<l>YHKUÏÏ y )],BOX TO'IKax X1 Ta Xz Ha iHTepsani [a, b] (a < X1 < Xz < b ) . 13 BJlaCTII

BOCTi yttÏMO)J,aJlbHOCTi ( 4 . 1 )  MO)f(Ha 3pü6l1TII BllCHOBOK, IIIO MÏHÏMYM p03TalllOBaHO 

a6o Ha [a, x2 ], a6o Ha [x1 , b]. 
51KIIIO f(x1) < f(Xz) ,  TO MÏHÏMYM He MO)f(e 6yrn Ha [Xz , b] (pHC. 4. 1 a), 

BÏ)J,IIOBÏ)J,HO, il:oro BIIKJilO'IaJOTb, nplrnID!Bllill b = Xz . 51KIIIO f(x1) > f (Xz ), TO Mi

HÏMYM He MO)f(e 3HaXO)J,IITIICll Ha [a, X1 ] (pIIC. 4.2 6), TOMY a = X1 . y Blllla)J,KY 

f (x1) = f (x2 ) MÏHÏMYM 6y)J,e Ha [x1 , Xz ], TOMY a =  X1 , b = Xz . 
KonII )J,OB)f(IIHa ÏHTepsany, mo MicTHTb MÎHÏMYM, crne MeHllloEO 3a 3a)J,aHy 

IIOXII6Ky E, o61IIICJleHHll rrpIIIIIIHlllOTb. 

A112opumM 110KaJ1i3a14iï iHmepBaJ1y, uio Micmumb MiHiMyM. 

3a)J,aTII TQqKy Xo i )J,ellKY )J,O)J,aTHY BeJlttqIIHY 11. 
KpoK 1. 51KIIIO f(x0) > f(x0+ 11) , TO k = 1, x1 = x0+ 11, h = 11. IHaKme, 

llKIIIO f (xo) > f (Xo - 11) , TO X1 = Xo - 11, h = -11. 
KpoK 2. h = 2h, xk+ i = xk + h. 
KpoK 3. 51KIIIO f(xk) > f(xk+ 1) ,  TO k = k + 1 rn noseprnJOTbCll )J,O KpO

KY 2, ittaKme BÏ)J,pi30K [xk_1 , xk+ i ] MiCTIITb TOqKy MittiMyMy. 
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Mero)J,11 O)J,HOBHMipttoro nowyKy si!l,pi3HmOThCll cnoco6oM s116opy ToqoK 

xv x2 . EcpeKTHBHiCTh si)J,nosi)J,HHX arrropHTMiB ouiHJOIOTh 3a KÏJihKÏCTIO 06q11c

JieHh cpyttKIÛÏ, mo Heo6xi)J,HÏ )J,Jill )J,OCllrHeHfül 3a)J,aHOÏ TOqHOCTÏ. 

Memoô piBHOMipHozo nomyKy. IHTepsarr [a, b] , )J,e 3Haxo)J,HThCll MÏHÏMYM, 

)J,ÏJillTh Ha O)J,HaKosi BÏ!l,pÏ3KH po3MipoM !l x =  s . .ll:Jlll N-ToqoK (N = (b - a)/!J. x) 
o6qHCJIIOIOTb 3HaqeHJUI cpyttKIÛÏ Ta 3HaXO)J,llTb Hai1MeHwe 3 HHX, apryMeHT llKOro i 

€ wyKaHHM OnTHMaJlbHHM 3HaqeHJUIM X. 
Memoô ôuxomoMiï (nepw11i1 sapiattT). 3Mal0Th s > 0, BH3Haqal0Th noqaT

KOBe Ha6mDKeHJUI Xo = (a +  b)/2 . 
KpoK 1. 51Klll.o b - a < s, TO x* = (a +  b)/2 - rnqKa MÎHÎMYMY, 3aKimy

lOTh ofrcmcneHmI, ÎHaKlll.e Xi = (x0 + a)/2 Ta x2 = (x0 + b )/2 . 
KpoK 2. 51Klll.o f (xi) < f (x0) ,  TO npllCBO€HHllMII b = x0 Ta x0 = Xi BII

KJIIO"lalOTh ÎHTepsarr [x0, b] Ta nosepTalOTbCll Ha KpoK 1 ,  ÎHaKIIle - KpoK 3 .  

KpoK 3. 51Klll.o f(x2) < f(x0) ,  TO npIICBO€HH5!Mll a = x0 Ta x0 = x2 BII

KJIIO"lalOTb ÎHTepsan [a, x0] Ta nosepTalOTbCll Ha KpoK 1 ,  ÎHaKWe a = Xi ,  b = x2 
Ta IIOBepTalOTbCll Ha KpOK 1 .  

Memoô ôuxomoMiï (!l,pyrni1 sapiaHT) . ToqKll Xi,  x2 )J,ÎJI5!Th p03TaWOBaHo Ha 

BÎ)J,CTaHÎ !J. <  E BÎ)J, cepe!l,IIHII [a;, b;] 

(4 .2) 

3a 0)1,HY imepal{ÙO ( 0)1,HH npoXÎ)J, anropIITMY) ÎHTepBarr HeBll3HaqeHOCTÎ 

3MeHIIIY€TbCll B)J,BÎ"IÎ (4 .2). 3a n ÎTepauili lioro )J,OB)((IIHa CTaHe (b - a)/2n . 3a)J,J151 

)J,OCllrHeHJUI 3a)J,aHoï rnqHocTi nOTpi6Ho n � ln((b - a)/E)/ln 2 iTepauili. Ha KO)((

Hii1 iTepauiï UÎJibOBY <l>YHKUÎEO 06q11cJI10lOTb )J,BÎqÎ. 

Arrrop11TM Memoôy ôuxomoMiï (ôpyzuu Bapianm). 3a)J,aTII s > 0, !J.< s, BH-

3Ha"lllTII BÎ!l,pÎ30K JIOKaJIÎ3auiï MÎHÎMYMY [ a, b] . 
KpoK 1. x0 = (a +  b)/2 .  3a cpopMyJioEO (4 .2) 06q11cJI10EOTh Xi ,  x2 . 51Klll.o 

f (xi) > f ( x2) ,  TO a= x0, iHaKIIle b = x0 
KpoK 2. 51Klll.o b - a< s, TO x* = (a +  b)/2 - rnqKa MÎHÎMYMY, 3aKimy

lOTh o6"1HCJ1eHH5!, ÎHaKIIle - KpOK 1 .  

Memoô 30!lomozo nepemuHy. ToqK11 Xi Ta x2 )J,ÎJI5!Th ÏHTepsarr [a, b] 3a npo

nopuieIO 30!lomozo nepemuHy (4.3 )  

(3 - vis) Xi = a; + 
2 

(b; - a;), 
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3a 0)1,HY iTepauüo iHTepBarI HeBH3HaqeHOCTi 3MeHIIIY€TbCll nptt6JTH3HO B 

1.618 . . .  pa3iB. Ha ttacTynttii1 iTepauiï <PYHKUÏJO 06qttcJ110JOTh O)J,HH pa3, a )J,Jlll )J,O

CllrtteHHll 3a)J,aHOÏ TOqHOCTi noTpi6HO n;:::: ln((b-a)/t:)/ln ((v'S-1)/2) iTepa

uii1. 

Memoô IJuceJI <JJi6oHaIJIJi. JIK BÏ)J,OMO, qttc11a <l>i6ottaqqj BH3Haqetti peKy

peHTHHM H cni BBÏ)J,HOWeHHllM H 

Fn+z = Fn+ i + Fn, n = 1,2,3 ... , F1 = F2 = 1. 

3a MeTO)J,OM "!HCeJT <l>i6oHaqqi Ha noqaTKOBOMY ÎHTepBarIÎ [ao, ho] o61IHC

JTIOIOTb TO'IKH 

(4 .4) 

)J,e n o61IHCJTIOJOTh 3 (b0 -a0)/t: < Fn+z, a qHcJTa <l>i6oHaqqj MO)((Ha o6qHcJTHTH 3a 

<j)opMyJToJO Eitte Fn = [ ( (1 + v'S)/2f -( (1-v'S)/2f] /v'S . 

Ha k-My Kpoui MeTO)J,Y TOqK[I X1, Xz p03TaWOBaHO CHMeTpll'IHO Bl)J,HOCHO 

cepe)J,HHH BÎ)J,pÎ3Ka [ak, bk] 

X1 = ak + 
F n-k+1 (b -a), Xz = ak + 

F n-k+2 (b -a). 
Fn+2 Fn+2 

(4 .5)  

HarrpHKÎHUi rrpouecy k = n,  a rnqKH x1 Ta x2 crrisrra)J,aEOTh i )J,ÎJTl!Tb BÎ)J,pi-

30K [ak, bd HaBrrÎJT. 3i 36ÎJTbilleHHllM n, 3 OrJTll)J,Y Ha Te, w,o Fn/ Fn+z - HeCKÎH'IeHHa 

)J,eCllTKOBa )J,pi6, cHMeTpÎll iHTepBarIÏB IIOPYlIJY€ThCll, w,o rrpH3BO)J,HTh )J,O cIJorno

peHHll MeTO)J,y. 

)J,1151 MeTO)J,ÎB 30JTOTOro IJepeTHHY i qnceJT <l>i6oHaqqj )J,OTpHMYJOTbCll TÎ€Ï )(( 

CTpaTeriï BHKJTIO'IeHHll ÎHTepBarIÎB, w,o i B MeTO)J,Î )J,IfXOTOMÎÏ. 

<l>yttKuiï GNU Octave, llKÎ BHKOpHCTOBYJOT&Cll B po60Ti : fminbnd( ), 

f mi nunc( ), f minsearch( ), sqp( ), plot( ). 

IlopH)J,OK BHKOHaHHH po60TH 

1 .  )J,m1 )J,OCJTÏ)J,)((ysaHOÏ <j}yttKUÏÏ BH3HaqHTH <j}yttKUÏIO KOpHCTysaqa Ta no6y

)J,yBaTH ïi rpa<j)iK 3aco6aMH GNU Octave. 

2. Bn3HaqHrn iHTepsarI JTOKaJIÏ3auiï MittiMyMy. 

3. YrnqHHTH 3HaqeHfüI MÏHÎMYMY 3a )J,OnoMoroJO 3a)J,attoro MeTo)J,y. )J,o)J,aTH 

Ha rpa<j)iK npoMÎ)((HÏ TOqKH MÏHÏMYMY i rpattwui ÏHTepBarIÏB )J,Jlll nepwHX KpOKÎB 

aJTrOpHTMY. 

13 



4. ITopiBIUITH pe3yJI1>TaTH 3a n.n. 3-4 3 attanoriqm!MH pe3yJI1>TaTaMH, oTptt

MaHHMH 3a .llOnoMoroIO s6y.llOBaHHX <j)yttKu,ii1 GNU Octave. 

flpuK!laÔ (6e3 nyHKTiB 2 i 3, llKi CJii.ll BHKOHaTH caMOCTiHHO) 
function  [ f ] =myf ( x )  %_1 $YH K�iR KOp H C TyBa Y a  

fo r i=l : lengt h ( x )  f ( i ) = - si n ( x ( i ) ) ;  e n dfor 

e n dfu nction  

format long g % 15 3HaKiB  n i cnR Kpa n KH 

%_2 no6yAoBa r pa$iKa x=0 : 0 . 1 : 3 ; plot ( x , myf ( x ) ) 

grid on 

hold on 

% ciTKa H a  r pa$iKy 

% nOAan bWH� BH BÎA H a  TO� caMH� r pa$i K 

%_3 ,  %_4 BH KOHaTH caMOCTlH HO 

%_5 OnTHMi3a �iR pi3HHMH MeTOAaMH 

[X, Y, INFO, OUTPUT ] =fminbnd (@myf , 0 , 3 )  

plot (X, Y, ' o ' , "markersize " , 7 ) ;  % TOYKa MiH iMYMY 

[ X ,  Y] =fmi nsearch (@myf, 2 )  % plot (X, FVAL )  

[ X ,  Y ,  INFO, OUTPUT , GRAD , HESS] = fmi n u n c (@myf,  2 )  

[ X ,  Y ,  INFO, ITER] =sq p ( 2 ,  @myf ) 

IIuTaHHH .Ll,JIH caMonepesipKu 

1. C<j)opMyJI10i1Te 3a.lla'Ii O.llHOBHMipttoï omHMÎ3au,iï, llKi BHHilKaIOTh B 

rrpou,eci MO.lleJIIOBaHHll rrpou,ecis Ta rrpttcTpoïB B rany3i Typ6iHo6y.llysaHHll. 

2. )J,ai1Te BH3Ha'IeHEU! yttÏMO.llaJibHOÏ <PYHKD,ÏÏ Ha ÎHTepsani. 

3. OrrttIIIÏT& 3araJihHHH anropHTM 3BY)l<eHHll ÏHTepBaJIY HeBH3HaqeHOCTÎ. 

4. OrrttIIIÏTb MeTO.llll qnceJI <!>i6oHa�i, .llHXOTOMiï, 30JIOTOro nepeTHHy. 

5 .  Ha3BÎTh xapaKTepHi He.llOJIÏKH MeTO.llÏB HYJihOBoro nopll.llKy? 

