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BbICTPBIE KPUTITOTPA®UYECKHUE IPEOBPA3OBAHUS B
I'PYIIIE TOYEK SJUIMIITUYECKO KPUBOI

Po3polbuisroThest MBHAKI HEPETBOPEHHS B IPYIi TOUOK eTiNTUIHOI KpuBOi. [IpOBOAATECS MOpiBHSIHHS
3a CKJIAQJHICTIO TpynoBuX omepauniif. IlokasaHo, 110 3acTocyBaHHS 3alpPOIOHOBAHOIO CIIOCOOY
JIO3BOJIUTH iCTOTHO I IBHINUTHY MIBUAKOMAII0 HECUMETPUIHOI KpHITOrpadhiuHOI CHCTEMH.

Rapid transformations in group of points of elliptic curve are developed. Comparisons on complication
of group operations are conducted. It is shown, that application offered methods will allow substantially
to promote the fast-acting of the asymmetrical cryptographic system.

I[MocranoBka mpoGseMbl B o00IeM BHAE, AaHAJHM3 JIMTEPATYPHI.
HecumMerpuuHble MeTOAbl KpHnTOrpaduueckoro npeodpasoBanusi HHGOpMaLUN
MOJYYWIM B TOCIEAHEE BpeMsi mupokoe pasutue [1 — 3]. D10 00ycimoBicHO
MHOT'OYUCJICHHBIMHA MPAKTUYICCKUMU MPUITOKCHUAMHU, B KOTOPBIX, HC HaKIaAbIBas
OTpaHMYEHHs HA CEKPETHOCTh KII0Ya, MOXKHO YCIENIHO pemarh 3ajaqyu
obecrieueHns1 KOH(OUACHIMAIBHOCTH U MOJUIMHHOCTH HHpopMauuu. Ocoboe MecTo
3aHUMAKT HECCUMMETPHUYIHBIC KPUIITOCUCTEMBI, TIOCTPOCHHBIC Ha OCHOBC
HCIIOJIb30BaHMs TPYTHOPA3PEIIMMON 3aJadu B3ATHS JUCKPETHOro jorapudma B
TpyIe TOYeK IUMNTHYeCKON KpuBoi [1 — 4]. OHu obecrieynBarOT HAMOOIIBIITYO
3¢ PEeKTUBHOCTh B OTHOLICHHH 3aTPATHOCTh/00ecIeunBaemMas CTOHKOCTb. B To xe
BpeMs,  Bo3pacTaromme  o0beMbl  oOpabaThiBaeMOil W mepenaBaeMoit
KpunTorpaguyeckn 3allUIIeHHONH WH(OpPMAaMKU  BBIIBUTAIOT  MOBBIIICHHBIE
TpeGOBaHUS K CKOPOCTH KPUIITOrpaduuecKux npeoOpa3oBaHUH.

Heabio cTarbm sBisieTCS pa3paboTKa OBICTPBIX  KPHUITOTPa(UIECKUX
npeoOpa30BaHMi B TPYIIE TOYEK HINIUITHIECKON KPHBOH.

OO0mereopeTuyeckne MOJI0KEeHH S KpunTtorpagunyeckux
npeodpaszoBaHuii B rpynne To4YeK JJJIMITHYECKOH KpuBoil. B kauectse
OCHOBHOTO KpHITorpaduieckoro NPUMHTHBA B HECHMMETPUYHBIX

KPUNTOCHCTEMAX, IOCTPOSHHBIX HAJA TPYNIIOW TOYEK DIUTHITHYECKOH KPHBOH,
MCIIONIB3YIOT TPYIIIOBBIE OIEPALMH CIOXKEHHUS U yIBOCHHS TOYCK.

