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AHAJIUTUYECKOE NPEACTABJIEHUE MAT'HUTHOT O I1OJISA COJTEHOU A
C noMombO UJIMHAPUYECKUX 'APMOHHUK

Jemanvno po3enadaromeca ananimuini npedcmasienns 0nsa 306HIUIHL020 MA GHYMPIUIHBLO20 MACHIMHO20 NONA KPY208020 KO-
HmMypy 3i CIMPYMOM mMa MOHKO20 CONEHOI0a HA OCHOGI YUNTHOPUUHUX 2APMOHIK CKALAPHO20 NOmenyiany. 3anponoHo6aHo 6UKo-
pucmogyeamu yi aHaimuyHi pileHHA NPU PO3PAXYHKY MOKOBUX eJIeMEHMIE MEeXHIYHUX 00’ €Kkmie yuninopuunoi popmu.

H00p06H0 paccmampuearomcia anaiiumudecKue npeocmasﬂenu}l onsa eéHeutnezo u GHYMPEHHEe20 MAZHUMHO020 RNOJIA KpPYy206020
KOonmypa ¢ mOKomM u mOHKO020 conlenouda Ha ocHoge uuﬂuudpuuecxux CAPMOHUK CKAJIAPHO20 nomeHyuala. Hpet)ﬂo,m'euo UCnOJ1b-
306amb ymu anaiumuidecKue perienus npu pacieme moKogoblx 3;ieMeHmoe mexHuiecKux 00vexkmos uuﬂuubpuuecxoﬁ ¢0prl.

BBEJIEHUE

Pacder MarHWTHBIX XapaKTEPUCTUK PA3NAYHBIX TEX-
Huaeckux 0o0bekToB (TO) ocraercs akTyanpHON 3amadeit
JIEKTPOTEXHUKH, HECMOTPS Ha MHOrooOpa3ue UHCIIeH-
HBIX METOJIOB €€ perieHus. [lpu ucnoab30BaHUM YUCIICH-
HBIX METOJIOB IMOJy4aroT Pe3ysibTaT B BHIE HAOOpa BEK-
TOPOB M MaTpHIl, IPEICTABICHHE KOTOPBIX OTPAaHUYHUBAET
MPUMEHEHHE KOMIUIEKCHOIO aHaiMu3a JJIEKTPOTEXHUYe-
CKOro 00BEKTa Cpa3y MO HECKOJILKAM HE3aBUCHMEIM T1a-
pameTpam (HampuMmep, HalpsHKCHUE CeTH, TIOTPEOIIIeMbIit
TOK, TEOMETpHUsI OOMOTKH, YIeNbHasi MPOBOJAUMOCTH 00-
MOTOYHOTO IIPOBOJIA H T.1I.).

B sTOM mutanHe ropa3mo mmpe BBITIISIAT BO3MOXKHO-
CTH HCIOJH30BAHUS aHATUTUIECKAX MOJAETCH MarHUTHBIX
xapaktepucTuk TO, KOTOpBIE TO3BOJISIOT MPOU3BOIUTH
aHaJIN3 BCET0 AIEKTPOTEXHIMUECKOTO M3/IENHs B KOMIUICK-
ce. OgHaKko, OJHUM U3 OTpPAaHUYCHUN MPUMEHEHUSI aHAIIU-
THYEeCKUX Mojeneid MarHuTtHoro nosus TO octaercs He-
JIOCTAaTOYHAsT MX MpOpaboTKa ISl 3JICKTPOTEXHUYECKUX
U3EIUI CII0KHON FeOMETPHUU. 3aMeHa PeajibHOM reoMeT-
puHu 00BEKTa Ha YIPOIICHHOS aHAUTHYCCKOE MPEICTaB-
JICHWE HETaTHBHO CKAa3bIBAeTCA Ha TOYHOCTH METOAA, IO-
CKOJIBKY TOCTOBEPHOCTH Pe3yJIbTATOB pacdeTra 3aBUCHT OT
aIeKBaTHOCTH HCITOJIB3yEMBIX MaTEMaTHIECKON MO 1
MeToJa pacuera. B ciydae mpHUMEHEHHs METOAOB IIpo-
CTPaHCTBEHHOTO rapMmoHmdeckoro anammsa (I1I'A) mar-
HUTHOTO TI0JISi OrPaHUYEHUs] HAKJIAJbIBAIOTCS Ha (opmy
rpaHuyHoi moBepxHocTH TO, KoTopas IoJKHA OBITh
aHamuTHyeckod Qyukiuei. [t psga TO Takoi moBepx-
HOCTBIO SIBJISIETCSI TIOBEPXHOCTh IHJIWHAPA, YTO TO3BOJIS-
eT ucnoJyib3oBath Metoasl [II'A B nunmHapudeckon cuc-
TeMe KOOpIUHAT. B yacTHOCTH, IPOCTEHIIMMEI MOJCIIIMHU
AJIEMEHTOB JJICKTPOTEXHIUYECKUX U3JICIUH SIBIITIOTCS KPY-
TOBOI KOHTYp C TOKOM U COJICHOH].