Jla6oparnpHa po6orn 5 

IIPHMI METO)UI IIOIIJYKY MIHIMYMY «l>YHKI.1,IÏ O.IJ:HI€Ï 3MIHHOÏ. 
METO)UI T01-IKOBOro 011,IHIOBAHHH 

MemoJO e 03HaiioMJieHHll cTy.lleHTÏB 3 MeTO.llaMH rnqKosoro oo,iHIOBaHHll 

.llJl5I rromyKy MÏHÏMYMY O.llHieï 3MÏHHoï 3aco6aMM GNU Octave. 

3aB.Ll,3HHH 

BapiaHTH 3aB)J,aHHll o6ttpal0Tb j3 .llO.llaTKa r. 

1. 3HaHTH MiHÎMYM <PYHKIJ,iÏ 3ri.llHO 3 sapiaHTOM'. a) 3a )J,OnOMOrülO nporpa

MH Ha MOBi GNU Octave; 6) 3a .llOnoMoroIO s6y.llOBaHHX <j)yttKu,ii1. 

2. 3BiT npo po6oTy nOBHHeH MÏCTHTH KOpOTKHH OnHC po60TH, TeKCT npo

rpaMH i pe3yJihTaTH ïi BHKOHaHHll. 
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MeTOJJ,H'IHÎ BKa3ÎBKH JJ,O BHKouauuH JaBJJ,auuH 

flocmaH06Ka 3aôa1.Ji. Hexai1 yttÏMOJJ,a.JihHa L(ÏJihOBa <j)yttKL\Ïll y = f(x) € 

<j}yttKL\i€lo O)J,ttieï 3MÏHHOÏ x Ta Ma€ MÏHÏMYM Ha JaJJ,aHoMy iHTepsarri. BH3Ha'IHTH 

MÏHÏMYM L(ÏJibOBOÏ <PYHKL\ÏÏ Ï3 3aJJ,aHOIO noXH6KOIO €. 

Memoôu mo1.JK06020 OlfÎHJ06aHHR. PoJrMHYTÏ B nonepeJJ,HÏH Jia6opaTOpHii1 

po6oTi MeTO)J,11 )J,03BOfüllOTb 3HaHTM MaJIHH iHTepBaJI (tu s;; c) , B llKOMY 3HaXO)J,M

TbCll MiHÏMYM <PYHKL(ÏÏ, BJiaCTMBOCTi l!KOÏ B3araJii He spaxOByIOTb. 3a ÏHIIIMM ni)J,

XO)J,OM BHKOpHCTOByIOTb KÏJibKa 3Ha'leHb <j}yttKL(ÏÏ B neBHMX TO'IKax )1,Jill iY anpo

KCMMal(ÎÏ 3Blf'IaHHMM noJIÎHOMOM B o6Me)((eHÎH o6JiaCTÎ. ÜCHOBHa ÎJJ,el! MeTO)J,Y -

MO)((JIHBÎCTb arrpoKCMMal(ÎÏ rnaJJ,KOÏ <j}yttmiï Ta OL(ÎHIOBaHIDI TO'IKH eKCTpeMYMY 

IlOJIÎHOMOM BHCOKoro CTeOeHll. >IKÎCTb L(Î€Ï OL(ÎHKH MO)((Ha DOKparn;lfTH JJ,BOMa crro

co6aMH - 36i11bUteHHRM cmeneHR ooJiittoMa a6o 3MeHmemtRM ü1mep60JIY anpoKcH

Mal\iï. IlpH L\bOMy, xapaKTep IlOBeJJ,ÎHKH <j}yttmiï, llKY MÎHÎMÎ3yIOTb, BpaXOBY€TbCll 

rrpH BH6opi BHrmmy DOJIÎHOMa. 

Memoô K6aôpamu1.JHOï anpoKcUMalfiï (Memoô flaye1111a). Hexal1 B o6Me)((e

HOMY iHTepsarri 3Ha'Iettb x <PYHKL\Îlo f (x) MO)((Ha anpoKCHMysarn KBaJJ,paTlI'!HHM 

rroJIÎHOMOM. HexaiI J1,Jill 3a)J,attoï rrocJIÎJJ,OBHOCTÎ TO'IOK x1 , x2 , x3 BÎJJ,OMÎ 3Ha'leHIDI 

<j}yttKL\ÎÏ B L\MX TO'IKax f (xi) = f1 , f (x2) = fz , f (X3 ) = f3 , TOJJ,Î MO)((Ha BH3Ha

'IHTH Koe<j)il(Î€HTH IlOJIÎHOMa ao, al Ta a2 

(5. 1) 

13 (5. 1) IlOCTÎHHÎ Koe<j)il(Î€HTH DOJIÎHOMa BH3Ha'lal0Tb, l!K 

51Krn;o TO'IHÎCTb arrpoKCMMal(ÎÏ 3 JJ,ODOMOfOIO KBaJJ,paTlI'!HOro IlOJIÎHOMa € 

)J,OCHTb BHCOKOlO, TO, BpaXOByIO'IH YHÎMOJJ,a.JibHÎCTb <PYHKL\ÎÏ f (x) Ta 3aCTOCyBaB

IIIH tteo6xi)J,HY YMOBY icHysaHHll eKCTpeMYMY acp(x)/ax = 0 )1,0 (5. 1), OTpMMyIOTb 

OL\ÎHKY MÎHÎMYMY 

* Xi +  X2 al 
X = --2--2 a2 • 

(5.3) 

A112opumM Memoôy flaye1111a 3aCHosatt11i1 Ha nocJIÏJJ,OBHOMY Ha6JIH)((eHtti 

)1,0 MÏHiMYMY 3a )J,OnOMOrOIO (5. 1)-(5.3). 

KpoK 1. 3a)J,al0Tb x1 , nox116Ky c > 0 Ta KpOK h > O. 

KpoK 2. x2 = Xi + h. 
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KpoK 3. 51Kmo f (x1) > f (x2), TO x3 = x1 + 2h, iHaKrne x3 = x1 -h. 
KpoK 4. 06qttcmol0Th 3HaqeHIDI Fmin = min{f(x1),f(x2),f (x3)}, HKe Bi)J,

nosi)J,a€ Toq1..(i Xmin 
KpoK 5. 3a (5.2)-(5.3) BH3Haqal0Th x*. 51Kmo lx* -Xmin 1 < i:, TO nornyK 

3aKÏ11'1YIOTh; iHaKllle HKmo f (x*) < Fm;n, TO x1 = x*, iHaKrne x1 = Xmin Ta nepexo

)J,HTh Ha KpOK 2. 

MeTO)J, KBa,!1,paT11'1HOÏ anpoKCHMaI.ÜÏ 3a3B11'1ai1 3aCTOCOByIOTh nicmi JlOKaJii-

3al\ÏÏ TOqKJ1 MÏHÎM)'My 0)1,HHM 3 MeTO)J,iB, po3rJUittyTHX y na6opaTOpHÏH po6oTi 4, 

TaK HK )J,JlJI cpyttKl\ÏÏ, mo )J,BÎqi ,!1,HcpepeHIJ,Îlo€TbCH, IJOJlÎHOM ,!1,pyroro nopH,!1,KY )J,0-

CTaTHbO )J,ü6pe arrpoKCHMY€ cpyHKl\Îlo B OKOJli TQqKH MÏHÎMyMy. 

A112opu111M ü1mepno11Rlfiiù1020 Memoôy J{eeica - Ceena - KeMni 3Haxo)J,

)KeHIDI MÏHÎM)'MY cpyttKl\ÎÏ Ha iHTepBarIÎ . 

3a)J,al0Tb )J,OBÎJibtty TQqKy Xo, nmœ6Ky i; > 0 Ta KpOK h > o. 

KpoK 1. BcrnHOBJllOIOTh HarrpHMOK y6ysaHH51 l\llhOBoï cpyttKI.\iï. .[(me 
l\bOro 6epYTh x1 = x0 + h. 51Krno f (x1) ;:::: f (x0), TO h = -h, x1 = x0 + h, h = 2h. 

KpoK 2. ITosrnpIOIOTh: 

• x3 = X1 + h; 
• HKllJO f (X3) s; f(x1)' TO h = 2h' Xo = X1' X1 = X3' iHaKllle h = h/2' 

Xz = X1 + h Ta rrepeXO)J,HT Ha KpOK 3. 

KpoK 3. B11J1yqa10Th HaHBÎ)J,)J,aJieHirny BÎ)J, MÏHÎMYMY rnqKy, a 3 pemrn 

TpbOX b € l\eHTparibHOIO TQqKoIO, a = b -h, c = b + h. 
KpoK 4. IlpoBO)J,HTh KBa,!1,panJirny iHTepnoJUil\ÏÏ )J,JUI BH3HaqeHHJI MÏHÏMYMY 

h f(a) -f(c) 
x* = b + 2. f(a) -2f(b) + f (c)

' 
51KllJO f (c) < f (x*), TO Xo = c, h = h/2 Ta nosepTaEOTbCH Ha KpOK 1, iHaK

me Xo = x* Ta rrepeXO)J,HTb Ha KpOK 1. 06qucneHH51 IJOBTOpEOIOTb )J,0 THX rrip, IIOKH 

pi3HHI.\51 )],BOX IIOCJlÎ)J,OBHHX Oll,ÏHOK lxk-1 -xk * 1 > E. 

<l>yttKl\ÏÏ GNU Octave, HKi BHKOpHCTOBYIOThCH B po60Ti : powell( ), plot(). 

IlopH,!1,0K BHKOH3HHH po60TH 

1. .1J:m1 3a)J,aHOÏ cJ:iYHKl\ÏÏ (,!1,0)J,aTOK f) BH3Haqurn cpyHKl\Îlo KüpHcTysaqa Ta 

rro6y,!1,yBaTH ü rpacpiK 3aco6aMH GNU Octave. 

2. PeaJIÏ3ysaTu MeTO)J,H TOqKosoro oo,iHIOBaHIDI. 

3. IloKa3aTH Ha rpacpiKy neprni KpOKH po60TH ariropttTMy. 

4. IlopiBIDITH pe3yJlhTaT 3a n. 3 3 aHaJIOriqHHMH pe3yJlhTaTaMH, OTpHMa-

HHMH 3a )J,OnoMoroIO s6y)J,oBaHHX cpyHKl\ÏH GNU Octave. 

flpuK!laÔ MiHÏMi3al\iï 3a MeTO)J,OM Ilayenna. 
c l e a r  a l l ;  more off ; myf=@ ( x )  - si n ( x )  % $YH K�iR 

X=0 : 0 . 1 : 3 ; plot (X, myf(X) ) % r pa$iK 
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X=l . 0 ; 

o = opt imset ( ' Maxite r ' ,  100, 

[ x , y , conve rge n c e , ite r s , nevs ] 

% no�aTKOBa TO�Ka 

' TolFun ' ,  lE - 10 ) ; % n a paMeTpH  

= powel l  ( myf, x , o )  

IlHT3HHH )J,JIH caMonepesipKH 

1. y 5!1ŒX BHTia)J,Kax 3aCTOCOB)'10Th MeTO)J,H TOqKOBOro ouiHJOBamrn? 

2. OTpHMaihe po3paxyttKOBi cniBBÏ)J,HOWeHH5! (5.2) i (5.3). 

3. qOMY 6a)!(aHO BH3HaqHTH noqaTKOBHH iHTepBarI Jl0KaJii3auiï MiHiMYMy? 

4. OnmniTh MeTO)J, Ilayenna. 

5. OnMIIIÏTh MeTO)J, ,lJ;esica - CseHa - KeMni 

Jla6oparnpHa po6orn 6 
METO)UI IIEPIIIOro TA .IJ:PYroro IIOPH.IJ:KIB .Il:JUI IIOIIIYKY 

MIHIMYMY «l>YHKIJ,IÏ O,n:HI€Ï 3MIHHOÏ 

MemoJO e 03Hai1oMneHH5! cTy)J,eHTÎB 3 MeTO)J,aMtt nepllloro Ta !l,pyroro 

rropH!l,KÏB )J,IDI IIOIIIYKY MÏHÏMYMY cpyHKuiï O)J,Hieï 3MÏHHoï 3aco6aMtt GNU Octave. 

3aB)J,3HHH 

BapiaHTlI 3aB)J,aHH5! ofü1pai0Th j3 )J,O)J,aTKa r. 

1. 3ttaHTlI MÏHÏMYM cpyttKUiï 3fÎ)J,HO 3 BapiaHTOM : a) 3a )J,OTIOMOfOIO rrpo

rpaMlI Ha MOBi GNU Octave; 6) 3a )J,onoMoroEO s6y)J,oBaHHX cpyttKUÏH. 

2. 3BiT rrpo po60Ty TIOBlIHeH MÎCTlITll KOpOTKlIH OIIllC po60TH, TeKCT rrpo

rpaMH i pe3yJlhTaTll ïi BlIKOHaHH5!. 

