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INTRODUCTION

In many cases the application of plates in real constructions is connected with necessity of use
of different variants of fastening of certain segments of the plates contours [1]. Dynamic calculation
of such constructions makes it necessary to analyze the mathematical models based on boundary val-
ue problems with such mixed boundary conditions. The development of methods for constructing so-
lutions of these problems was the subject of the works [2-9]. Systematic work on specified issues
suggests that the development of approximate analytical and numerical methods for analyze of mixed
boundary value problems of the theory of plates is very topical. At present there are effective different
methods of the perturbation theory to solve boundary value problems in the plates and shells theory
[3, 8]. Therefore, in this paper, on the base of the method of disturbance of boundary conditions there
is proposed the asymptotic method of calculation and analyze of natural oscillations of thin elastic
rectangular plates with mixed conditions of the contour fastening of "pinched-hinge" type for symme-
tric and asymmetric placement of segments of fastening.

1. STATEMENT OF THE RESEARCH PROBLEM

One considers the natural oscillations of a rectangular plate with mixed conditions of contour
fastening with the help of the method of disturbance of a kind of boundary conditions. The diagram of
placement of segments for symmetric a) and asymmetric b) fastening of a plate is presented in the
Figure 1. The appropriate dimensionless differential equations are the following [3]
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where D is the cylindrical rigidity; m is the reduced weight of a plate, a, b are the sizes of a plate; &
n are the dimensionless coordinates; £= x/b, n=y/b.
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The boundary value problem for the equation (1) is determined by the following mixed boun-
dary conditions [8]

w=fpuw,.=0, k &=105, 2
w=0, wypz ﬁ(g)(w,mi w,), n ==0.5, (3)
where K =%; H (&) = H(E—ku)+ H (=& —ku); H (&) is the Heaviside function.

2. THE METHOD OF CONSTRUCTION OF SOLUTION
For construction of the equation (1) solution, the method of separation of variables can be used:

w=w(&,7)-T(t). 4)
After substitution of the expression (4) to the equation (1) we can receive two equations:
T,
—+0°T =0, 5
e ©)
Vw—Aw=0, (6)

where 62 is circular frequency of natural lateral oscillations of a plate; 2 = m@°b*/D is the eigenva-
lue of the problem.
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Fig. 1 The diagram of mixed conditions of fastening of a plate

According to [8] we enter the parameter ¢ into boundary conditions (3), under € = 0 the boun-
dary conditions of the pin-joint type on all boundaries 77 =+0,5 were realized, and under ¢ = 1 the

initial mixed boundary conditions of the pinched-hinge types are realized:
w=0, w, =H(£)e(w,, £w,) under n=+05. (7)
Under middle values of the parameter ¢ the mixed boundary conditions of elastic fastening -

hinge type with the coefficient of elastic displacement pn = &/(1—¢) is realized.
For this purpose the small parameter method can be used for the problem natural value A and
the natural form w. The following power series by ¢ are presented:

W:iwigi;l:i/iigi. 8)
i=0 i=0

Substituting series (8) to the equation (6) and boundary conditions (2), (7) and equating expres-
sions at identical degrees of the parameter € we are received the following recurrent sequence of the
boundary value problems:

g% Viwy—Aow, =0, ©)
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Wy =0, W, =0 under £=+0,5ks  w, =0,w,,, =0 under 7=+05;

. J
gt Viw -, w :Z/liwj_li (10)

R

w; =0, Wi, =0 under ¢ =405k, w =0,w,, = H(cf) 0W”7 under 5 = +0,57

Let's consider the construction of solution of the problem for a case of directly symmetrical
concerning axes & and 1 of the forms of natural oscillations.
In zero approximation one has:

Wo = & 170 = cos(" - &) -cos(ann), (11)
,1027[4.(n2+r;_:)2, (n,m)=1,3,5,... (12)

As the first approximation we receive the following boundary value problem:

v4'W1_ﬁ“0'W1=ﬂ'1'Wo’ (13)
w, =0, W, =0 under &=105k, (14)
U= 7m
w; =0, w,,, =7 n(-1) 2 H(&)cos (ch) under =405 . (15)

We can find the solution with the help of the method of decomposition:
7l
W, = z Y,; cos ( 5) (16)
i=13,.. k

