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Tkachenko V.

National Technical . . . . .
University "KhPI” The numerically-analytical method of nonlinear vibration research

Kharkiv, Ukraine for laminated plates loaded by static in-plane force is proposed.
The joint use of the R-functions and variational methods allows
apply the offered approach to a plate with a complex form and
different types of boundary conditions.

INTRODUCTION

The analysis of the geometrically nonlinear vibrations of composite plates and shells have
received an exceptional interest in literature due to wide application of laminated plates for modeling
elements in modern structures. Usually such elements have a different shape and therefore the study
of dynamical behavior of these elements is a very difficult mathematical problem. In this work we
propose effective approach based on using variational methods and the R-functions theory (RFM) in
order to carry out the nonlinear analysis of laminated plates with an arbitrary planform and different
boundary conditions, which are subjected to static load in the middle plane. Formerly this approach
was successfully used for orthotropic plates [7] and for the investigation of free nonlinear vibrations
of laminated plates and shells [5, 8-10]. The action of static load in the middle plane leads to the
deformation of plate and affects the dynamic behavior. It should be noted that the study of plate
vibrations subjected to static load is also important because it is part of the dynamic analysis of plates
with periodic load, dynamic instability and parametric vibrations [2].

The proposed method is humerically implemented in the system POLE-RL and is illustrated by
some examples.

1. FORMULATION OF THE PROBLEM

Let us consider free geometrically nonlinear vibrations of laminated plates of a symmetric
structure in relation to the middle plane, which is subjected to a static load in its plane. It is assumed
that the delamination of the layers is absent. The mathematical formulation of the problem is made in
the framework of the classical theory based on the Kirchhoff — Leave hypotheses. Let us consider the
movement equations in operator form [1, 6]:

L11(u)+ L, (V) = _Nll(W)' 1)
L21(u)+ L, (V) = _le(W)' (2)
L33(W):—NI3(U,V,W)—ml%V, 3)

where u,v,w are displacements of the plate in directions Ox, Oy and Oz respectively. In expressions

(1)-(3) the differential operators L;, NI; i, j =1,2,3 are defined as follows:
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L12 = L21 = ClG X2 (C12 + Ces) oxdy Czs W'
o* o* o* o* o*
|_33 = Dlly—i— 2(D12 + 2D66)W+ 4D16 ﬁ+4D26 W'F D22 W’

2 2 2 2
N, =2 3%@ e f2) 22l 2 1016(3) Ao o). 22l
ox |2 OX 2 oy oxoy| oy|?2 oX 2 oy ox oy
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N, =2 2a 2] 430l 2] reem e Zite (2] el o) v 22
oX | 2 OX 2 oy oxoy| oy|2 oX 2 oy ox oy

2 2 2
NI =N, W N TW L o, W
OX oy oxoy
Here N,, N,, N, —normal and tangential forces in the middle plane, which are determined for

multilayer plates by known formulas shown below in the matrix form [1]:

. . Cll C12 ClG -
N=(N,,N,,N ) =C-¢, where C=|C, C, Cy| e=(5,¢,6,)", (4)
ClG CZG C66
In these formulas the deformation components ¢, , Exyr Eyy A€ defined as
ou 1(aw). @ L, vl w)
E=—+—| — &
ox 2\ ox v ay x T ay 2l oy

The values m and CIJ , (ij =11,22,12,16,26,66), are defined as follows:

m= z I p.0z, (5)
,0,)=3 mj BI9(L, 2% Jdz (6)
hy

In general, when the anisotropy axes do not coincide with the axes Ox and Oy elastic constants
of the s-layer Bff)(i, j=1,2,6) are expressed through the elastic constants of the initial system
|§”(S>(i, j =1,2,6) by the known formulas [1].

The system of equations is supplemented by boundary conditions, the expressions of which are
determined by the way of fixing and loading of the plate boundary.

On the loaded part of the border the boundary conditions for the displacements in the plane are
defined as

N, =-Pp,
T, =0.
where N, T, - normal and tangential forces in the middle plane. Let us present them as follows:
N, = N+ NP,

()

rgL) _ Zi (Cn' +C,m’ + 2C16|m) S;(CHI 24+ Cy,m + 2C26Im)+

n [@ i @J(clg 2 1 Cynt? +2C, ),
oy oy

N
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) 2
NI‘(ID) - %((Z_VXVJ (Clll “+ Clzmz + 2C16|m)+%(%lvj (ClZl o C22m2 + 2C26|m)+

4 W W (e 12 4 Comi + 2C,Im),
oy oy
T, =T"+T12,

ou v
Tn(L) - &(Cll(l - mz) + (Clz - C11)Im)+ a_y(Cze (I - mz) + (C22 N ClZ)lm)+

+ (% + %)(Ces (l 2 mz) + (C26 - ClG)l m)’
T.” = %((Z_VXV] (C16 (17 -m*)+(C, - Cll)lm)+ %(Z_Vyvj (Cze (1 -m")+(C,, - Clz)lm)+

";;V ‘Zvyv(c%(lz M%) + (Cps — Cyp)im)

2. METHOD OF SOLUTION

The proposed method consists of several stages.