MeTo)J,uqui BKa3iBKH )J,O BHKOHaHHH JaB)J,aHHH 

llocmaH08Ka 3aÔa'li. Hexal1 uiJihOBa cpyHKUÎH y = f(x) e yttÏMO)J,aJihHOEO, 

6e3nepepBHOJO Ta TaKOJO, mo !l,ttcpepeH11ÙOeThCH (a6o )J,BÏqi !l,ttcpepeH11ÙOeThCH) Ha 

iHTepsarii IIOIIIYKY MiHiMyMy. fünHaqfnn MÏHÏMYM uiJihOBoï cpYHJ<uiï Î3 3a)J,aHoEO 

IIOXH6KOIO E. 

Memoôu onmUMi3al{iï nepuw20 ma ôpy2020 nopRÔKie. Mern)J,aM ttyJihosoro 

rrop5!!l,KY BJlaCTlIBO HaKOJilfqyBaTH TIOMlIJlKll, mo npH3BO)J,lITh )J,0 BllHlIKHeHH5! )J,0-

)J,aTKOBlIX IIOXH60K. >IKUJ,O cpyHKUÎ5! Ha BChOMY ÎHTepBarIÎ [a, b] e yttÏMO)J,a.JlhHOIO 

Ta 6e3nepepBHO )J,HcpepeHUÏHOBaHOJO, TO TQqKa MÏHÏMYMY x* e KopeHeM piBH5!HH5! 

f'(x) = O. ,lJ;nH BÏ)J,IIIYKaHH5! x* BHKOpHCTOB)'lOTh MeTO)J,H p03B'5!3aHH5! HeJliHiHHlIX 

piBHHHh, a Hai1:6iJlhW KpHTlfqHOIO onepauieJO, mo npH3BO)J,HTh )J,0 )J,O)J,aTKOBHX no

Xll60K Ta rpy6HX TIOMHJlOK, e qHCJlOBe )J,HcpepettuiJOBaHH5!. 

Memoô cepeÔHboï mo'IKU no6y)J,osaHMH attaJioriqtto npHMHM MeTO)J,aM BH

KmoqeHH5! ÏHTepsany, TÜihKH Ha KO)!(HÏH iTepauiï nepesip5!!0Th BHKOHaHH5! YMOB 

f'(x) = 0 Ta (a6o) f'(x) < E .  
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KpoK 1. 3a)l,aIOTh E > 0 Ta )],Bi TOqKH a1 i b1 TaKi, LIJ,O f'(a1) < 0 Ta 

f'(b1) > 0. IlpHHMaIOTh X1 = (a1 + b1)/2, k = 1 .  
KpoK 2 .  JIKLIJ,O f' (xk) = 0 a6o f' (xk) < E ,  TO  x* = (ak + bk)/2 € lll)'Ka

HOIO TOqKOIO MiHThi)'My, o6qHCJleHJUI 3aKiH'IyIOTh. 

KpoK 3. JIKlll,o f' (xk) < 0 ,  TO ak+1 = xk, bk+i = bk, iHaKrne ak+i = ak, 
bk+i = xb xk = (ak + bk)/2 Ta nosepTalOThCll Ha KpOK 2. 

)J,aHHM MeTOA rnBHArne 3a npHMi 36ira€ThCll AO lll)'KaHoro 3HaqeHJUI x*. 

f(x) f'(x)<O 
f"(x)<O 

X 

f(x) f'(x)<O: f'(x)>O 
f"(x)>O, f"(x)>O 

P11cyttoK 6. 1 - 31mKH nepwoï Ta !J,pyroï noxi!J,HHX 

X 

3a MemoôoM xopô cpyttKUilo 3aMÏHIOIOTh xopAOIO Ha iHTepsani [a, b]. HexaiJ 

3Ha'IeHIDI rreprnoï noxiAHOÏ Ha KÏHIJ,llX iHTepsany e pi3HIIMH 3a 3HaKoM 

f'(a) < Ottf'(b) > 0 ,  T06TO cpyHKIJ,Üc e onyKJIOIO Ha iHTepsani (pwc. 4 . 1 ,  

pHC. 6 . 1 ) .  3 a  IIO'IaTKOBe Ha6JIIDKeHIU! Xo 0611paIOTh TOH KiHeDJ> iHTepBany [a, b], 
)l,e f (x0) • f" (x0) < 0 .  ITocJIÏAOBHicTh tta6JIIDKeHh AO MÏHÏMYMY BI13HaqaeThCll 

peKypeHTHOIO cpopMynoIO xk = b -f'(b)/(f'(b)-f'(a)) · (b-a), k = 0,1,2, .... 
ArrropHTM 3B�eHIDI iHTepsany HeBH3HaqeHOCTi aHanoriqHIIif )l,0 nooepeAHbOro. 

JIKlll,O f' (xk) = 0 a6o f' (xk) s; E 06q11cJieHIU1 3aKÏH1IYIOTh, x* = xk € TO'IKOIO 

MÏHÏM)'My. 

3a MemoôoM ôomurmux (HblomoNa) AYfY KpHBoï y= f(x) Ha iHTepsani 

[a, b] 3aMÏHIOIOTh ïi )l,OTH'IHOIO f'(x) = f'(xo) -f"(xo)(x -Xo). 3a IIO'IaTKOBe 

tta6JIIDKeHIDI x0 0611paIOTh TOH KiHeDJ> [a, b], Ae f (x0) • f" (x0) > 0 .  ITocniAOB

HÏcTh Ha6JIIDKeHh )l,0 MÏHThfYMY BI13Haqa€ThCll perypeHTHOIO cpopMynoIO 

xk+i = xk -f'(xk)/f"(xk), k = 0,1,2, ... . OcHOBHa npo6neMa - npaBilJihHe 06-

pattJUI TOqKH Xo. YMOBOIO 3YIIHHeHJUI o6qHCJleHh € lxk+C xkl < f;. 

Memoô K6aôpamu'lflOÏ anpoKcUMalfiî: HexaiJ )],Jlll yttiMOAMhHOÏ onyKJJoï Ta 

)l,Biqj 6e3nepepBHO AHcpepeHI.J,iiJoBaHOÏ Ha BiApi3Ky [a, b] cpyttKu,iï f (x) Bi)l,OMHMH 

€Y1 = f(a), Y2 = f(b), Y11 = f'(a), Y12 = f'(b). 
JIKLIJ,O y11 • y12 < 0, MO)f(Ha no6yAysaTH €AHHHM iHTepnomiu,ii1tttti1 noni

HOM TpeThoro cTeneHll (Ky6iqtttti1 iHTepnomiu,iiJHHM noniHOM EpMiTa) 
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)J,e Co =  Y1 ; C1 = (Y2 - Y1 )/(b - a) ; C2 = (Y2 - Y1) (b - a)-2 - y11/(b - a) ; 
C3 = (Y12 - y11) (b - a)-2 - 2(y2 - y1) (b - a)-3. 

13 Heo6xi)J,HOÏ YMOBH iettysaHHll eKCTpeMyMy 8P3(x)/ax = 0, OTpHMYJOTb 

piBIUIHIUI c3(x - a) 2 - 2 (y11  + y12 - 3c1)/(b - a)+ y11  = 0, p03B 'll3KOM llKOro 

€ x0 = a+ µ(b - a) , µ = (w + z - y11)/(2w - Y11 + Yiz ) , 
z = Y11  + Y12 - 3(Y2 - Y1)/(b - a) , w = ,/ z2 - Y11Y12 , µ E (0, 1) ,  x0 E (a, b ) . 

A112opu111M Memoôy. 

3a)J,aJOTb E > 0, 3a YMOBH f'(a) · f'(b) < 0 3Haxomnh )],Bi TOqKH a rn b. 
KpoK 1. 06�ttcmoEOTh cpyttKUÎlo rn ïi oeprni noxÎ)J,HÎ B TOqKax a rn b. 3a 

cpopMynmo (6. 1) o6qlJcmoIOTh Koecpio,irnTM ooniHoMa P3. 
KpoK 2. 06�ttcmoIOTh x0 Ta f' (x0) . >IKrn,o If' (x0) 1 < E, TO o6qttcneHID! 3a

KÎWIYIOTh, a TO�Ka x* = x0• >IKUJ,o f' (x0) < 0,  TO a = x0 , iHaKille b = x0 Ta rro

BTOpIOIOTh 3 KpOKY 1. 

<l>yttKuiï GNU Octave, ll:KÎ BHKOpHCTOBYEOThCll B po60Ti : fminunc( ), dijj{ ), 

deriv( ), polyder( ), gradient( ), nrm( ), non/in_ min( ), plot( ). 

IlopH)J,OK BHKOH3HHH po60TH 

1. .ll:M cpyttKUiï (!l,o)J,aTOK B) BII3Haqnrn cpyttKUiEo KopttcTysa�a rn rro6y

)J,yBaTM ïi rpacpiK 3aco6aMII GNU Octave. 

2. Peani3ysaTM MeTO)J,II OIITHMÎ3ao,iï 3rÎ)J,HO Î3 3aB)J,aHIDIM. IIopÎBIUITH pe-
. . 

3YilbTaTH )J,fül IIOXI)J,HIIX, BH3Ha�eHHX auann�HHMH Ta q[lCilOBHMif MeTO)J,aMH. 

3. IloKaJaTM Ha rpacpiry oeprni KpOKH po6orn anropHTMy. 

4. IIopÎBIUITH pe3ynhTaTH 3a o. 2 rn pe3ynhrnTII, ll:KÎ OTpHMatti 3a )J,OIIOM0-

ro10 fminunc( ) . 

5. IIo6y)J,yBaTM rpacpiK 3ane)((HOCTÎ KÎJihKOCTÎ iTepao,iH. BÎ)J, 3a)J,aHoï TO�

uocTi . .1J:n51 rro6y)J,oBM rpacpiKa rrposecrn 10 BHMÎpIOBaHb, noqaTKoBa E = 0 . 1 .  

llpUKJIQÔ 1. 06qncneHID! IJOXÎ)J,HOÏ B TQqUÎ (CHMBOilbHe) 
c l e a r  a l l ;  pkg load symbolic ; p kg load optim 

function  f=myf ( x )  f=sin ( x ) ; % noxiAH a -> cos ( x )  end 

syms s; dx=d iff ( s i n ( s ) , s )  % noxiAH a B C H MBOn bHOMY BH rnRAi 

vpa ( s u b s ( dx,  s , 1 ) ) % po3paxosaHe 3Ha�eHHR  

deriv (@myf , 1 ) % h=le - 7  

gradient (@myf , 1 ,  0 . 00001 ) % gradie n t ( @s i n , 1 ) - noMHn Ka , h=l  

llpuK!laÔ 2. 06qttcnett1U1 ooxi)J,HOÏ B TOqo,i (qttcnose) 
f=@ ( x )  s i n ( x ) ; a= - 3 ;  b= 3 ;  h=0 . 1 ;  x=a : h : b ; 

19 



dx=gradient ( f ( x ) , h )  

plot ( x, f ( x ) , x, dx)  

% noxiAHa  

flpuK!laÔ 3 .  Ilülli)'K MÏHÏMYMY <PYHKU,ÏÏ MeTO)l,OM cepe)l,HbOÏ TOqKH 
c l e a r  a l l ;  format long g % 15 3 H a Ki B  n icnR Kpan KH 

function  [ f ] =myf ( x )  f= - si n ( x ) ; endfu nction  

x=0 : 0 . 1 : 3 ; % AaH i  AnR no6yAOBH  r pa$i Ky 

plot ( x ,  @myf ( x) ) ;  hol d ;  grid ; a=0 ; b= 3 ;  eps=0 . 001 ; k=l ; 

do 

yll=deriv(@myf , a ,  1 ) ; y12=deriv(@myf, b ,  1 ) ;  

plot ( 0 ,  yll , " r : o " ,  3 ,  y12 , " g - x" ) ;  

xl= ( b+a ) /2 . 

dxl=deriv(@myf , xl , 1 )  

plot ( x l ,  dxl,  " b : + " ,  a ,  @myf ( a ) ,  " g : o " ,  b , @myf ( b ) , " c : o " 

if ( dx1< 0 )  a=xl ; else  b=xl ; endif ;  k++ ; 

u n t i l  ( a bs (dxl ) < e p s )  

plot ( xl ,  @myf ( xl ) , " m : o " ,  xl , dxl , " m : o " ) ;  h o l d  off 

printf ( " erro r  i s : %g , iter=%d\n " ,  1 - si n ( xl ) , k )  

flpuKJ1aô 4.  BlIKopttcTaHHll <PYHKu,iï fminunc. 
function  bstop = showJ_h i story ( x, optv,  stat e )  

plot ( optv . ite r ,  optv . fva l ,  ' x ' ) ;  bstop = false ; 

e n dfu nction  

function  [ f , g ]  myfu n ( x)  

f = 3 *x ( l ) A 2 + 2*x ( l ) *x ( 2 )  + x ( 2 ) A 2 ;  % cost fun ction 

if na rgout > 1 

g ( l )  = 6*x ( 1 ) +2*x ( 2 ) ;  g ( 2 )  = 2 *x ( 1 ) +2 *x ( 2 ) ; 

endif  

e n dfu nction  

options = opt imset ( ' Out putFc n ' ,  @showJ_h i story ,  

' GradObj ' ,  ' on ' ) ; 

x0 = [ 1 , 1 ] ; xlabel ( " iteration " ) ;  ylabe l ( " cost fu nction " ) ;  

hold on ; [ x, fva l ]  = fmi n u n c ( ' myfu n ' , x0 ' , opt ion s ) ; hold off 

IInTaHHH )J,JIH caMonepesipKn 

1. 51Ki He)l,OJlÏKH npllMHX MeTO)l,ÏB ycysaJOTb MeTO)l,H BHlll,HX nopll)l,KÏB? 