Hecynepcuneynspnas snnmunmuuecxas kpusas (EC) nao nonem GF(Q) —
MHOXecTBO Touek Hajg GF(2™), ynoBneTBopsromunx ypaBHeHuo [4]:

y? + axy = X3 + a2x2 +as. 1)
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I'pynma Touek GUKCUPYETCS MPUMEHEHHEM MeToja cekymmx Jnodanta [5].
PaccMoTpuM ypaBHEHHME TIPIMOM (CEKyIlei), TpoXoasmeil yepe3 MpOr3BOIbHbIE
aBe  Toukd  kpuBo  Pi(Xy, Y1)  um Po(Xz, Y2):  y=ax+Db, rme
a=(Y,+Y)/(X,+X;), b=aX,+Y,. INoacrasup B BeIpakenue (1), momyuum
(ax+b)2+ai(ax +b)x = x3+ax?+as. PackpoeM CKOOKM M IpUBEIEM
nono6usie. IMocne storo momyuum: X5 + (a2 — a? — aja)x? — ajbx +as — b?=0.
CrenoBarensio, X1 + Xz + X3 = a2 + a1a — ay.

3adurcupyem abeneBy rpymiry Haa MHOXKeCTBOM Todek EC. 3apuKcupyeMm
MHOKECTBO 3JIEMEHTOB TPYIIIBI KaK MHOKECTBO TOUYCK 3JUIMITHYECKOW KPHUBOM
EC; 3apukcupyeM OIEpaluio CIIOXKEHHS DIICMEHTOB TPYIINBl KaK CIOKCHHE
3JIEMEHTOB MHOeCTBa Touek EC; 3apUKCHPYEM eIMHUIHBIN SIICMEHT TPYIIIBI KaK
OcckoHEeUHO yaaneHHyo Touky O, mpuueM O+ P = P, VP e EC;, nmns Bcex
QJICMCHTOB I'pyNIbl ONPEACIIUM O6paTHI)Ie QJICMCHTBI KaK TOYKU C OTPULIAHUEM Y-
KoopauHaThl. 'pymmnoBas omepanus cioxenust (puc.l) Touek EC samumiercst B
Buze [4]:

Xs=a?+aa—a,—X1— Xz 2
Ys=aXz+b.

Iposemem uepe3 Touky P1(X1, Y1) kacarenbhyto k EC. [loacTaBuB ypaBHEeHHE
KacaTesbHOM B BhIpaskenue (1), momyunm (ax + b)? + ai(@ax + b)x= x® + axx? + as,
rae a=(0yp /0xp)=Y,/% +% /8 — npoussopHas ypasheHus EC B Touke

P1(X1, Y1), b=aX;+Y;. Packpoem ckoOku M mpHBeIeM MOJ0OHBIE, IMOIYYHM

X3+ (a2 — a® — aqa)x? — ajthx + as — b2 =0, orkyna X3 = @? + a;a — a,. ['pynnosas
omepanus yaBoenus (puc. 2) touek EC 3amumiercs B Buze:

2P1(X1, Y1) = P3(X3, Y3);
Xs= a2+ a;a - az; (3)
Y3 =aXs+b.
TMocnennee BLIPAKEHUE PABHOCKIIBHO CIIEAYIOIEMY:
2P1(X1, Y1) = P3(X3, Y3);
X3 =(as—0?)/x{; 4
Y3 =aXs+bh.

Koneunast rpymma Touek EC o06iamaer ciemyroluMu cBoiicTBamu [4]:
3aMKHYTOCTb, AaCCOLIMAaTHBHOCTH, CYIIECTBOBAHWE EAMHHIBI, CYIICCTBOBAaHHE
00paTHBIX IEMEHTOB, KOMMYTAaTHBHOCTh. B OCHOBE KPHIITOCHCTEM C OTKPBITHIM
KITFOYOM JISKHT TPYAHOPA3PEIIMMOCTD B3SITHSI TUCKPETHOTO Jlorapudma [1 — 3].
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Puc. 1. CnoxxeHre TOYEK UIMITHYECKON Puc. 2. YaBoeHHE TOYCK DILTHITHIECKOM
KpUBOM KpUBOMH

