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ABSTRACT 

To study the geometrically non-linear vibrations of the composite lami-
nated shallow shells with complex plan form the approach, based on 
meshless discretization, is proposed. Non-linear equations of motion for 
shallow shells based on the first order shear deformation shell theories 
are considered. The discretization of the motion equations is carried out 
by method based on expansion of the unknown functions in series for 
which eigenvectors of the linear vibration obtained by RFM (R-functions 
method) are employed as basic functions. The factors of these series are 
functions (generalizing coordinates) depending on time. Due to applying 
the basic variational principle in mechanics by Ostrogradsky-Hamilton 
the corresponding system of the ordinary differential equations by Euler 
is obtained The non-linear ordinary differential equations are derived in 
terms of amplitudes of the vibration modes. The offered method is ex-
pounded for multi-modal approximation of unknown functions. Backbone 
curves of the spherical shallow shell with complex plan form are obtained 
using only the first vibration mode by the Bubnov-Galerkin method. The 
effects of lamination schemes on the behavior are discussed.  

 
 
INTRODUCTION 

Research of the geometrically non-linear vibrations of the laminated plates and open shells of 
different form is one of important issues of nonlinear dynamics. Due to complexity of the mathemati-
cal simulations this problem in general case may be only solved by numerical methods. Many re-
searchers are studying this problem [1,3-5,8,9,11]. Some review of achievements in this field is pre-
sented in works [3,8,9]. The main approach which is applied to solve this problem is finite elements 
method (FEM) combined with method of harmonic balance, Bubnov-Galerkin, multiscales method 
and another. In studies [6,7 ] the R-functions method (RFM) has been employed and the new method 
of the discretization has been proposed. But this approach is effective one for laminated plates and 
with some accuracy can be applied to higher shallow shells. In the given paper the algorithm of mesh-
less discretization, based on combination of the classical approaches and modern constructive means 
of the R-functions theory is developed. The considered approach is based on multiple-modes approx-
imation in time of the unknown functions. It allows studying the geometrically non-linear dynamic 
response of the shallow shells with complex shape and different boundary conditions.  
 
1.  FORMULATION OF THE PROBLEM  

Let us consider a laminated shallow shell of an arbitrary plan form with radii curvature yx RR ,  

which consists of S layers of the constant thickness ih . The general thickness h is defined as 





S

i
ihh

1
, . Assume that shell under consideration has symmetric relatively of the midsurface lamina-

tion scheme and its projection in a plane is some domain . Delaminating between the layers is not. 
Due to shallowness the curvilinear coordinates commonly employed in shells can be directly replaced 
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by the Cartesian coordinates x and y, and the Lame parameters are: A=1, B=1.  The displacement 
components at an arbitrary point of the shell are U, V, and W in the x, y and z directions respectively. 
Investigation we will carry out by first-order shear deformation theory [1,2,9]. 
According to the first-order shear deformation theory (FSDT) it is assumed that in-plane displace-
ments U and V are linear functions of coordinate z, and that the transverse displacement W is constant 
through the thickness of the shell.  

The normal to the midsurface remains straight after deformation, but not necessarily normal to 
the middle surface. The non-linear strain-displacement relations of the plates can be written as 
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In these equations the subscripts following comma denote the partial differentiation and u, v and 

w are the displacements at the midsurface, x  and y  are the rotations about the y- and x-axes re-

spectively.  Let us denote as vectors  Txyyx  ;;}{  ,    T
xyyxyyxxk ,,;,;,   , stresses  

 Txyyx NNNN ;;}{  and moments resultants  Txyyx MMMM ;;}{   
The constitutive relations of the symmetrically laminated shell can be presented as follows  
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Constants ijC  and ijD  (elements of matrices ][C  and ][D  respectively) are the stiffness coefficients 
of the shell, which are defined by the following expressions: 
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Here  m
ijB  are stiffness coefficients of the m-th layer, ik , 5,4i  are shear correction factors 

and mh  is the distance from the midsurface to the upper surface of the m-th layer. Usually the value 
2
ik , 5,4i  are taken equal to 5/6. Next, we assume that 54 kk  , that is. 5445 CC  . 

On the other part, )()( NLL   , where 
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Vector  T

xyyx NNNN ,,  can also be written as follows:  
 

)()( NlL NNN  , )()( LL CN  , )()( NlNl CN     (5) 
 
If mass density is the same and constant for all layers and layers have the same thickness then the ki-
netic energy of the shell can be written as  
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The strain energy of the shell is given by 

   


dkMkMkMQQNNNP xyxyyyxxxzxxzxxyxyyyxx 
2
1

   (7) 

As shown in works [2, 8, 9] the movement equations may be obtained by Hamilton’s principle 
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Let us write the system of differential equations of the motion in operator form: 
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iijLL  The elements ijL , 5,1, ji of the matrix L are linear operators:    
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where  iC and   iD are i-th rows of  the matrixes ][C  and ][D relatively,  and 2 are differential 

operators which are defined as  T
yx ,;,  ,  T

yyxyxx ,;,2;,2  . 