2. 51KHM KpHTepÏllM nOBHHHa 3a)l,OBOJlbHllTH <PYHKU,Ïll, lll,06 MO)f(Ha 6yno 

3acrncysaTn MeTO)l,H nepworo i Apyroro nopllAKis? 

3. )J,aihe nopiBHllJlbtty xapaKTepnCTHKY MeTO)l,ÏB Xüp)l, i )l,0TttqHHX. 

4. ÜCHOBHHM He)l,OJlÏK MeTO)l,y lliJOTOHa? 

5. Ilepesaru Ta He)l,OJlÏKH MeTO)l,y KBa)],paTttqHOÏ anpOKCHMau,iï B nopiB

HllHHÏ 3 ÏHWHMH MeTO)l,aMn? 
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Jla6opaTOptta po6orn 7 

IIPHMI METO� IIOUJYKY MIHIMYMY 
<I> YHKIJ,IÏ liAr A ThO X 3MIHHHX 

MemoJO c 03Hai1oMneHJUI cTyAeHTÏB 3 npllMHMH MeTO)l,aMH 6e3yMOBHOÏ on

THMÏ3auiï cpytt1<1.üï 6araThox 3MÏHHHX 3aco6aMH GNU Octave. 

3aB)J,aHHH 

Bapiattrn 3aB)l,aHJUI 06ttpa10To i3 AOAaTKa .z:i:. 

1. 3ttaiirn MÎHÎMYM <l>YHKIIÎÏ 3rÎ)l,HO 3 BapiaHTOM : a) 3a )l,OOOMOrOEo rrpo

rpaMH Ha MOBi GNU Octave; 6) 3a AODOMoro10 s6yAoBaHHX cpyttKUÎH. 

2. 3BiT rrpo po60Ty IlOBHHeH MÎCTllTll KüpüTKHH OIHlC po60Tll, TeKCT rrpo

rpaMH i pe3yJloTaTH ïi BHKOHaHJUI. 

MeTO)J,H'IHi BKa3ÎBKH )J,O BHKouauuH JaB)J,aHHH 

llocmaH08Ka 3aÔa'li. Hexal1 3a)l,aHo cpyttKUÎIO f(x): �n � �' )l,e :X - BeKTOp 

(X1 , . . .  , Xn) .  3ttaiirn MÎHÎMYM UÎ€Ï cpyHICUÎÏ f(x) �X �
Î�n 3 3a)l,aHOIO IIOXH6KOIO 

E > O. 

3a2GJ1bHa xapaKmepucmuKa Memoôie npRM020 noULyKy. Y MeTO)l,ax rrpll

Moro rrornyKy )l,Jl51 BH3Ha'IeHJUI HanpllMKY crrycKy )l,0 TQqKlf MÎHÎMYMY He 

BHKüpHCTOBYIOTh ÎHcpüpMaUÜ! rrpo rpa)l,i€HT cpyttKUÎÏ a6o Ïi MaTp!lUIO fecce. 

HarrpllMOK MÎHÎMÎ3auiï noBHÎCTJO B!l3Haqanocll nocniAOBHicT10 o6qucneHHX 3Ha

'Iettb cpyttKuiï. 511< rrpaBHJlo, 6e3YMOBHa MÎHÎMÎ3auüc 3a MeTO)l,aMM neprnoro i APY

roro rropllAKÎB 3a6e3rreqyc BMillY illBllAKÎCTb 36Î)((HOCTÎ, ane, Ha rrpaKTtt:Ui, aHani

TH'IHe BH3Ha'IeHH51 IlOXÎ)l,HllX cpyttKUiï 6araTbOX 3MÎHHHX He 3aB)(()l,lf MO)((JlHBe, a 

3acTocysaHJU1 'IHCJlOBHX MeTOAÎB Be)l,e AO noxu601< i noMttJIOK. B ÎHIIIHX B!IIIa)l,

Kax, KpHTepiii OIIT!IMaJlbHOCTi MO)((e 6YT!l 3a)l,aH!rn He B llBHOMY B!lrJ151)1,Î, a CHCTe

MOIO piBHllHb, mo ycKJla)l,HIO€ a6o yHeMO)((JllfBJ110€ Bll3HaqeHJUI IlOXÎ)l,HllX. 

Ilepesaro10 MeTOAÎB rrpllMoro norny1<y c rrpocrnrn peani3auiï y B!lrJ151AÎ 

KOMII110TepHOÏ rrporpaMH, rrpll UDOMY He nOTpi6HO 3HaT!l UÎJibOBY cpyHKUÎIO B 

llBHOMY BH[J151)1,Î Ta nerno BpaxysaTH o6Me)((eHHll, llK Ha OKpeMi 3MÎHHÎ, TaK i Ha 

o6nacTh rrorny1<y. 

y npllMHX MeTO)l,aX 6y)l,yiüTb nOCJlÏ)l,OBHOCTi BeKTOpiB :X0, :X1 , . . .  , x_n' TaKHX, 

!llO f (x0) > f (x1) > ... > f (xn). IJoqaTKOBY TQqKy :X0 
o6ttpa10Tb a6o )l,OBÏJlbHOEO, 

a6o TaKy, !llO pü3TaIIlOBaHa Hatt6JlH)((qe )l,0 oqÏKysaHOÏ TQql(H MÏHÏMyMy. Ilepexi)l, 

(iTepauü1) si)], TOqKn :Xk AO TOqKH ;X,k+ i , k = 0, 1, 2, . . .  , n, CKJla)l,aCTI>Cll 3 )],Box ern

nis - Bll6üpy HanpllMKY pyxy 3 TQqKll Xk Ta BH3HaqeHJUI KpüKY 83)1,08)(( UbOrO Ha

npllMKy. 
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Memoô noKoopôuHamHozo cnycKy (niôuoMy) 3acTOCOB)'IOTh y pa3i, HKlll,O 

)J,OCJli)J,)!(ysatta cpyttKIÜH € yttiMO)J,aJlhHOIO. 

Â!l20pUmM Memoôy. 3a)J,aTH BeKTOp x0 E !Rl.n Ta noxn6Ky E > 0 .  B HKOCTi 

KpHTepiIO 3yrrntteHJU1 stt6ttpaTH l l xk+ i - xk l l z  � E a6o lf(xk+ 1) - f(xk) I  � c. 

KpoK 1. ITosTOplOIOTh MH i = 1 . . .  n, noKn He BHKOHattni1 KpttTepii1 3yrrn-

• cpiKC)'IOTh 3HaqeHJUI Beix 3MiHHHX, KpiM x,; 
• 0)1,HOBHMiptta OnTHMÎ3au,iH OTpHMaHOÏ cpyttKu,iï. 

Pe3yJlbTaT xk = (xv Xz, . . .  , Xn), )J,e k - KpOK onnIMÎ3atJ,iï. 

3a MemoôoM XyKa - ,axueca HanpHMOK crrycKy BH6ttpa€ThCH Wlli!XOM )J,O

cni)J,)!(eHJUI OKOJlY TO'IKH, 3HaH)J,eHOÏ Ha nonepe)J,HhOMY Kpoo,i. A.rrropHTM MeTO)J,Y 

CKJla)J,a€TbCH 3 TIOCJlÎ)J,OBHOCTÎ KpOKÏB )J,OCJIÎ)J,Hllll,bKOro nOUIYKY (Bll6opy TQqKIJ) 

HaBKono 6a3HCHOÏ rnqKH Ta rrornyKy 3a 3pa3KOM. Pe3yJihTYIOqlfli HarrpHMOK Ha k-il 

iTepau,iï € BeKTOpOM xk - :Kk-l . Ha ernni )J,OCJIÎ)J,)!(eHHH BHKOpHCTOB)'IOTh BeKTOp 

rrepeMÏlll,eHb, MHO)!(HlIK rrpllCKOpeHJUI i MacrnTa6HllH Koecpiu,irnT, Ha HKHH )J,ÎAATb 

KOOp)J,HHaTH BeKTOpa B TOMY BHna)J,Ky, HKlllO B pe3yJihTaTÎ )J,OCJIÏ)J,Hllll,bKOro rro

llIYKY anropHTM He 3Mir 3pyrnHTH 3 nonepe)J,HhOÏ rnqKH. Ili)], qac nornyKy 3a 3pa3-

KOM BlIKOplICTOBYEOTh )J,aHi, lll,0 6yJIIl OTpHMaHi B rrpou,eci )J,OCJIÎ)J,)!(eHJUI, a 

MÏHÏMÏ3aLJ,ÎH cpyttKLJ,ÏÏ 3aBepJ.rry€ThCH nornyKOM y HanpHMKy, 3a)J,aHOMY 3pa3KOM. 

3a MemoôoM ôe<jJopMoeaHozo 6azamozpaHftUKa (Memoô He!lôepa - Miôa) 

M51 MÏHÏMÎ3au,iï cpyHmiï f (x) B n-BHMipHoMy npocrnpi 6y)J,YE0Th 6ararnrpaHHHK, 

lll,O MÏCTlITh (n + 1) BeplllllHY, HKa BÏ)J,nOBÎ)J,a€ )J,eHKOMY BeKrnpy. 061IHCJIIOIOTb 

3Ha'IeHJUI LJ,ÎJlbOBOÏ cpyttmiï f (x) B KO)!(HÎH 3 BeplllllH 6ararnrpaHHHKa, BJl3Haqa

IOTb MaKClIMaJlbHe 3 LJ,IlX 3Ha'IeHb Ta BÎ)J,IIOBÎ)J,HY HOMY BeprnHHy xh. qepe3 LJ,IO 

BeprnHHY i u,eHTp BarH ÏHlllllX BeplllllH rrpoBO)J,HTh rrpHMy, Ha HKÏH 3HaXO)J,IlTbCH 

TO'IKa Xq 3 MeHilllIM 3Ha'IeHJUIM D,ÎJihOBOÏ cpyttKD,iï, HÎ)!( y BeplllllHÎ xh. Ha)J,ani Bep

llllIHY xh BHJIY'IalOTb, a 3 pernrn BeplllllH i TQqKIJ Xq 6y)J,YE0Th HOBHH 6ararnrpaH

HlIK, 3 HKlIM TIOBTOplOEOTh OnIJCaHy rrpoo,e)J,ypa. y rrpou,eci BHKOHaHJUI )J,aHilX orre

pau,iiî 6ararnrpaHHlIK 3MÏHIO€ CBOÏ p03MÏpH, lll,0 H 3YMOBHJ10 Ha3BY MeTO)J,y. 

3a MemoÔOM PœeH6poKa nOillYK OTITlIMaJlhHOÏ TQqK[f 3)1,ÏHCHIOIOTh B KO)!(

HOMY HarrpHMKy. BeJIH'IHHa KpoKy B npoo,eci nornyKy 6e3nepepBHO 3MÎHIO€TbCH 

3aJJe)!(HO BÏ)J, penbecpy rrosepxHi piBJUI. IToe)J,HaHHH o6eprnHJUI Koop)J,HHaT 3 pery

JIIOBaHJUIM KpOKY po6ttTh MeTO)J, P03ett6poKa ecpeKTHBHHM )J,JIH p03B 'H3aHHH 

CKJla)J,HHX 3aB)J,aHb OnTHMÎ3ao,iï. 

3a MemoÔOM flaye!l!IQ BHKOpHCTOB)'IOTh BJlaCTHBÏCTh KBa)J,paTH'IHOÏ cpyHK

o,iï Tary, lll,O 6y)J,b-HKa npHMa, HKa npOXO)J,HTh qepe3 TOqKy MÏHÏMYMY cpyHKLJ,iï, ne

peTHHa€ ni)], piBHHMH KYTaMH )J,OTH'IHÏ )J,O nosepxOHh pisttoro piBH51 cpyttKu,iï B 

Toq Kax nepeTHtty. 
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.ll:Jrn cpyttKu,iï )],BOX 3MÏHHHX 3p)"IHO npe,!1,CTaBHTH ïi rpacpiK y BHfJUl)J,Ï JlÏHÏH 

pÏBIUI. JiiHÏ€IO pÏBIUI cpyttKu,iï f (x), x = (Xv Xz ) Ha3HBalOTb reoMeTpWIHe Micu,e 

TOqOK nJlOll.(HHH, B HKHX cpyttKll,ÏH f (x) = const . 1Iepe3 3BWiaHtty TOqKy 

nnoll.(HHH npoxo)J,HTh TÏJlhKH O)J,Ha nittiH piBIUI. ToqKH MaKCHMYMY i MÏHÏMYMY 

MO)!(YTb 6YTH OToqeHi 3aMKHYTHMH JlÏHÏHMH pÏBIUI, B CÏ)J,JlOBHX TOqKax 

nepeTHHaIOThCH )],Bi a6o 6inhwe nittiï piBIUI (,!1,HB. )J,O)J,aTOK E). 