Bocmonb3yeMcsi MOHSITHEM JHCKpeTHOro Jorapudma, BBeaeHHOTrO B [6].
IIycte H — xoHeuHas rpymma, § U Y — 3JIEMEHTH 3Toi rpymmnsl. JIroboe memoe X
Takoe, 4To §* = Y Ha3BIBACTCS OUCKPEMHbIM 02apugmom Y TIO OCHOBAHHUIO (.
Kaxzplii anemeHT Y € H uMeeT TUCKpeTHBII Jorapudm Mo OCHOBAHUIO § TOJIBKO
Toraa, korma H sBmsgercs nukIMuyeckoi Tpymmoil ¢ oOpasyromeit (.
[IpuMeHUTETBHO K TPYIIE TOYEK JUTUNTHIECKON KPUBOH UCTIONB3YIOT CIEAYIOIIee
MOHATHE AUCKPETHOTO JorapudmMa Ha KPUBOI.

Ilycte Hec — KOHeuHas rpymnma ToueK 3JUTMITHYecKoil kpuBoil, P u Pj —
aJIeMEHTHl 3TOM rpymmel. Jro6oe memoe X Takoe, uto XPi = Pj, Ha3pBaercs
OUCKDEMHbIM — T02APUPMOM  HA  DIIUNMUYECKOU  Kpugou. KpHUITOCTOHKOCTh
AITOPUTMOB, TIOCTPOEHHBIX Ha 3JUIMNTUYECKUX KPHUBBIX, OCHOBaHA Ha TPYAHOCTH
B3STHS JUCKPETHOTO JiorapudMa U COCTOMT B OIPEAEICHHU X 10 U3BECTHBIM Pj 1
P;.

CoBpemeHHbIe  TpeOOBaHHMA K  CTOHKOCTH M TPOU3BOAMUTEIEHOCTH
KPHITOAJITOPUTMOB C OTKPBITBIM KJIFOYOM CYIECTBEHHO BO3pociu. DddekTHBHBIM
pelIeHreM 3aJjauyd IOBBIIICHUS OBICTPOJACHCTBUS KPUITOCHCTMEMBI SBISETCS
WCIIONIb30BaHUe OBICTPBIX MpeoOpa3oBaHMII B TpPyNIlE TOYEK JIUIMITHYECKON
KpHUBO.

BoicTpbie mpeodpa3zoBaHusi B rpynme TO4YeK JJJIHNTHYECKOH KPHUBOIL.
PaccMoTpuM  MJIOCKYHO —anrebpauvyecKyrd KpHBYIO, 33JaHHYIO ypaBHEHHEM
f(x, y) =0, T.e. MHOXecTBO map (X, y), oOpallaromuX B HOJIb ypaBHEHHE KPUBOIL.
Eciu f(X,y) = 0 — mMHOrounexn ¢ kodpduuuentamu u3 koneunoro mnoust GF(q),
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anreOpanyeckas KpuBas 3agaeTcsi MHOKecTBoM peureHuit (X, Y) Ham GF(Q).
AnrebGpandeckasi KprBasi, 3a1aHHass MHOKECTBOM pelreHuil ypasaenus f(X,y) = 0
SIBIISICTCS. PAYUOHANLHOU, €CIH KOOPAWHATHI €€ TOYEK MOTYT OBITh BBIPYKEHBI
4epes palnloHaTIbHEIC (DYHKIUH OT OJHOTO IapaMeTpa, T.e. CIU CYLICCTBYIOT JBE
Takue parmoHanbHbie QyHKIMA O(t) u y(t), u3 KOTOpBIX XOTS OBl ONHA HE
HOCTOSIHHA, dTO f ((t), w(t) =0 TOXIecTBeHHO OTHOCHTeNbHO t. Ecom t = to —