Lenbto paboTHI sBISAETCA TIOCTPOCHUE MOJACICH
MarHATHOTO TIOJII KPYTOBOTO KOHTYpa C TOKOM H OIHO-
CIIOIfHOTO COJICHOWJIa Ha OCHOBE IHWJIMHAPUYECKHX Tap-
MOHHK CKJISIPHOTO TOTEHIHAJIa KaK COCTABHBIX YacTei
ananutnyeckoit mogenu TO.

ITOJIE KPYT'OBOI'O KOHTYPA C TOKOM

BbruncnnM MarHuTHOE II0JIE, CO37[aBaeMoe Kpyro-
BBIM KOHTYpPOM paanmyca R, 1O KOTOPOMY Te4YeT TOK J.
BBeneM nMIMHAPHYECKYIO CHUCTEMY KOOpPAMHAT C IIEH-
TPOM, COBIAJAIOIINM C EHTPOM KOHTYpPa M OCBIO aIlIluIi-
KaT, HallPaBJICHHOM BIIOJb €T0 ocH (puc. 1).

Puc. 1. KpyroBoif KOHTyp ¢ TOKOM

VYpaBHenue Jlamnaca Juisi CKaJsipHOTO NOTEHLHMANA
MarHUTHOTO TIOJIA B IWJIMHIPUYICCKON CHCTEME KOOpP.IH-
HaT [1] 3anuchIBaeTCs B BUE:

2 2
1o oU 1 o°U oU
AU=——|r— |+—=——5+——>=0. (1)
ror\_ or 72 8(p2 072
YuuTHIBasg CHMMETPUIO TIOJIS TI0 (9, 1 IPUMEHSIST Me-
TOJ pa3/eleHusl NMePEeMEeHHbIX, U3 ypaBHeHus (1) mpuxo-
JIUM K CIIeTyIOIIM pereHusM [2]:
R(l") = Cllo(k}’)-i- C2K0(7\.I"),
Z(z)= Cysinkz + Cy cosrz,
rae Iy u Ky — momudunmposannsie (yHKIuM beccens
HNEPBOT0 U BTOPOro pofa Hynesoro nopsaka; C,, C,, Cs u
C,4 — KOHCTaHTBHI, A — IPOU3BOJIBHBIN MapameTp.
IlosTOMYy CKansipHbIA MOTEHLUMAT HPEICTaBISAETCS
WHTETPUPOBAHNEM COOTBETCTBYIOUINX PEIICHWH 1O A B
Ipezenax 0T —o JI0 oo:

_ < Cllo(}\.r) C3 Sil’l(}\.Z)
- v[ CyKo(Ar)[ | Cy cos(nz)

2

3)

3anumeM BBIPAKCHNE CKAJSIPHOTO MOTEHIHMAna I
BHYTPEHHEH M BHEIIHEH 00JIacTH, OTIEJCHHBIX JAPYI OT
Jpyra KpyroBoil iuHued koHTypa (r = R). O603HaunM
9TH obylacty uHAekcamu 1 u 2 coorBercTBeHHO. [IpHHU-
Masi BO BHUMaHHe, 4TO I10JIe OIPaHUYEHO KaK B HYyJIE, TaK
1 Ha OECKOHEYHOCTH, a TAKXKE CHMMETPHIO CKAJISIPHOTO
MOTEHIMaIa OTHOCUTEIBHO Hadasla KOOPAWHAT, IPUIEM K
CIIEAYIOIIEMY:

U = OJ?A(k)IO(kr)sin(kz)dk,
- 4)
Uy = [ BOKo(r)sin(hz)an.