The components iNL , 3,1i  of the vector       TwvuNLwNLwNLNL 0,0,,,,, 321  are nonlinear 
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2.  SOLUTION PROCEDURE 

Obviously that the first step is reduced to study linear problem in order to find the eigen func-

tions    Tc
y

c
x

cccc wvuU )()()()()()( ,,,,  satisfying the given boundary conditions and the appro-
priate natural frequencies of linear vibrations shells. Note that solving linear problem we will not ig-
nore inertia and rotation forces. Solution of linear problems has been widely discussed in works [6,7]. 
Let us note that in generic case this problem may be solved by RFM [10].  

Let us consider in detail the solving non-linear problem. The unknown function are presented as 
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where ),()( yxu c
k , ),()( yxv c

k , ),()( yxw c
k , ),()( yxc

xk , ),()( yxc
yk  are k-th eigenfunctions of linear 

vibrations of the shell and           tRtRtZtYtX kykxkkk ,,,, are unknown functions in time. The fol-

lowing notation is introduced for brevity,  T
ykxkkkk RRZYXq ,,,, , nk ,1 . The generic element 

of the time-dependent vector q is referred to as jq . The dimension of q is N , which is number of 
freedom used in the mode expansion. In order to obtain the discretized equations we will apply the 
main variational principle in mechanics (8) by Ostrogradsky-Hamilton. The corresponding system of 
equations by Euler (or Lagrange eguations [2]) takes the form 
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where T is kinetic energy and  P is potential energy of the system , jQ  are the generalized forces ob-
tained by differentiation of Rayleigh’s dissipation function F and the virtual work W done by external 

forces. In the given case we assume that viscous damping is absent (e.g. 0F ) , 0
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equations (10) is simplified and taken the following form  
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The virtual work W done by external forces is written as  
 




 wdqW z       

Let us put   tfq ez cos~
 , where e is the excitation frequency, f

~
is force magnitude positive in z 

direction. It should be noted that in nonlinear case we will ignore by inertia and rotation forces. There-
fore  
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Substituting the expressions (12-14) into equations (11) we can see that equation, corresponding 

,2,1 Nj   and NNj 5,13   are homogeneous algebraic equations in variables  tq j . 

Therefore it is possible to find the dependence between vectors     )(),(,, tRtRtYtX yx and  tZ in 

formulas (9). As result we obtain the system of n nonlinear differential equations in variables  tZ j  
of the following type: 
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The solving obtained system of ordinary differential equations can be performed using various 

approximate methods, such as the harmonic balance method (HBM), multiscale method, method of 
the Runge-Kutta, Bubnov-Galerkin and others.  

The implementation of the proposed method will be carry out in framework POLE-RL system 
and MATLAB. 

 
3.  NUMERICAL RESULTS 

The foregoing method was tested for shallow shells supported on rectangular plan form and  

Fig. 1. The shallow shell with complex shape 
 

obtained results have been in good agreement with available ones. Below we present the results for 
simply supported shells with plan form shown in Fig. 1.    

 
Fig.2. Backbone curves for spherical shell 

 
It is assumed that the shell has five layers which are symmetrical relatively of middle surface. It is 
made of a material with the following mechanical characteristics: 
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is: angle-ply  00000 ////    and cross-ply  00000 0/90/0/90/0 . For solving the pro-
cedure by Bubnov-Galerkin has been applied using only one-mode approximation. 
 In Fig. 2 the backbone curves for angle-ply 000 45,30,15 and cross-ply spherical shells are 
presented. From analysis backbone curves it follows that the behavior of the curves has soft type for 
angle-ply spherical shells if 030  and  045  , max0 / 0.4w h  . For cross-ply shells and plate the cor-
responding backbone curves have a hard type.  
 

CONCLUSIONS 
  A numerically-analytic method is proposed to solve nonlinear vibration problems for symme-
tric laminated shallow shells with complex plan form. The method is worked out in frame of the re-
fined shell theory of the first order taking shear deformation into account, and geometric nonlinear 
theory by von Karman-type. The created method is based on the R-functions theory and variational 
methods. Using multi-model approximation the initial problem has been reduced to system of the non-
linear ordinary differential equation, which may be solved by numerical approach. The method is illu-
strated on example of the five-layer simply supported spherical and cylindrical shallow shells which is 
rested on the plan of the complicated form. The layers of shell under consideration have the different 
lamina schemes. Effect of curvatures is studied for backbone curves.  
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