1% stage. To determine the subcritical state of the plate it is necessary to find the functions that
satisfy the following equations

L1lul + I‘12\/1
L,y +L,v, =0
and non-homogeneous boundary conditions
Nr(1L) (u11V1) =-D
Tn(L)(ul’Vl): 0.
It is impatient to note that this problem can be regarded as a plane problem of elasticity theory
which variational formulation is reduced to finding the minimum of the following functional:

(8)

1
() = [J(NSe, + NPz, + NP, Yo+ [NPu,do, )
Q o
where o, is part of the border loaded by the external forces

N nO N NOY el
Nn = (N, NO NOY =C.5

On the whole this problem may be solved by RFM.
2" stage. A linear problem of the plate vibrations compressed by static load in the middle plane
may be solved by Ritz method as a result of functional minimization:

J=1,-T
where T, is Kinetic energy of the plate and /7,5, is maximum potential energy of the plate:

T leL _[(u +V +vv2)dQ

(10)

max !

max

1
Hax=—jj[(szx+Myzy+Mxyzw)+

+|O(N(L)(U17V)( ) +N(L’(U1,V)(—) + N (U, v, )—E)]dxdy.
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where @, is the natural frequency, corresponding to a given load p, M,, M, M are bending and
shear moments, which are defined for multilayer symmetric plates as follows:

. _ Dll D12 DlG _
M :(Mvay’Mxy)T:D'Z; rae D= D;, D,, Dy | Z:(Zx’lyv}(xy)T-
D16 D26 D66
In these formulas the deformation components y,, x,,, x, are defined as
o*W o*w o*w
}(xz—a7’ Ay =~ % Ay :_W’

Thus, the solution of the linear vibration problem is reduced to an eigenvalue problem with the
appropriate boundary conditions.

3 stage. Let us present unknown functions (u,v, W) in the following way:
w(x, y,t)= y(t)-wi(x y),
U(X, y’t) = ul(x’ Y)"' yz(t)' u, (X’ Y)' (1)
V(X’ y't) = Vl(x’ y)+ y2 (t) Va (X’ y)'

Here w,(x, ) is eigenfunction corresponding to the natural frequency @, , and (u,,V,) have
to satisfy the non-homogeneous linear system of the differential equations:

Lll(u2)+ L, (Vz ) = _Nll(Wl)'

LZl(u2)+ Lzz(Vz): _le(Wl)'
and the following boundary conditions:

Nr(wL) (uz Vs ) = _Nr(mD) (\Nl)’

Tn(L) (uz Vo ) = _Tn(D) (Wl )
The solution of this problem may be reduced to the variational problem of the functional
minimum determination:

1
| (U,,V,) = E”(ngx + Ny, + N, e, — 2Nl (w)u, + NI, (W )v,))d +
Q

+ [NE (Ul +v,m) + T (-um+v,1)dQ,,
oy

Substituting expressions (11) into equation (3), and using the Bubnov-Galerkin method, we can
obtainthe following ordinary nonlinear differential equation of the Duffing’s type:

Y + o2y + 8- y'(1)=0,. (12)
where @ is the natural frequency of the linear plate vibration and g defined as follows:
INI3(u2,v2,wl)-W1dQ
p=-°

2 2
MmO
where Ny, Ny, Ny, are linear forces in the middle plate.

4™ stage. The resulting differential equation (12) can be solved in different ways. We are
appling the Bubnov-Galerkin method. Let us present the solution as follows
y(t) = Acos mt, (13)
where A is amplitude and @y is nonlinear vibration frequency. Applying Bubnov-Galerkin method to
equation (12), we obtain the relationships between the ratio of linear and nonlinear fundamental
frequencies v = @ / @, and amplitude A as follows

V= ,/1+%ﬂA2. (14)
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3. NUMERICAL INVESTIGATION.

Let us apply the proposed approach to the study of nonlinear vibration of the single-layer

orthotropic plate (Fig. 1). Let us consider the follow boundary conditions:
o*w

w=0, FzO, N,=-p, T, =0, (X,y¥)€dQ(Q:x=£=),
n

N

o*w
W=0, S51=0, N, =0, T, =0, (x,y) €80, =00/ 60,

Figure 1. The single-layer orthotropic plate

For the given conditions the structure of solution [3,4] for u, v, w satisfying only the main boundary
conditions takes the form of
u=P,v=P,,i=12, w=0-R, (15)
where (X, y)= 0 is the equation of the whole boundary domain. The function (X, y) is defined as
follows
o(x, y)=f, Aq f, A (favo f4).
Here the functions f;, f, f;, f, aredefined as

1((aY 2 1((bY 2 1, 2 1 (2 .2
f,==||=| —=x" =20, f,==||=]| - >0, f,=—\r"=(x-D*)=0, f,=—\d“-y°)>0.
1 [(2) XJ 2 b{[Zj y 355 (r (X )) 4 Zd( Y)

a

The symbols A,,v, denote R-operations [3, 4]. In (15) P are indefinite components of the structure
that are presented as an expansion in a series in a complete system (in this presentation power
polynomials are used).

Calculations are carried out for glass — epoxy plate (E. / E; =3, G/ E, = 0.6, v, =0.25) with

b/a=1, pa’/h’E, =1. The effect of a cutouts size on amplitude-frequency characteristics has been
investigated for r/a=0.2,0.1,0.05, d/a=0.35,0.4,045, |/a=0.1 (Fig. 2). In Fig. 3 amplitude-
frequency characteristics depending on the disposition of cutouts are presented. For such study we use
various values of ratio |/a=0,0.1,0.2,0.3 at fixed value of ratios r/a=0.1,d/a==0.4). The

analysis of the obtained results allows draw a conclusion that the size of given plate cutouts affects the
characteristics considered much stronger than its disposition.
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Fig. 2. Amplitude-frequency characteristics Fig. 3. Amplitude-frequency characteristics
versus to cutouts size. versus to cutouts disposition.
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CONCLUSIONS

The method of nonlinear vibration research of in-plane loaded laminated plates with a

complex form is proposed. Due to the application of R-function theory in combination with
variational methods the investigation of the movement equation is reduced to studying ordinary
differential equation of the Duffing type. Using the offered method and the created software the
dynamic behavior of plate with cutouts subjected by static load is studied. The effect of cutout size
and cutout disposition on amplitude-frequency characteristics is analyzed.
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