3HAYCHHUE MapaMeTpa, OTIIMYHOEe OT KOHEYHOTO YKCIia 3HAYCHHM, 0OpaIamiix B
Honb 3HameHatenu Qynkiuid @(t) u y(t), To touka (o(t), w(t)) mpuHamieKuUT
KpPHUBOi. YCTaHABIMBAEMOE TaKMM OOpPa30M COOTBETCTBHE MEXKIYy 3HAYCHHUEM
napameTpa t ¥ TOYKAMH KPUBOM SIBISETCS OJHO3HAYHBIM (€CIH HCKIIOUUTH U3
3HAYEHWH MapameTpa M W3 MHOXECTBa TOUEK KOHEYHbIE MOAMHOKeCTBa). [lpu
9TOM mapameTrp t MOKeT ObITh BBIpRKEH KaK paludoHaibHas (QYHKIHS OT X H Y.
Takum o00pa3om, eciau u3BecTHO, uro KpuBas f(X,y) = O panuonanbHa, a
koo dunmentsr (t) u y(t) mpuHamIeKaT MO0 PaIMOHATIBHBIX YHCEN, TO, Koraa t
npoberaeTr Bce panroHaabHbIe 3HaYeHHs mapamerpuzanust X = ¢(t), y = y(t) maer
BCE TOYKM KPHUBOW (32 HCKIIOUEHHEM, BO3MOXHO, KOHEYHOIO WX YHCIIA).
CripaBeTUBHI CIIEAYIONINE YTBEPKIACHHS.

Ymeepoicoenue 1. Paccmotpum panmonansuyio kpusyto f(x,y) = 0 tperbeit
crenenn. Ilycte P1(X1, Y1) u Pa(Xo, Y2) nBe mpocteie Touku kpuBoi. IIpsimas,
npoxopsias yepe3 P1(X1, Y1) u P2(Xs, Y2), mepecekaer 3Ty KpuByIo eiie He Ooiee
4YeM B OJTHOM npocmoti TOUKE.

Hoxazamenvcmeo. KpaTHOCTh TepecedeHHss JBYX MHOrooOpasuii He
IpEeBBIIaeT MN, rAe M U N CTENEeHH COOTBETCTBYIOUIMX MHOTOYJICHOB. B naHHOM
ciydae TpsiMas, 3aJjaHHas ypaBHEHHMEM IIEPBOH CTEICHM, IepecedeT KPHBYIO,
3aJJaHHYI0 MHOT'OYJICHOM TPETheH CTEereHn He Ooliee, YeM B TPEX TOUKaX, C yUYETOM
kpatHocTu (puc. 3). Eciam nBe m3 Tpex Touek mepeceyeHus! MpOCThie, TO TPETbhs
TOYKa MMeeT MHJEKC TepecedeHus He Oojee 1, T.e. TpeThd TOUKA IEPECEUCHUS
(ecnu oHa ecThb) mpoCTas.

HaxosxzneHue TpeTbell POCTON TOUKHU MEPECEUEHUS IIPSIMOM U palliOHAIBHOMI
KpPUBOU TpeThel CTENIEHH MOJI0KMM B OCHOBY OTepaIliyl CIOKEHUs ToUeK (puc. 3).

Ymeepoicoenue 2. Tlycts, kak u npexae Pi(Xi, Y1), P2(Xo, Y2) nBe npoctbie
Touku kpuBoi. Torma xacartenpHas, mpoxojsmas udepe3d Pi(Xi, Y1) = Pa(Xo, Y2)
TiepeceKaeT 3Ty KPHUBYIO ellle He 0oJiee, YeM B OHOM npocmoii TOUKe.

Jokazamenbcmeo. AHaJOTUYHO JT0Ka3aTeNIbCTBY yTBepkaeHus 1. KpaTHocts
mepecedeHns JBYX MHOrooOpaswid He MpeBhImaeT MN, rae M U N CTeneHu
COOTBETCTBYIOIIMX MHOTOWIEHOB. B maHHOM cioywyae mpsMas, 3aJaHHas
YpaBHEHHEM IIEPBOH CTENEHH IepecedeT KPUBYIO, 3aJaHHYI0 MHOTOWICHOM
TpPEThel cTeneHn He OoJiee, 4eM B TpeX TOUKaxX ¢ yueToM kpatHoctu (puc. 4). Ecnu
JIBE U3 Tpex Touek nepecedenus npocteie: P1(X1, Y1) = Pa(X2, Y2) (kacaTenbHast K
KpHUBOH B Touke P1), TO TpeThd TOUKa MMeeT MHJEKC IepeceueHns He ooiee 1, T.e.
TPEThsI TOUKA MepecedeHus (eCliu OHa €CTh) MPOCTasl.
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KpUBOM TpeTbel cTeneHn KpUBOH TpeTbel CTeneHu