—00
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KoMmoHeHTHI 1Ol BBIpaXKalOTCsl Yepe3 CKaJIIPHBINA
MTOTEHINAJ CIIELYIOIINM 00pa3oM:

oU U
H,=—-—, H, = 5
r 8}" z 62 ( )

U3 (4) u (5) npuxoauM K 3alUCH KOMIIOHEHT Mar-
HUTHOTO TOJISl JUIsl BHYTPEHHEW M BHEIIHeW objacTei,
HCHOJb3Ys HUINHAPUUECKUE TApMOHUKU [2]:

Hy, =— Tm(x)ll (Lr)sin(rz )dn,
- (6)
Hy, == [ 14(1)1q(rr)cos(rz)an;
2y = TXB(X)KI (rr)sin(rz )dn,
- (7)
Hy. =~ [ MB(L)Ko (0r)cos(rz)dn.

—00

3I[€CI) MbI y4JIU CIICAYIOINUE COOTHOLICHUA:
d d
—Iy(x) = L (xf—Ko(x)==Ki(x).  (8)
dx dx

Haifnem A(A) u B(L), monp3ysCch TPaHUIHBIMU YCIIO-
BusiMu. Ha rpanune obnacreid 1 n 2 HOopMmanbHasi cocTaB-
JISIFOLIAs! TIOJIS HETIPEPBIBHA, Pa3HOCTD JK€ TaHT€HIIMAJIbHBIX
COCTaBJISIIOLINX PaBHA JIMHEMHOM TUIOTHOCTU TOKa [3].

Hl"r:R,Az—>0 = H27|r:R,Az—>O; ©)
isz € [_E;E}
(Fae i), g =15 et (10
N E(—T;T\J.

31ech MBI IPUHSUIM JOIyIIEHHUE, YTO KOHTYP MMEeT
tomuuHy Az. Torna u3 ypasaenutii (9) u (10) cnenyer, uro

IR
T B(?\)- }”(KO (Q“R)Il (}VR)'*' K (KR)IO(KR))COS(Xz)dK _
o 1,(AR) a2

:i, Az —0
Az

3ameuaem, 4TO
Ko(WR) (AR)+ K1 (AR)Iy(AR)=

Ko (R)IOR) = - (>

— BPOHCKHaH (onpeﬂenmenb BpOHCKOFO) U TIOJTy4aeM:

I[anee, MyCThb
B(A)=C-1,(xR),

rae C — HeM3BECTHBIH KO PHUIIUEHT.

OcHoBaHue nojarartk, 4To ko3 duiuent C He 3aBU-

CHT OT A JaeT OPTOTOHAJBHOCTh TPUTOHOMETPUYECKUX

¢ynkuid ¢ BecoM, paBHbIM 1. J{nst Berumcnenus C mo-

MHOKUM JIEBYIO W TIPaBYIO YacTH YpaBHEHHs Ha cos(lLz),
rIe |l — MPOM3BOJIBHBIN MapaMeTp U MPOHHTEIPHPYEM IO

cos ?»z

—dk _—, Az 0.  (14)

(15)

Z OT —T 10 Tt:

Az
T 2

Ej jcosxzcospzdxdz:i jcospzdz,Az—)O. (16)
R Az g
2

Wnrerpan cnesa B BeipaxkeHn (16) pasen 2n. Unre-
rpaix B mpaBoil yacTu (16), BEUHCICHHBIA C TTOMOIIBIO
TeopeMbl 0 cpenHeM, paBeH Az mpu Az—(0. B pesynbrate
u3 (16) momywaem:

2nC
Ny =J, a7
OTKyZa HaxoJuM BbIpakeHne st C, a 3aTeM, COTIACHO
(1) m (15), st A m B:

JR JR

Alr)= K (AR} B(x)= 220 (*R). (18)

B ypaBHEHUSX IS KOMITIOHEHT MarHUTHBIX MOJCH
MTOIBIHTET PaJIbHBIE (DYHKITUH YETHEIC, (B ciiydae (pyHKITHA
Ky n K; 3TO OTHOCHTCS K BEIIECTBEHHOM YacTH 3HAUCHMS
3THX (QYHKIOUH), mo3ToMy B (6) u (7) mepexoanm K WHTET-
PHPOBaHMIO OT HyJs 1O OeckoHeuHOCTH. B pesyinbrare,
MOJY4UM BBIPKECHUS Uil KOMIIOHEHT MarHUTHOTO TOJIS,
CO3JITaHHOT'O KPYT'OBBIM KOHTYPOM C TOKOM:

o0
my, =R [ 21 (R)Ey (ur)sin 2 ),
T
0

(19)
Hy. :% [, (R )1 (1) cos (2

0
H,, = % [ 20 (LR)K (0 )sin(22)an,

‘ (20)

I [ ()R O eoslz

Ha puc. 2 npeacraBieHbl CHIOBbIC JUHUH MAarHHT-
HOTO IOJiSI KPYrOBOTO KOHTYpa, MOCTPOCHHBIE C MOMO-
mpto BeipaxkeHui (19), (20).