<l>yttKu,iï GNU Octave, HKi BHKOpHCTOByIOThCH B po6oTi : fminsearch( ), 

powell( ), nonlin_opt( ), suif( ), contour(). 

IlopH,!1,0K BHKOH3HHH po60TH 

1. ITo6y,!1,yBaTH rpacpiKH )J,ocnÎ,!1,)!(YBaHoï cpyttKu,iï 3a )J,onoMoroIO cpyttK11,ÎH 

surf{ ) Ta contour(). 

2. HarrwcaTH rrporpaMy onTIIMÏ3au,iï 3a MeTO)J,OM rroKoopmrnarnoro crrycKy. 

3. Peani3YBaTH Ta )J,ocni)J,HTH MeTO)J, XyKa - .z:t:)!(HBca [ 1 O]. 

4. ITopiBIUITH pe3ynhTaTH 3a rr.n. 2 i 3 3 pe3ynhTaTaMH po6orn cpyttKll,ÎÏ 

GNU Octave fminsearch( ), B HKil1 peani3oBamlli MeTO)J, ,!1,ecpopMoBaHoro 6ararn

rpaHHHKa. KinhKa pmiB 3MÏHIITH .X0 , 3MeHIIII1TH E, 3MeHIIII1TH KpoK, nopiBIUITH pe-

3ynhTaTH. 

llpuK;iaô MÏHÎMÏ3au,iï 3a )J,OIJOMormo cpyttK11,ÏÏfminsearch(). 
opt=opt imset ( ' Di splay ' ,  ' iter ' ,  ' TolX ' , le - 1 5 ,  ' Maxit e r ' ,  1000 ) 

function  [ y ] =f(x ,  c )  

C =  [ - 2  - 1  1 ]  j 

y= - ( c ( l ) *x ( l ) . A2+c ( 2 ) *x ( 2 ) . A2+c ( 3 ) *x ( l ) . *x ( 2 ) ) ;  

e n dfu nction  

x= [ - 30 ; 30] ; [ x, fval ] =fmi n se a r c h  (@f ,  x ,  opt ) 

IlnTaHHH )J,JJH caMonepesipKn 

1. OrrmniTh anropHTM Mern.uy noKoopmrnarnoro crrycKy. >IK 6y.ue ce6e 

BeCTH u,iiI MeTO)l )J,J151 cpyttKll,ÎH 3 MaJlOIO KpHBH3HOIO B o6nacri MÎHÏMYMy? 

2. OrrmniTh anropHTM Mern.uy XyKa - .z:t:)!(HBCa. 

3. OrrwmiT& anropnTM Mern.uy Hen.uepa - Mi.ua. 

4. CcpopMymoiITe nepeBam i He.uoniKH Mern.uiB rrpHMoro nowyKy. 

5. >IKHM 'IHHOM BIIJlHBa€ BH6ip .X0 Ha pe3yJl&TaT Ta KÏJl&KÏCT& o6qHcJleH&? 

6. 1IoMy npH no6y)J,oBi 06qHCJ110BaJlbHOro npou,ecy onrnMi3au,iï cpyttKI.ÜÏ 
3a3BHqai1 o6Me)!(yl0Tb KÏJlbKÏCTb iTepau,ii1? 

7. Ilo6y)J,yHTe rpacpiK 3aJle)!(H0CTi n = f(E). >IK noB 'H3aHi noXH6Ka Ta 

KÎJlbKÎCTb o6qHCJleHb? 
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Jla6opaTOptta po6orn 8 

rPA,11,1€HTHI MET0,11,ll IIOUJYKY MIHIMYMY 
<I> YHKIJ,IÏ liAr A ThO X 3MIHHllX 

MemoJO c 03Hai1oMneHJUI cTyAeHTÏB rpaL1,Ï€HTHHMH MeTOLJ,aMH 6e3yMOBHOÏ 

onrnMi3auiï <l>YHKIÛÏ 6araThOX 3MÏHHHX 3aco6aMH GNU Octave. 

3aB)J,aHHH 

Bapiattrn 3aBLJ,aHJUI 06ttpa10Th i3 Ll.OAaTKa )],. 

1. 3ttaiirn MÎHÏMYM <l>YHKIIÎÏ 3fÎLJ,HO 3 BapiaHTOM : a) 3a Ll,OnOMOfOIO rrpo

rpaMH ua MOBi GNU Octave; 6) 3a L1.0DOMoro10 s6yL1.0BaHHX <l>YHKUÎH. 

2. 3BiT rrpo po60Ty IlOBHHeH MÎCTHTH KOpOTKHH OIHlC po60TH, TeKCT rrpo

rpaMH i pe3ynhTaTH Ti BHKOHaHJUI. 

MeTO)J,H'IHi BKa3ÎBKH )J,O BHKouauuH JaB)J,aHHH 

llocmaH08Ka 3aÔa'li. Hexai1 3aLJ,aHo <l>YHKUÎIO f(x) : �n � �' LJ,e :X - BeKTOp 

(X1 , . . .  ' Xn) · <l>yttKUÜ! f (x) IIOBHHHa BÎLJ,HOCHThCll Ll,O KJlacy 6e3nepepBHO L\Hcl>epeH

uiiioBaHHX (a6o LJ,BÎqÎ 6e3oepepBHO mi<t>epeHUÎHOBaHHX) <l>YHKUÎH. 3Haiirn MÎHi-

M)'M uicï <l>YHKUiï f(x) � x �
i�n Î3 3aLJ,auoEO noxH6KoEO E > O. 

3a2GJ1bHi eiôoMocmi npo 2paôirnmHi Memoôu. fpaAÎCHTOM <l>YHKuiï f (x) c 

BeKTOp (af(x)jaxl , . .  . ,  af(x)jaxn) 

af (x) � af (x) � af (x) � Vf = -
a
-- e1 + -

a
-- e2 + · · ·+ -

a
-- em 

X1 Xz Xn 

LJ,e ê; = ( e1 , e2 , • • •  , en), i = 1 . . .  n - OLl,HHlfqHHH BeKTOp. 

(8. 1) 

BeKTop, rrpoTHJle)((HHH rpaAÎCHTy, Ha3HBaEOTh aHnrrpaAÎCHTOM. fpaAÎCHT 

rreprreHLJ,HKY.illlPHHH Ll,0 niuiii pÎBHll Ta cnpllMOBaHHH y6iK HaHnrnHLl,IIJOro 3pOCTaH

Hll <l>YHKUÎÏ B LJ,attiii TQqUÎ. y TQqUÎ MÎHÎMYMY(MaKCHMYMY) rpaL1,Î€HT <l>YHKUÎÏ Ll,O

pÎBH10€ uyJ110. Ha snacTMBOCTHX rpaAÎCHTa 3acH0BaHi MeTOLl.H omMMÎ3arJ,Ïï rrep

moro rropHL\Ky, llKÎ Ll,03BOJlfilOTh Bll3Haq[lT[l TQqKy JIOKaJlhHOro MÎHÎMYMY <l>YHKUÎÏ. 

y pmi UÎJlhOBHX <l>YHKUÏH 3 CHJlhHO BHrnrttyTHMH, BHrH)'THMil a6o TaKHMH, mo 

MaJOTh rocTpi KYTH, nittimrn piBIDI, MeTOL\H nepworo-Apyroro nopHAKY MO)((YTh 

BHllBHTHCll He3LJ,aTHHM 3a6e3neqHTH npocysaHIDI Ll,0 TQqKH MÏHÏMyMy. 

3a2GJ1bHUU GJl20pU111.M 2paôirnmHUX MeTOLJ,ÏB . 

1. 3aLJ,aJOTh noqaTKOBY TQqKy :Xk E {X} (k = 0), BH3HaqaJOTh rpaL1,Ï€HT (Vk), 
o6ttpa10Th HanpHMOK pyxy 3 uicï TQqKH Ll,O HaCTYIIHOÏ TQqKH 

(8 .2) 
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)J,e yk - BeJlH'IHHa KpüKy, k - HOMep iTepau,iï. 

2. ITepesipmoTh yMosy 3aKiH'leHIDI o6qttcneHh . .ll:JUI 3aB)J,atth 6e3yMOBHOÏ 

onrnMi3auiï (x E !Rl.n) B Toqu,i eKCTpeMyMy HüpMa rpMiE:HTa He nepesmu,ye 3a)J,atty 

nox116Ky E : l l V'f(.Xk) l l z  = L.}=1(af(xk)/axj )
2 

< E. Y pa3i ToqHoro p03s'»3KY s 

Toqui eKCTpeMYMY l l V'f(.Xk) l l z  = o. JIKILJ,O )J,OnyCTHMY MHQ)IŒHY {X} 3a)J,aHO, TO B 

Toqui p03B'H3KY (»KILJ,O BOHa Ha rpaHHU:i) HüpMa BeKTOpa-rpa!l,i€HTa MO)f(e 6yrn 

6y)J,h-HKOlO, a KpHTepiiI 3ynHHeHID! o6npaEOTb, o6Me)f(yEO'lH 36ÎJibIIIeHID! U:ÎJTl>OBOÏ 

cpyttKU:ÎÏ Ha )],BOX IJOCJlÎ)J,OBHHX iTepauim<. 

B 3a)J,a'Iax 6e3YMOBHOÏ omHMÎ3au,iï 3a cnoco6oM pyxy )J,O eKcTpeMYMY rpa

)J,Î€HTHi MeTO)J,H MO)f(Ha pü3)J,iJIHTil Ha )J,BÎ rpynH: 

• Ha (k + 1)-ll ÎTepau,iï nocJlÎ)J,OBHO, 0)1,Ha 3a 0)1,HOEO, o6qHCJllülOTb Küüp)J,H-

HaTH BeKTOpa (k + 1)-ï rnqKH (MeTO)J,Il IJOKüüp!l,HHaTHoro cnycKy); 

• BCÎ Küüp)J,HHaTH (k + 1)-ï rnqKIJ o6qHCJIIOIOTb BÎ!l,pa3y. 

KpoK MeTo)J,y MO)f(e 6yTtt: 

• nocmiuHUM, 3a)J,aEOTh )J,O noqaTKy p03paxyttKis ; 
• aôanmU6HUM, BHKüpHCTOBYlOTb y pa3Î HeMO)f(JlllBOCTi BH3HaqHTil MlHl

MYM c 3a)J,aHHM KpoKoM y0 , rn6rn l l V'f(xk) l l z  no4HHae 36inhwysaTHCH 3 KpoKy k; 
• 061.JUCJl/06GHUM Ha KO)f(HOMY Kpoui 3a KO)f(HHM HanpHMKOM BÎ)J,IJOBÎ)J,HO )J,0 

Bll3Ha'Iettoro KpnTepoo. 

Memoô noKoopôuHamH020 cnycKy (Taycca - 3euôe!IR, pue . .z:i: E. l). Ha 

'IeprosiiI iTepauiï nocTyrroso 3)1,ÎHCHlOEOTh cnycK Y3)J,OB)f( KO)f(HOÏ 3 Koop!l,HHaT, a 

KpüK yk o61JHCJllülOTb n-pa3ÎB Ha KO)f(HÎH iTepauiï. 

ÂJ12opu111M Memoôy. 3a)J,al0Th seKrnp .X0 Ta noxH6Ky E > O. 

KpoK 1. I1osrnp1010Tb : 

• pü3paxoBymTb KpüK Yt = argminyf;eo f ( xt - ytV'f(xt) ) , 

i = 1 . . .  n - BÎ)J,IIOBÎ)J,HIIH eneMeHT BeKTOpa .Xk ; 
• pü3paXOBYlOTb xt+ l = xt - ytV'f(xt) ; 
• HKIIlO l i .X� - .X� l l z  > E , TO .X�+ i = .X� , k = k + 1 ;  rnaKwe 3aKlH1IYlOTh 

061IHCJleHIDI, a TO'IKa x* ::= Xk € wyKaHOIO TO'IKOlO MÎHÎMYMY· 
TpaôieHmHuu Memoô 3 nocmiUHUM KpoKoM (pttc . .z:i: E.2). 

KpoK 1. 3a)J,al0Th seKTOp .X0 , KpOK y > 0, noXH6Ky E > 0 Ta k = O. 

KpoK 2. ITosrnpEOEOTh : 

• pü3paxOBYlOTb BeKTOp rpa!l,Ï€HTa V'f(xk) ; 
• HKILJ,O l l V'f(.Xk) l l z  � E, TO .X* = .Xk - npHIJHIDllOTb o6qHCJleHIDI; iHaKIIIe 

o6qHCJllOIOTb ,Xk+ l = Xk - ykV'f(xk) . 
EiJlhW r�KHM € 2paôi€HmHUU Memoô Î3 aôanmU6HUM KpOKOM. 
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3a)J,aJOTh seKTOp x0 , KpOK y > 0 ,  noxtt6Ky E > 0 Ta k = O. 