After the substitution of the given expression to the boundary value problem (13) — (15) two
boundary value problems are received:

i=m
v 4.2 m
Yo — o —z'n 2-F+n Y, = A, cos(z n7) 17)
Ll
Yy =0 Yy =t7-n-(=1) 2 -y, under 77 ==0,5. (18)
i =m
m, i’
Yy - ((n ey FJ'Yﬁ =0, (19)
1
Y, =tz-n:(-1) 2 -, Yy =0 under 77 =+0,5. (20)
Here,
2(0,5—u)—isin(27rmu) under i=m,
zm
Vim =
[i sin(zui)-cos(zum)—msin(zum)-cos(zui)] under i=m,
7r(m2—i2)

MO0 )= 3 rimcos( ).

i=1,35...
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Taking into account conditions of uniform of asymptotic decomposition from the boundary
value problem (17) — (18) we determine the first correction for the natural value 4,

A= __m %los =4z*n’ Y o (21)

After determination A, we are received the following expression for Y,

n-1
N (1) B
Yim S | — O fin) =S (o)), = (22)
“ 2ch—,8l
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a=n k2 ! ﬂl k nz'

The solution of the problem (19) — (20) does not give corrections to the natural value, but it in-
troduces additional items to the form of oscillations:
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Summarizing the expressions (21) and (22) and taking into account the decomposition (16), we
receive the first correction to the natural form w; for directly symmetrical oscillations

n-1

W, = i Wmmeeg_liz—ch(ﬂﬁm)—ns (= n) (%5%
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Similarly we receive the expression for the second correction to the natural value A ,:
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Considering the central symmetrical forms of oscillations, similarly we receive the analytical
expressions of the natural values and forms for any values of wave numbers by the way of sections of
series of disturbance:
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2(05—u)+ sin(2zmu) under i=m,
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7im = 4 | m
_ sin(zui)-cos(zum) —< > sin(zum)-cos(zui) | under i=m
7r(m2 —iZyLm |

The problem of determination of natural frequencies of a plate having asymmetric segments of
mixed boundary conditions (pic.1, b) can be decided the same way.

Further section of the series for the natural value must be rebuilt to the fractional rational func-
tion AP and we can calculate the the first natural value of the boundary value problem (6), (7), (2)
under € = 1.

3. THE ANALYSIS

Results of numerical analysis of dependence of the natural vibration frequency from the size of
the segment are presented in Figure 2.

The solutions obtained on the basis of proposed approach for a plate with symmetric and
asymmetric placement of the segment of substitution is represented by the curves 1, 2 and 3. The re-
sults obtained by the method of integral equations [9], 4, 5 are experimental data [9] and 6 are the re-
sults for some middle values of u, obtained by the dual series [7]. For the limiting case € =1, with
complete pinch of the boundary of the plate 77 ==+ 0,5 the first natural value problem computed on

the basis of the constructed solution is equal to A=1,7081x", as obtained numerically [5, 6] —
A=1,70507" (error is 0, 18%). Analysis of the data shows that in general, the discrepancy of the results
obtained with certain items does not exceed 2%.

For the case of symmetrical placement of the segments of pinch the relation of the natural value
to the sizes of the segment hinged pin-joint has three reference segments. On the first segment from u
= 0,0 up to u = 0,05 with increase of parameter u the natural value decreases insignificantly. On the
following segment from u = 0,05 up to u = 0,4 the natural values decrease almost linearly. On the
third segment from u = 0,4 up to u = 0,5 the decreasing of the natural value also is insignificant. For
the plate with asymmetrical placement of the segment of pinch these zones will place in the following
limits of the parameter u: the first one, u = 0,0-0,2; for the second one, u = 0,2-0,8; for the third one, u
=0,8-1,0.
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Fig. 2 The frequency of natural oscillations of pinch of the segment

CONCLUSIONS

The given results show that small effect of the small segments of hinged pin-joint type (the first
segment of the curve), and small segments of pinching (the third segment of the curve) influence a
little on the natural frequency. There are also such ratios of the sizes of segments of mixed boundary
conditions, at which the little change can essentially influence on the plate frequency (middle segment
of the curve).
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