HZZ:

Puc. 2. Ilone xpyroBoro KOHTypa

IIOJIE OJIHOCHOVIHOFO COJIEHONJIA
Tenepb HEMOCPEACTBEHHO NEpeiIeM K paccMoTpe-
HUIO MarHUTHOTO ITOJI OJHOCIOMHOIO OECKOHEYHO TOHKO-
TO COJICHOWA BEICOTOM /. [TyCcTh KPyroBOil BUTOK C TOKOM
pacrIoyokeH Ha BEICOTE z' HaJl HAYaIOM KOOPIMHAT.
Torga KOMIOHEHTHI MOJIS, MCXOIS U3 YPaBHEHUU
(19) u (20) 3anumryTCcs B Buze:
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o, = % [ (R ) (ur)sin(2 (= + 2,

’ (21)
Hy. = % [0 (R )1 (r)cos((z + = e,

0
Hyp = 2 [0y GR)K (ur)sina 2 + 2,

T

° (22)

Hy. = _§ [0, (R )R (1 )cos((z + = .
0

MarauTHoe 1moJie OLHOCIOHHOr0 OECKOHEYHO TOH-
KOT'O COJICHOMJA C HYJIEBBIM IIaroM OOMOTKH COCTOHT U3
CYTEpPIIO3UIIMK MArHUTHBIX TOJIeH TOKOBBIX BHUTKOB C
Y4EeTOM, YTO Temepb TOK J 3aMEHSACTCs TMHEHHOH TLIO0T-
HOCTBIO TOKa j = J/h, mpoTeKaromero 1o Bce O0OKOBOH
MTOBEPXHOCTHU cojieHon A (puc. 3).

Z

“y

Puc. 3. OgHOCIOMHBIN OECKOHEUHO TOHKHH COJICHOM/T

Wurerpupys ypasuenus (21) u (22) mo z' ot —h/2 1o
h/2, HAKOHETI, TTOTYIHM:

Hy, = % [Ki0R), (Xr)sin(k gj sin(Az)d,

:)O (23)
H,, = %jm (AR, (kr)sin(kgj cos(Az)dh,

0

H,, = 2R j I,(MR)K, (kr)sin(k g] sin(Az)dA,
T
0 (24)

_%Th (AR)K (kr)sin(k%j cos(rz)d.

T

H2z:

Ha puc. 4 mpencraBieHbl CHIIOBBIC JTMHUU MarHUT-
HOTO TOJIS COJICHOWA, MOCTPOSHHBIE COTJIACHO BBIpaXKe-
HusM (23) m (24).

BBIBOJbI

Pe3ynbTaThl pacuera BHEIIHETO ¥ BHYTPEHHErO Mar-
HHUTHOTO TIOJISI KPYTOBOTO KOHTYPa C TOKOM M TOHKOT'O CO-
JICHOUJIA Ha OCHOBE LIMJIMHAPUYECKHX TAPMOHHUK IIOJTHO-
CTBIO COBINAJIAIOT C Pe3yJIbTaTaMH, OJYUYSHHBIMU Ha OCHO-
Be 3akoHa buo-CaBapa-Jlammaca. Tem cambIM MOKa3aHo,
YTO MAaTEMATUYCCKHIA anmapar IITHHIPUUSCKUX TAPMOHHUK
MAardHATHOIO IIOTEHIIMAIa MOXKET OBITh HCIIONL30BAH IS
pa3paboTKK AHATUTHYCCKUX MOJICICH MarHUTHOTO TITOJIS
TEXHIYECKUX 00BEKTOB IIMIHHAPHICCKOHN (hOPMEL.
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A.V. Getman, A.V. Konstantinov

Analytic representation of magnetic field of a solenoid
through cylindrical harmonics

Analytic representations for external and internal magnetic
fields of a circular current loop and a single-layer solenoid are
considered in detail on the basis of cylindrical harmonics of a
scalar potential. These analytical solutions are proposed for
applying to computation of current elements of cylindrical tech-
nical objects.

Key words — circular loop current, solenoid, cylindrical
harmonics, modified Bessel functions.
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