KpoK 1. P03paxosyioTo seKTop rpMieHTa 'ilf (xk) . 
KpoK 2. I1osrnp1010TI> : 
• po3paxosyioTo HOPMY rpa)J,i€HTa l l 'iJf(xk) l l z ; 
• npo6HHM KpOK xk+ l = xk - yk'ilf(xk) ; 
• HKlliO l l 'ilf(xk+ i ) l l z  < l l 'ilf(xk) l l z  rn l l 'ilf(xk) l l z  < t: ,  k = k + 1 ; ittaK

we, HKmO l l 'iJf(xk) l l  < E ,  TO x* := Xk - TOqKa MiHÏMyMy, npttnHHIDOTb o6qHC

JleHJUI; iHaKIIIe, HKmo l l 'iJf(xk+ l ) l l z  > l l 'iJf(xk) l l z , TO Bi)J,HOBJllOIOTb 3HaqeHHH 

BeKTOpy xk+ l = Xk + yk'iJf (xk) Ta 3MÎHIOIOTb KpOK y = y ·  Ô, )J,e Ô - MaCIIITa6mrn 

MHO)l(HHK, HanpHKJla)J, 0,5. 

Memoô Haumeuôm020 cnycKy (pue. )]; E.3). 

KpoK 1. 3a)J,aJOTD noqaTKOBHH BeKTOp x0 , noxu6Ky E > 0 Ta k = O. 

KpoK 2. Bmtta'IaJOTD seKrnp rpa,!l,irnrn 'ilf (xk) i HopMoBaErn:li seKrnp 

rpa)J,irnrn 'ilf(xk)/ l l 'ilf(xk) l l z . 
ITepesipmoTo YMOBY 3aKÎH'IeHHH o6qucneHD l l 'iJf(xk) l l 2 . 
KpoK 3. IIosrnpIOIOTD : 

• po3paxosyioTD yk = arg minyk;eo f(xk - yk'ilf(xk)) - KpoK s o6pattoMy 

HanpHMKY - 0)1,HHM 3 MeTO)J,ÎB 0)1,HOBHMÎpHOÏ onTHMÎ3auiï. 
• po3paxosyioTo xk+ l = xk - yk'ilf(xk) ; 
• HKlliO l l 'iJf(xk) l l z  > E, TO k = k + 1 ,  ÎHaKWe x* := Xk - TOqKa MÎHÎMyMy, 

npHnHHHIOTb o61IHCJleHHH. 

3a MemoôoM Hb1om0Ha (MeTO)J, ,!l,pyroro nopH,!l,Ky) BlIKopucrnsyIOTD TO'IHi 

a6o tta6nlI)l(etti 3Ha'IeHHH ,!l,pyrux qacTKOBilX noxÎ)J,HHX UÎJioosoï cpyttKUiï )J,JlH 

o61IHCJleHHH MaTpttui recce H(xk) Ta BeKTopy xk 

(8.3) 

)J,e H(xk) = 'i/2 f(xk) E �nxn - MaTplIU51 recce, a H-1 - 3BOporna MaTpIIUH recce. 

A112opumM Memoôy. 3a)J,aIOTb BeKTOp x0 , noxu6Ky E > 0 Ta k = O. 

KpoK 1. IIosrnpIOIOTD : 

• 061IHCJllOIOTb 'iJf(xk) Î HKW,O l l 'iJf(xk) l l z  < E, TO x* := Xk - wyKaHa TO'I

Ka MiHÎMYMY, npttnHHIDOTb o6qHCJleHHH; 

• o6qHCJllOIOTb MaTpHUIO recce H(xk) . 51Kmo He BCi ïi BJlaCHi 3HaqeHHH € 

)J,O)J,aTHHMH, TO npttnHHHIOTb o6qHCJleHHH; 
• o6qHCJllOIOTb HanpHMOK nowyKy pk = -H-1 (xk)'iJf(xk) ; 
• MeTO)J,aMH 0)1,HOBHMipHOÏ MiHÎMi3auiï wyKaIOTb KpOK 

yk = argminy;eo f (Xk + ypk) Ta 3a (8.3) o6qHCJllOIOTb Xk+ 1 , k = k + 1 .  
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<l>yuK1..üï GNU Octave, llKi BHKOpHCTOB)'IOThCll B po6oTi : nonlin_min( ), 

minimize( ) d2 _min( ), bfgsmin( ), nrm( ), surf( ), contour( ). 

IlopHJJ,OK BHKOHaHHH po60TH 

1. Ilo6yJJ,yBaTH rpacpiK JJ,OCJli)],)Kysauoï cpyuKu,iï 3a JJ,OnOMOrOIO cpyttKU,iH 

surf( ) Ta contour( ) .  

2 .  ,ZJ,ocniJJ,HTH nporpaMH (JJ,oJJ,aTOK E),  3MiHHTH noqaTKOBi yMOBH x0 , E, y rn 

nopiBHllTH pe3ynhTaTH. 

3. 3MiHHTH nporpaMH n. 2 )1,JUI po60TH 3 3aJJ,aHOIO cpyttKU,i€IO, JJ,OCJliJJ,HTH 
. . 

rrose;1,1.uKy rrporpaMH 3a pnErnX noqaTKOBm< YMOBax 

4. ,ZJ,ocni)J,HTH cpyuKu,iï GNU Octave, B l!Km< peanhosauo MeTOJJ,ll rrepmoro

J1,pyroro rropl!J1,KÎB . ITopiBHllTH 3 pe3yJihTaTaMH, OTpHMaHHMH B n. 3. 

llpUKJIGÔ BHKüpHCTaHHll s6yJJ,oBaHHX cpyttKU,ÎH MÎHÎMÎ3au,iï 
funetion  eost = foo ( xx )  % min = ( l , 1 , 1 ) , f=3 . 0  

xx - - ;  eost = s u m  ( - eos ( xx ) +xx . A2/ 9 ) ; endfun etion 

funetion  d e  = diffoo (x)  % nepwi y a e TKOBi noxiAH i 

x = x ( : ) '  - 1 ;  de = s i n  ( x )  + 2 *x/9 ;  endfun etion 

funetion  [ e ,  de , d 2e ]  = d 2foo (x)  % Apy r i y a eTKOBi noxiAHi  

e = foo ( x) ; de=d iffoo ( x ) ; d 2 e=diag ( eos ( x ( : ) - 1 )  + 2 / 9 ) ; 

e n d  

x 0  = [ - 1 5 ;  - 1 5 ;  - 1 5 ] ; % Be KTOp - eTOBne�b 

[ x , v , n ]  = min imize ( " foo " , x0 ) % MeTOA HenAe pa - MiAa 

[ x ] = n rm ( @foo , x0 )  % MeTOA Hb�TO H a  - Pa$eoua  

[ x , v , n ]  = min imize ( ' foo ' , x0 ,  ' n diff ' ) %1 - bfgs 

[ x , v , n ]  = min imize ( " foo" , x0 ' , " d2f " , " d 2foo " ) % d 2_min  

[ x , objf , evg , out p ]  = nonli n_min (@foo , x0 ) 

funetion  [ d2 e ] =d2foo ( x ) d2 e =diag ( e o s ( x ( : ) - 1 )  + 2/ 9 ) ; e n d  

opt=opt imset ( " a lgo rithm " ,  " d2_mi n " , "objf _grad " , @d iffoo , 

" o bjf_h e s s i a n " ,  @d 2foo ) 

[ x , objf , evg , out p ] =nonlin_min  (@foo , x0, opt ) 

% nowyK Mi HiMYMY AnR BÎAOMHX �inbOBHX $yH K�i H 

pbl  = optim_p roblems ( ) . gen eral . s e h ittkows ki_28 1 ;  

n o n l i n_min  ( pbl . f ,  pbl . i n i  t_p , optimset ( " a lgori thm " ,  

" d 2_min " ,  "objf _grad " ,  pbl . dfd p ,  " objf _he s s i a n " ,  pbl . h e s s i a n ) )  

IluTauuH JJ,JIH caMonepesipKu 

1. OnHIIIÏTb MeTOJJ, nOKOüp)],HHaTHOro cnycKy. 

2. OnHIIIÏTb MeTOJJ, rpaJ1,Ï€HTHOro cnycKy 3 nOCTÏHHHM KpOKOM. 

3. OnHIIIÏTb MeTOJJ, rpaJ1,i€HTHOro cnycKy 3 aJJ,anTHBHHM KpOKOM. 

4. OnHIIIÏTb MeTOJJ, HaHIIIBH)],IIIOro cnycKy. 

5. On11miTh MeTOJJ, lliIOToua - Pacpcoua? >IK o6qttcJIHTH MaTpHLl,IO recce? 
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JI, 0 )J,A TKII 

.IJ:oAaTOK A 
<l>YHKU,IÏ GNU OCT A VE 

Po6oTa 3 MaTpHUHMH 

1. [R, p, Q] = chol(A) - pü3KJ1M XoneuoKoro; Rr R = A; Rr R = Qr A Q; 
p = 0, �Kmo MaTpHI.OO BH3HaqeHO �K )l,0)1,aTHy. 

2. [L, U, P]  = lu(A) - LU-pü3KJ1M MaTpm.ü Ha sepxmo (L) Ta HmKmo (U) 
TpMKYTHÎ rn MaTpMI.OO rrepecrnHOBOK (P) TaKtlH, mo P · A  = L · U. 

3. [Q , R, P] = qr(A) - QR-pü3KJia)l, MaTpllll,Î Ha yttirnpHy (Q), Bepxmo 

TpMKYTHY (R) rn MaTpMI.OO rrepecrnHOBOK (P) rnK[i[l, mo A ·  P = Q · R .  
4. norm(A, p) - HüpMa MaTpMui. Orruüc p= { 0, 1,2, ' inf ,jro' }  e BÎAIJOBÎA-

HOlO MeTpMKOlO. Ee3 apryMeHTÎB noseprne eBKJIÎ)l,osy HüpMy l l b l l 2  = .JIJbJZ, a y 

c):>opMi norm(A, 'fro') noseprne HüpMy <l>po6ettiyca l lA l l 2  = Ii=1 I�1 ia;,l ; 
5. [R, lambda] = eig (A) o6qHcmoe AiaroHanbtty MaTpMI.OO snacHMX 3Ha-

1IeHb lambda rn MaTpMI.OO npaBMX snacHMX BeKTopiB R, mo 3a)l,OBOJihHIDOTh piB

HOCTÎ A · R = R · lambda. l(i BeKrnpM e HüpMoBaHHMM TaKHM 'IMHOM, mo HüpMa 

KO)KHOro 3 HlIX )l,üpÎBHIOe 0)1,lIHlIUÎ. .IJ:AA IlOillYKY JIÎBHX BJiaCHHX BeKrnpiB 

[L, lambda] = eig (A'). 

6 .  sum(A), mean(A) - CYMa rn cepeAHe apHcpMeTII'IHe eneMeHTÎB . 

7. corr(x, y) - 06qHcJieHIU1 Koec):>iuieHTa KopeAAuiï )],BOX BeKTopiB. 

rpalj>iKu lj>yui�urn 

1. plot(x1, y1 , . . .  ) - oo6yAoBa rpac):>iry cpyHKuil1, X;, Y; - OAHOB[[MÎpHi 

MaTplIUÎ, y - MO)Ke 6YTH cpyHKUÎE:lO, HaOp[[KJia)l,, 
function  [ r ] =f ( x )  

r= s i n ( x . " 2 ) ; 

e n dfu nction ; 

y=@ ( x )  cos ( x ) ; 

x= l i n space ( - 3 , 3 ) ; Y=y ( x )  ; plot ( x ,  s i n ( x ) , x ,  Y, x ,  f ( x) ) .  

2. surf(X, Y, Z), mesh(X, Y, Z) - no6yAOBa rpacpiKy IIOBepxHi Z=f{X, Y), a 

[X, Y] = meshgrid(x, y), x, y - seKTopu 3Haqetth. 

3. contour (X, Y, Z) - oo6yAOBa 11ittil1 pis�. 

IIOJIÎHOMH, CDJl3HHH 

1. polyfit(x, y, k) . IlapaMeTpH X, y - MaCHBH BXÎ)l,HlIX )l,aHlIX, k - CTeoiHh 

IlOJ1ÎHOMa. <l>yttKUi� polyf it IlOBeprne MaTpHI.OO KOecpiuieHTÎB a, ooquHalOqu 3 

ttal16inoworo cTeoe�. 
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flpo006:JICCHHR oooamKa A 

2. polyval(p, x) - o6qttcnettIDI 3HaqeHIDI nonittoMa p B Toquj x. 
3. spline (x, y, breaks) - anpoKcHMaii,ü1 cnnaH:ttaMH. 

4. polyder ( c) - o6qttcnettIDI noxi)l,HOÏ si)], nonittoMa, 3a)l,attoro seKTopoM 

KOecpiuirnTiB c. 

.ll,ucJ>epeuuirosaHHH 

1. dx = deriv (J, xO, h, 0, N) qttcnose AHcpepettuiiosattIDI ( optim ), f - iM'H 

cpyttKUÏÏ (a6o BKa3ÏBHHK), h - KpOK, Xo - TQqKa, 0 = 2( 4) , N = 1 . . . 4  - rropH)l,OK 

IIOXÏ)l,HOÏ. 