Haxoxxnenne TpeTbell MNpPOCTOM TOYKM MEpPECEUEHHUs] KacaTelabHOW U
panroHaIbHON KPUBOH TPEThEH CTETIEHH IMOJIOKUM B OCHOBY OTIEpAIlH{ YIBOCHUS
TOYEK.

OTcyrcTBHE  TpeTbell TOYKM  TEPECEUCHHS  COOTBETCTBYET — CIYJaro
MPOXOKICHHUS IPpsMoi apaiuteabHo ocl OY. DTO COOTBETCTBYET HHBEPTHPOBAHUIO
touku P1(X1, Y1) B Touky P2(X2, Y2), T.€. B camoe cebhsi.

PaccMoTpuM paroHaNBHYIO KPUBYIO

yrHxy =33+ x ®)

Hag GF(2™). Kpusas comepxur oany ocobyto Touky Q(0, 0). KparHocts ocoboii
TOUYKH paBHa 2. Pox kpuBoit

g :(n—l)(n—Z)IZ—Zmp(mp ~1)/2=0,
X

KpHUBasi paliOHaJIbHA. PaccMOTpUM ypaBHEHHE HPSIMOI (CEKyIIel), IPOXOAsIeit
yepe3 JBE MPOU3BOIbHBIE MpocThie Touku KpuBoit Pi(Xy, Y1) um Pao(Xz, Y2).
IMoxcraBuB ypaBHEHHE IIPAMON (CEKyIel), MPOXOISIIel Yepe3 ABEe IPOU3BOJIBHBIC
npocteie Touku KpuBoi P1(X1, Y1) u P2(Xz, Y2) B Beipaxenue (5), moaydum B
SIBHOM BHJIC KOOPJIHMHATHI TPEThEil TOUKHU NepeceyeH s ceKyen u kpuBoii (5):

Xs=a?+a—-a—X1—Xz; (6)
Y;=aXz+b.

Pesynprar yrBepkaeHHs 1 NOKa3pIBaeT 3aMKHYTOCTH OINEpalWM CIOXEHHS
NPOCTHIX TOYEK Ha pAlMOHAIBHON KpHBOW TpeThel creneHu. 3adukcupyem
abeneBy Tpymiy: 3aMKCHPYEM MHOKECTBO JJIEMEHTOB IPYIIIBI KaK MHOKECTBO
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Touek KpuBoi (5), BKItOYask OECKOHEYHO YOAICHHYIO TOYKY M MCKIIOYUB OCOOYIO
touky Q(O0, 0); 3adukcupyeM OIEpaluio CIOXKEHUs 3JIEMEHTOB TPYIIBI Kak
CIIOJKEHHE JJIEMEHTOB MHOXKECTBA TOYEK KpHBOH (Bbipaxkenue (6)); 3aduxcupyem
eMHUYHBIA 3JIEMEHT TPYIIbl Kak OCCKOHEYHO YOaleHHYI0 TOuKy O, mpuyem
O+P = P, VP e EC; nna Bcex DIIEMEHTOB TPYHIBI OIpPENeTuM OOpaTHEIC
9JIEMEHTHI KaK TOYKH C OTPHI[AHUEM J-KOOPIHHATHL.