2. dx = di{ f(x) - o6qttcJleHIDI KÏHUeBHX pi3HIIUb. >IKUJ,O X - 0)1,HOBHMip

HHH MaCHB BHrJlH)l,y, TO dif f(x) - BeKTOp pÏ3HHUb cyci)l,HÏX eneMeHTÏB. 

ArrpoKcHMauieJO noxiAHOÏ n-ro nopHAKY e BÎAHomeHHH diff(y, n)./diff(x, n). 
3. df = diff(f(x,y, .... ), n) - CHMBOJl&He AttcpepeauiiosaHHH (symbolic). 

4. [f x,fy,f z, ... ] = gradient(!, h) - o6qttcneHIDI rpaAieHTa. )J;AA o61Iuc

neHIDI IIOXÏ)l,HOÏ B Toqui Xo : gradient(@f, Xo, h) , )],e h - ToqHÎCTb. 

ÜUTHMhauiH 

)J;m1 3a)l,a'I ODTI1MÏ3auiï BHKOpHCTOBYEOTb s6yAOBaHi cpyHKUÏÏ (aHanoru 

cpyttKuiH: Matlab) Ta naKeT po3U1HpeHb optim. <l>yttKU.ÏH 3 naKeTy optim 

nonlin_min - e iHTepcpeH:coM )],JlH 3a)l,aq )l,aHoro Knacy (3aMiHEOe minimize) . Y 
rraKeT BKJlJO'IeHo cpaH:n optim_problems. m, B HKOMY e rrpHKnam1 3a)l,aq orrTHMÏ3a

uiï. Y scix cpyttKUiHX: 

• fun - cpyttKUÏH, MÏHiMYM HKOÏ IIIYI<aJOTb (a6o noKa)((q[lK Ha Heï) ; xO -
IIO'IaTKOBa TO'IKa ( BeKTOp ); 

• c ontrol -CTPYKTypa optimset )],JlH ycTaHOBKH rrapaMeTpiB OIITHMÏ3auiï; 

• X - 3Hatt)l,eHa MÏHiMan&Ha TOqKa ( a6o BeKTOp ); 

• y - 3Ha'IeHIDI cpyHKUÏÏ B TO'IUÏ MÏHiMYMy; 

• in[ o - )l,O)l,aTKoBa ittcpopMau.iH rrpo pe3yn&TaTH o6qHcnem,; 

• cvg - ÏH)l,HKarnp ycrriIIIHOCTi rrpouecy OIITHMÏ3auiï. 

B6yAoBatti cJ>yuKuiï onrnMhauiï 

1. [x, y, in[ o, iter, nf, lambda] = sqp(xO,fun) - nosepTae pe3yn&TaT 

p03B 'H3aHIDI 3a)l,aqi KBa)l,paTil'IHOrO nporpaMysaHIDI. y 3araJlhHOMY BHna)l,KY - ue 

6araTOBHMÏptta OnTHMÏ3aUÏH 3 o6Me)((eHIDIMH (g, h, lb, ub), HKÏ 3a)l,aJOTb )l,0)1,aTKO

BHMH napaMeTpaMH cpyttKU.iï sqp( ) y cpopMaTi [ ... ] = sqp (xO,fun, g, h, lb, ub, 
maxiter, tol) . IlapaMeTpH maxiter Ta tol si)l,nosi)l,HO o6Me)((yEOTh KÏJl&KÏCTh iTe

pau.iH: Ta BCTaHOBJlJOIOTb TOqHÎCTb. 
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3aKÎHIJeHH5l oooamKa A 

2. [x, y, cvg, in[ o] = fminbnd (fun, a, b, contrai) - nowyi< MiHiMyMy 

yttiMO)l,aJlhHOÏ cpyttKI.(ÏÏ Ha 3a)l,aHOMY iHTepBa.rii MeTO)l,OM 30JlOTOro nepeTHHY i na

pa6oniqHOÏ iHTepnom1uiï. c ontrai MO)f(e nptti1MaTH 3HaqeHJUI "FunValCheck '' , 
"OutputFcn '', "TolX ", "Max/ter ", "MaxFunEvals ". 

3. [x, y] = fminsearch (fun,xO, contral) - MeTO)l, 6e3yMOBHOÏ onrnMi-

3al1iï ttyn1>osoro nopH)l.KY Hen)l,epa-Mi)l.a (Ne/der-Mead). 

4. [x,fval] = fminunc( ' myfun',xO, contral) - 6e3YMOBHa MÎHÏMÎ3al1iH 

cpyttKI1ÏÏ. .ll:mI BHKOpHCTaHIDI MeTO)l,Y neprnoro nopH)l.KY 3a)l,al0Tb orr

l1Ïl0 optimset( 'GradOb j ', 'on') (mm. rrpIIKJia)l.), c ontrai BCTaHOBJilüe HaCTyrrHi na

paMeTpH "FunValCheck" , "OutputFcn" , "TolX" , "TolFun" , "Max/ter" , 
"MaxFunEvals", "GradObj", "FinDiffType", "TypicalX", "AutoScaling". 

<l>ymm.iï onTnMhau.iï 3 natœTy optim 

1. [x, v, nev, ... ] = minimize (f, args, ... ) - nornyi< MIHIMYMY, iHTep

cpeilc )l.O pH)l.Y MeTO)l.ÎB onnIMÎ3auiï, B T. q . ,  d2_min rn b f gsmin. 
2. [x, y, cvg, iters, nevs] = powell (fun,xO, contrai) - MeTO)l. IIayeJIJia 

(6araTOBHMipHHH BHIIa)l,oK), c ontrai nprrnMae "TolX" , "MaxFunEvals" , 
"M axlter", "Display". 

3. [x, y, cvg, info] = nonlin_min (fun,xO, contral) - iHTepcpeilc )l.O Me

TO)l.ÎB lm_f easible (Levenberg -Marquardt) ,  oc tave_sqp, siman, d2_min. 
4. [x, v, nev,h,args] = d2_min(fun, d2f,args, contral, code) - BÏ)l.HO

cHThCH )l,0 rpyrrH HhlOTOHÎBChKHX MeTO)l.ÎB, MeTO)l, cpyttKUÎÏ nonlin_min. 
5. [x, y, cvg, iters] = bf gsmin(fun, args, contrai) - MeTo)l. Epoli)l.eHa -

<l>neTqepa - fon1>)].cpap6a - Watto (BFGS). 

1 .  

3 .  

6 .  x = nrm (f, xO) - MeTO)l. HblOTOHa - PacpcoHa . 

.lJ:o)l.aTOK E 

3as)J,aHHH )J.O Jia6opaTopuoï po6oTn 1 

3HaHTH p03B'H30K CHCTeMH piBIDIHh 3rÏ)l,HO sapiaHTa. {X1 -2x2 + 3X3 3 2 .  {2 X1 -3x2 + X3 
2x1 + X2 + 7X3 = 1 3x1 -X2 -X3 
X1 + 4X2 + 2 X3 = 2 X1 + X2 -7X3 {Sx1 -3x2 + 9x3 3 4 .  { 4x1 -x2 + x3 
6x1 + 2x2 -x3 2 2x1 + 2x2 -x3 
3x1 -x2 + x3 - 1 3x1 + 5x3 -x3 
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flpo006:JICCHHR oooamKa E 

5. { 7x1 + x2 -Sx3 6 6. rX1 -2X2 + 3X3 = 2 
4x1 -4x2 -Sx3 -12 2 X2 -X2 + 2 X3 = 8 
X1 -2X2 + X3 -4 3x1 + Sx2 -x3 = 7 

7. { 7X1 -X2 + 2 X3 -1 8.  rX1 -3X2 + l lx3 = -2 
X1 + 2 X2 -3X3 5 Sx1 + 2x2 -7x3 = 6 
Sx1 -4x2 -2x3 -4 3x1 -4x2 + x3 = -8 

9. rX1 -2X2 + X3 2 10. { 3x1 -x2 -x3 -6 
2X2 + Xz + X3 5 Sx1 -2x2 + x3 -2 
7X1 -Xz + 2 X3 6 6x1 -x2 + 2x3 5 

11. rX1 -Xz + 2 X3 7 12. { 4X1 -X2 + X3 -2 
X1 + 4X2 + X3 6 Sx1 + 2x2 -x3 6 
2 X1 -Xz + X3 3 X1 -4X2 + X3 -8 

13. { X1 -4X2 + X3 2 14. { 7X1-X2 + X3 1 
Sx1 + x2 -4x3 5 Sx1 + 2x2 -x3 -2 
2X1 -Xz + 2 X3 8 3x1 -7X2 + 2 X3 3 

15. rl + 3X2 + 7X3 8 16. { 6x1 -x2 + x3 2 
2 X1 -Xz + 3X3 1 0  2x1 -4X2 + X3 -3 
X1 -3X2 + X3 6 X1 + Xz -2X3 1 

)J;o!laTOK B 

3AB)J;AHHR .JJ:O JIAJiOPATOPHHX POliIT 2-3 

B pe3ynnrnTi eKcnepHMeHTaJihHIIX !lOCJIÎ!l)((eHb cTyneHi Typ6iHII oTpHMaHo 

tta6ip TO'IOK. B J1a6opamopHiu po6omi 2 BH3HaqnTn Koecpiu.irnrn nittiï perpeciï 3a 

MHK . B J1a6opamopHiu po6omi 3 oi!li6parn cTeoeHeBHil noniHoM Ta aHaJIÎTH'IHY 

cpopMyny, HKÎ HaiIKpaIUHM qHHoM OOHCYJOTb eKcnepHMeHTaJibHY 3aJie)((HlCTb 

(pttc. )]; B. l ), BHKOpHCTOBYJD'IH HeJIÎHÎHHHH MHK. 
BapiaHTH 3aB)laHb : 

1. X 2 3 4 5 9. X 1 2 3 4 5 

y 2,2 2,8 3,2 3,4 3,8 y 2,2 0,4 0,22 0, 16 0, 12 

2. X 2 3 4 5 10. X 1 2 3 4 5 

y 3, 15 4,65 5, 1 5,25 5,4 y 0,25 0,09 0,07 0,05 0,04 

3. X 2 3 4 5 6 11. X 1 2 3 4 5 

y 11,25 9,3 8,25 5,25 4,5 y 3 3,5 3,67 3,75 3,8 
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flpo006:JICCHHR oooamKa B 

4. X 2 3 4 5 12. X 1 2 3 4 5 

y 5,63 4,65 4, 13 2,63 2,25 y 2,57 7, 15 13 19 27,3 

; I !,2 1 �,9 1 !,9 1 :  1 �,2 

5. 13. X 1 2 3 4 5 

y 3,83 2,55 2,4 2,03 1,9 1 

6. ; I �,2 1 �,9 1 !,9 1 :  1 �,2 

14. X 2 3 4 5 

y 5, 1 4,4 3,2 2,7 2,55 

7. X 2 3 4 5 15. X 2 3 4 5 

y 4, 8 1  5,76 6,9 1 8,31 9,95 y 1, 1 1,55 1,9 2,25 2,5 

8. X 2 3 4 5 16. X 2 3 4 5 

y 2 6,2 8,6 10,4 11,65 y 1, 1 0,2 0, 11 0,08 0,06 

8 45 
7 40 a/x+b 6 35 
5 30 
4 25 

y 3 y 
20 2 

1 15 
0 JO 

-1 5 
-2 0 

0 1 2 3 4 5 0 1 2 3 4 5 
X X 

0.26 2500 
0.24 a *b * *x 0.22 2000 

0.2 
0. 18 1500 

y 0. 1 6  y 
0. 14 1 000 
0. 12 

0. 1 500 
0. 08 
0. 06 0 

0 1 2 3 4 5 0 1 2 3 4 5 
X X 

PttC)'HOK )], B. I - Bapia11T11 <jlyHKl\ii1 ).(Jill J1a6opaTOp11oï po60T11 3 
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3AB.IJ:AHHH .11,0 JIAJ>OPATOPHHX POEIT 4-6 

3ttai1TH MiHÏMYM <PYHKD,iï f (x) Ha BH3HaqeHOMY iHTepsani. 

1 .  f(x) = x4 - 48x2 + 22x + 5, x E [-8; O] . 
2. f(x) = -x4 + 48x2 - 22x + 1, x E [-5; 5] . 
3 .  f(x) = x5 + 10x2 - lOx + 5, x E [- 1,5;  2] . 
4. f (x) = 0,75x3 + 2,5x2 - 8,2 5x + 0,5, x E [-2,5;  7] . 
5 .  f (x) = 0,2 5x3 - 5x2 - 8,2 5x + 3, x E [-3; 2 5] . 
6. f(x) = 3x4 - 0,8x3 - 1,2x - 15x, x E [-4; 4] . 
7. f(x) = 0,0 lx6 + 2x4 - 55x2 , x E [-7,5; -2] . 
8. f (x) = x3 - 5x2 + X, X E [1 ;  5] . 
9. f(x) = - x3 + 7x2 + x, x E [-6; 3] . 
1 0 . f(x) = x5 + 25x4 + 7x3 , x E [- 1 1; 10] . 
1 1 .  f (x) = x2 ln 0, 2 5x + 5, x E [1 ;  6] . 
12 .  f (x) = sin 0,5x2 log 0,5x , x E [2,5; 3 .6] . 
1 3 . f(x) = arctg x cos 0,2 5x, x E [-7; 1] . 
14 . f(x) = ex sin cos 0,75x, x E [-5; 0] . 
1 5 .  f (x) = 3x sin exl3 , x E [-10; 2] . 
1 6 .f(x) = 0,5/x - x2 + 5x, x E [O; 2] .  

.IJ:oAaTOK .z:i: 

3AB.ll,AHHH .11,0 JIAJ>OPATOPHHX POEIT 7-8 

3ttaiirn MÎHÎMYM <j)ymco,iï f(x, y) Ha BI13Ha'leHOMY iHTepsani . .IJ:mc <PYHKD,ÎH, 

mo rrpHHMalOTb 6ÎJibIIJe )],BOX apryMeHTÎB, peKOMeH)l,YE:TbCH IlÎ)l, 'lac BHKOHaEilli! 

po60TI1 BBml<aTH ïx 3a <j)yttKD,iï )],BOX 3MÎHHHX [ 1 1 ,  12] .  
1 .  <l>yttmiH PœeH6poKa f (x) = If;i1( 1 0 0 (x;+ 1  - xf ) 2 + (x; - 1) 2 ] , 

min l n=2 = f (1;  1) = 0, -oo � X; � oo, 1 � i � n. 
2. <l>yttmiH De Jong (crjJepa) f(x) = If=1 Xf, 

f (x1 ; . . .  ; Xn) = f (O; . . .  ; 0) = 0, - OO  � X; � oo, 1 � i � n. 
3 .  <l>yttmil1 Beate f (x, y) = (1,5 - x + xy) 2 + (2,25  - x + xy2 ) 2 + 

+ (2,625  - X + xy3 ) 2 , f (3; 0,5) = 0, -4,5 � X, y � 4,5 .  
4. (f>yHKlfÎR Goldstein-Price 

f(x, y) = [1 + (x + y + 1) 2 (19 - 14x + +3x2 - 14y + 6xy + 3y2 ) ]  x 

x [30 + (2x - 3y) 2 (18 - 32x + 12x2 + 48y - 36xy + 27y2 ) ] , 
f(0; - 1) = 3, -2  � x, y � 2. 

33  



flpoÔ06:JICeHHR ôoôamKa/f 

5. <l>yttKI.Üll Booth f(x, y) = (x + 2y - 7) 2 + (2x + y - 5) 2, f(l ;  3) = 0, 
-10  :s; x, y :s; 10 .  

6. <l>yttKIÜll Matyas f(x, y) = 0,26(x2 + y2 ) - 0,48xy, f(O; 0) = 0, 
-10  :s; x, y :s; 10 .  

7. <l>yttKIÜll McCormick f(x, y) = sin(x + y) +  (x - y) 2 - 1,5x + 2,5y + 1, 
f(-0,54719; - 1,54719) = - 1,9 1 33, - 1,5  :s; X :s; 4, -3 :s; y :s; 4. 

8. <l>yttKUill Powell f (x) = It=i [(x4i-3 + lOx4;-2 ) 2 + 5 (x4i- i - x4;) 2 + 
(x4i-2 - 2X4;- i)4 + 10 (x4i-3 - X4;)4], X; E [-4; 5] ,  i = 1 . . .  d, f (x*) = 0, 
x* = (0, . . .  ,0) . IlpHHIDITII i = 1, rpacpiKH no6y.uyBaTII )lJU! cpiKCOBaHlfX 3Ha'leHIUIX 

Xi = x2 = const a6o x3 = x4 = const. 
9. <l>yttKUill: Styblinski-Tang f(x) = �If=i (x{ - 16x[ + 5x;), 

f (x*) = -39,16599d, x* = (-2,90534; . . .  ; -2,90534). 
10.  <l>yHKUÎll Himmelblau f (x, y) = (x2 + y - 1 1) 2 + (x + y2 + 7) 2, 

X E  [-4; 4], y E [-4; 4], f(3,2) = 0, f(-2,8051 ; 3, 1 3 1 3) = 0, 
f(-3,7793;  -3,2832)  = 0, [(3 .5844; 1 .8481) = o. 

1 1 .  <l>yHKUill 3 !lBOMa rno6a.JibHilMII MiHÏMYMaMH (two-hump came!) 

f (x, y) = 1,03 16285 + 4x2 - 2,lx4 + x6 /3 + xy - 4y2 + 4y4, 
x* = co,898; -0 .7126), c-0,0898; o, 7126). 

12. <l>yHKUÎll Branin-Hoo: 

f(x) = a(X2 - bx'f + CXi - r) 2 + s(l - t) COS Xi +  s + 5xi , 
a = 1, b = 5 .1  / (4n2), c = 5 / n, r = 6, s = 10, t = 1/(8n), 
Xi E [-5, 10] ,  X2 E [0, 1 5] ,  
x*  = ( (8,8893; 1 ,8893) ,  C-3,6891; 1 3,6296), c 2 ,5939;  2,7409) ). 

1 3 .  <l>yHKUill 3 TpboMa rno6a.JibHilMII MÏHÎMYMaMH (three-hump came!): 

f(x, y) = 2x2 - 1 .05x4 + x6/6 + xy + y2 , x E [-5, 5] , 
y E [-5; 5] , f(O; O) = O, f(-1,74753 ;  0,87381) = 0, 29864, 
f(l,74753;  -0,87381)  = 0,29864. 

14 .  <l>yHKUill CYMH pi3mIX cTeneHiB f(x) = Ii=i lxd i+ 1 , 
X; E [-1 ;  1] , i = 1 . . . n, , f(O; O) = O . 

1 5 .  <l>yHKUÏll Eason : f (x) = - cos Xi cos x2 e- Cx1-n)2 - Cxz -n)2 , 
X; E [-100; 100] , i = 1,2, f (0; 0) = 0 .  

)J,a.Jii ttase.uetto npmœa.u peani3auiï Ha  MOBi GNU Octave cpyttKUiï P03eH-

6poKa, llKa npIIiIMae seKTop :X rn noseprne 3Ha'leHHll, rpa.uieHT i MaTpIIUJO recce. 

(https://github.com/probml/pmtk3/blob/master/demos/rosen2d.m). lttllli cpyttKuiï 

noTpi6tto peani3ysaTII attanori'lHO, TaKO')!( !lIIB . .uo.uaTOK E. 
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function  [ f  g H ]  = rosen2d ( x )  

i f  n a rgin ==  0 ;  

[ f  g H ]  = rosen 2d ( ra n d n ( 100, 1 ) ) ;  ret u rn ;  end! ; 

if isvecto r ( x )  % r paAiE H T  

f = 100* ( x ( 2 )  - x ( l ) A 2 ) A2 + ( 1 - x ( l ) ) A2 ; 

el se  

f = 100* ( x ( : , 2 ) - x ( : , 1 ) . A 2 ) . A2  + ( 1 - x ( : , 1 ) ) . A2 ; 

if na rgout > 1 % r paAiE H T  

g = [ - 400* ( x ( 2 ) - x ( l ) A 2 ) *x ( l ) - 2 * ( 1 - x ( l ) ) ;  200* ( x ( 2 ) 

x ( l ) A2 ) ] ;  end  

if na rgout > 2 % MaTp 11 �R rec c e  

H = [ 1200*x ( l ) A2 - 400*x ( 2 ) + 2 ,  - 400*x ( l ) ;  -400*x ( l ) , 200 ] ; 

end  

e n d  

)J;o.uarnK E 

IIPHKJIA)J, PEAJll3AI..1,IÏ rPA.JJJ€HTHHX METO.JJJB 

)]; E. l Mern.u noKoopmrnarnoro cnycKy 

P11cyttoK ,Il, E. l - Bi3yaJJÏ3au,iH Mcrony n0Koopn11Harnoro cnycKy 

c l e a r  a l l ;  more off ; gra p h i c s_too lkit ( " gn u plot " ) ;  
function  [ z ,  df ] =func ( c ,  x ,  y )  

if ( n a rgin==2 )  

z=c ( l ) *x ( l ) . A2 + c ( 2 ) *x ( 2 ) . A2 + c ( 3 ) *x ( l ) . *x ( 2 ) ;  
endif 
if ( n a rgin==3 ) 

z=c ( l ) *x . A2 + c ( 2 ) *y . A2 + c ( 3 ) * ( x . *y ) ; 
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end  if 
if ( n a rgout ==2 )  && ( na rgin ==2 )  

df ( 1 ) =2* c ( l ) *x ( l )  + c ( 3 ) *x ( 2 ) ; 

c ( 3 ) *x ( l ) ;  endif  
Z= - Z j  

e n dfu nction  

% r paAiE H T  
df ( 2 ) =2 * c ( 2 ) *x ( 2 )  + 

c = [ - 2  - 1  1 ] ; X= [ - 30 30] ; %  noYaTKOBi  3HaYeHHR  
% c= [ - 2 - 5  3 ]  % ! - > 1 % c = [ l  -1  1 ]  % ! - > 2 
% C= [ l  - 1  - 1 ]  % ! - > 3 % C = [ - 2 - 2  5 ]  % ! - >4 
g 0 . 2 ; % nocTi H H a  KPOKY 
d 0 . 00001 ;  % noxH 6Ka 
k 1 ;  kmax = 100 ; % n i Y H n bH H K  iTepa�iH 
xlt = [ x ( l ) ] ;  x2t [ x ( 2 ) ] ;  % n poMi�H i TOYKH  
i = 2 ;  
while  k < kmax 

[temp , gr]  = fu n c ( c ,  x ) ; % c nyc K 3a  n epwo� KOOPAHHaTo� 
x ( l )  = x ( l )  + g*gr ( l ) ; 
xlt ( i )  = x ( l ) ; x2t ( i )  = x ( 2 ) ; i = i + 1 ;  
[ temp , g r ]  = fu n c ( c ,  x ) ; % c nyc K 3 a  Apy ro� KOOPAHHaTo� 
x ( 2 )  = x ( 2 )  + g*gr ( 2 ) ; 
xlt ( i )  = x ( l ) ; x2t ( i )  = x ( 2 ) ; i = i + 1 ;  
i f  sq rt ( gr ( l ) . A2 + gr ( 2 ) . A 2 )  < =  d ; %  yMoBa 3yn H He H HR 

b re a k ;  
e n d  
k = k + 1 ;  

e n d  
x x  = l i n space ( - 40 , 40 ) ; yy = l i n space ( - 40, 40 ) ; % ==> rpa$i K 
[ X ,  Y] = me shgrid ( xx ,  yy ) ; Z=fu n c ( c ,  X, Y)  
[ C ,  h ]  = contou r ( X,  Y, Z ) ; % s u rf ( X, Y, Z )  
%cla bel ( C ,  h ) ;  % MiTKH Ha  n i H iRX piBHR 
hold on ; plot ( x2t , x2t ,  ' - ' , ' L ineWidt h ' ,  3 ) ; 

text ( x2t ( l )  - 2  , x2t ( l )  + 0 .  75 ,  ' O '  ) ;  
text ( x ( l )  + 2 , x ( 2 ) ,  st rvc at ( [ ' xl = ' n um2st r ( x ( l ) ) ] ,  

[ ' x2 = ' n um2st r ( x ( 2 ) ) ] ,  [ ' k  = '  n um2 str ( k ) ] ) ) ;  
hold off ; % ==> rpa$i K 

)], E.2 .  11,ttKJl, B llKOMY peani3osatto rpa;:i,iE:HTHHH MeTOA 

while  k < kmax 
[temp , gr]  = fu n c ( c ,  x ) ; % c nyc K 3a  o6oMa KOOPAH H aTo� 
X = X + g*g r ;  
x2t ( i )  = x ( l ) ; x2t ( i )  = x ( 2 ) ; i = i + 1 ;  
i f  norm ( gr ,  ' fro ' )  < =  d ;  % yMoBa 3yn H HeHHR  

b re a k ;  
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end  

k k + 1 ;  

e n d  

P11cyi-10K ,Il, E.2 - Bi3ya.ni3auiH rpaniŒrnoro Mcrony 

.[( E. 3. l(HKJJ, s HKOMY pea.rrhosaHo Mern.u Hallimm.urnoro coycKy 

while  k < kmax 

[temp , gr ] = func ( c ,  x ) ; 

g= - sumsq ( gr ) / ( 2 * c ( l ) *gr ( l ) A2 + 2 * c ( 2 ) *gr ( 2 ) A2 + 

2 * c ( 3 ) *g r ( l ) *gr ( 2 ) ) ;  

x = x + g*g r ;  x2t ( i )  = x ( l ) ;  x2t ( i )  = x ( 2 ) ;  i 

if norm ( gr ,  ' fro ' )  < =  d ; %  yMosa 3yn H H eHHR  

b re a k ;  % 

end  

k = k + 1 ;  

e n d  

P11cyHOK ,Il, E . 3  - Bi3ya.ni3auiH Me'fO!lY Hai1wBH)lworo cnycKy 
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