Iposemem uepe3 Touky Pi(X1, Y1) kacarenphyio kK kpuBoii (5). ITomcraBum
ypaBHECHHE KacaTelnbHOU B BoIpaxkeHue (5), TPyIIOBYIO OMEPAIUIO YABOCHHS TOUEK
kpuBoii (5):

2P1(X1, Y1) = P3(X3, Y3);
Xs=a’+a—ay; (7)
Ys=aXs+bh.
ITocyeHee BHIPAKEHNE PABHOCKHIIBLHO CIIETYFONIEMY:

2P1(X1, Y1) = P3(Xs, Y3);
Xy =b?/x; ®)
Ys=aXz+b.

Pe3yJ'II)TaT YTBECPKIACHUA 2 JAO0Ka3bIBaCT 3aMKHYTOCTb ONI€paliun YABOCHUA IPOCTHIX
TOYEK Ha palOHAJIbHOW KpUBOH TpeThel crernenu. KoHeuHnas abeneBa rpynna Ha
kpuBoit  (B)  obOmamaeT  cBOWCTBAMH ~ 3aMKHYTOCTH,  acCCOIMATHBHOCTH,
CylIieCTBOBaHUE CINHUIIBI, CYHIECTBOBAHUE O6paTHI)IX DJICMCHTOB,
KOMMYTAaTUBHOCTH.

Hcnonb3yss MHOXKECTBO IPOCTBIX TOYEK PALMOHAIBHOM KPUBOM, Olepanuu
CIOXKEHHSI W YJIBOGHUS TOYeK, 3aduKcupyeM KOHEUHyIO abeJeBy TIpyImy,
OTIpeNieNyM 3a7ady B3ATHS JUCKPETHOTO Jiorapudma B rpymnmne Touek. CII0KHOCTh
pelleHuss TOCHENHEH IIOJIOKUM B OCHOBY OTKPBITOM  KPUITOCUCTEMBL.
CrpaBeUIMBBI CIIEYIOLHE YTBEPIKACHHUS.

Vmeepoicoenue 3. PaccMOTpUM TIOCKYIO painioHanbHyto kpusyio f(X, y) = 0.
Iycts Q(0, 0) — ocobas Touka Ha KpuBoi, Mg = 2. IIpoBenem uepe3 Touxy Q(0, 0)
CeKYILYIO, 33/IaHHYI0 ypaBHeHHEeM Y = tX, rue t — yriaoBoi ko3 GHUIHEeHT cekyien
(puc. 5). IIpsmas, npoxozsmas yepe3 0coOyro TOUKY, epecekaeT 3Ty KPUBYIO €Il
He 6osiee YeM B OJHOU npocmotl TOUKE.

Joxazamenbcmeo. AHAJOTMUHO J0KAa3aTeNIbCTBY yTBepkIeHuid 1 — 2.
KpaTtHOCTh mepecedeHust AByX MHOTrooOpa3wii He TpeBBIIaeT MN, rae M u N
CTCTICHU COOTBCTCTBYIOIIUX MHOTOYJICHOB. B JaHHOM cCi1ydac€ mnpsaMas, 3aJJaHHas
ypaBHEHHEM T[EPBOH CTENEeHH, IepecedeT KPUBYIO, 3aJaHHYI0 MHOTOYICHOM
TpeThell CTerneHu, He Gojiee YeM B TPEX TOYKaX C YY4ETOM KpaTtHOCTH (puc. 5).
[epBas Touka nepeceueHus: — ocodas, ee KpatHocTh Mg = 2. CreoBareibHO, elle
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npsiMasi iepeceveT KpUBYIO TPEThed CTeleHH He Oosiee YyeM B OJHOW TOYKE M 3Ta
TOYKa (€ciM OHa €CTh) — IPOCTasl.

v

Puc. 5. [lapamerpuzanus paunoHAIBHON KPUBOH TpeThei
CTENEHI

OTCYTCTBHIO TpeTheil TOUKM IepeceyeHHs COOTBETCTBYeT  clydaii
npoxoxaeHus npamoii mapamiensHo ocu OY. Ilpu 3ToM 3HAYEHHH YITIOBOTO
ko3¢ duimenTa t npamas nepecexaeTcs ¢ KpUBOil B 6ECKOHEUHO YIaleHHOH TOUKe.

BbIpazuM KOOpAMHATEI TOYEK PAallMOHAIBHOW KPUBOM uY€pe3 palluOHAJIbHBIC
(QyHKIME OT mapameTpa t, T.e. IBe Takue panuoHaIbHbIe GyHKmy @(t) 1 y(t), XoTs
OBl OfHA M3 KOTOPHIX HE IIOCTOSHHA, 4TO f(¢(t), y/(t)):O TOXKIECTBEHHO

otHocutensHo t. Korma t mpobGeraer Bce 3mauenust GF(Q), mapamerpusarius

x=o), ¥y = y(t) maer Bce TOYKH KpHUBOU (32 HCKIIIOUEHHEM, BO3MOXKHO,
KOHEYHOTO MX YHCTA).
PaccmoTpuM  miockyro pandoHansHyo kpuByoo f(X,y) = 0, 3amanmyio

MHOEeCTBOM pemienuii ypaBHenusi (5) nam GF(2M). IlpoBemem uepe3 0cobyro
touky Q(0, 0) cekymiyro, 3amaHHyl0 ypaBHeHumeM Yy = tX, rme t — yrioBoii
koa(urmeHT cexymei. [lo yrBepxkaeHuro 3 cexymas nepeceder KpuByio (5) eme
B omHoi Touke. IlojcTaBuB ypaBHeHHe cekymied B (5), TOMyYHUM KOODAWHATHI
HMCKOMOW TOYKH NEPECEUEHUS CEKYIIEH ¢ KpUBOM:

X=2+t+1; 9)
Y=tX=0++t.
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Takum obpasom, korga t mpoberaer Bce 3HaueHuss GF(2™), mapamerpusarms
x=¢(), y = y() maer Bce TOYKHM KpWUBOH (32 HCKIIOYECHHEM, BO3MOXHO,
KOHEYHOTO MX YHCIIA).

Ymeeporwcoenue 4. I'pynmoBas omepanusi CIOXKCHHS TOYEK palMOHAIBHON
KPHBOH TpeTbel CTENeHH, 3aJaHHON ypaBHeHHeM (5), B apaMeTpHUECKOM BHIE
TOKIECTBEHHA BBIPAKCHHUIO

ot +1

= : (10)
t+t,+1

3

rme t1, t, u ts — jokaneHBIe mapamerpbl Touek Pi(X1, Y1), P2(X2, Y2) u P3(Xs, Y3)
COOTBETCTBEHHO.

Jokasamenvcmseo. Bocmnonesyemcst BeipakeHmsiMa (6) u (9). IloxcraBum
koopauHatel Touek P1(X1, Y1) u P2(X2, Y2) B mapaMeTprueckoM BUjie B BRIPAKCHUE,
3aJ1afolIee rpyMnIoBYI0 OMNEPALUIO CIOKEeHHUs To4Yek. [lomyyumm:

2
t+t7 D 1+t
X3=X1+X2+az+a+1=t1+t12+1+t2+t§+1+[1 117277 2

t1+t12 +1+t, +t22 +1

+y+ﬁ+ﬁ+y+@+@+L{q+ﬁ+§+g+@+@

t1+tl2 +1+t, +tz2 +1

2
+t 4+t | +
t1+t12 +1+t, +t22+1 ' }

+[q+ﬁ+@+g+@+@

+t +1, +1:t32+t +1.
t+t2 1t 241 ] :

%:axﬁh:[g+ﬁ+€+g+@+@Iq+ﬁ+ﬁ+g+@+@

2
|+
tl+t12 +1+t2+t22+1 ' 2}

t1+t12 +1+t, +t§ +1

.\ t+t2 2ty + 12+t q+ﬁ+ﬁ+g+é+é+t+t_Fq+ﬁ+ﬁ+g+@+@ .\
QA2+l +2 41 | G2 4let 4241 t+t2 14t #1241

ty+t7 + 1+t +15 +
i ey e (t1+t12+1)+(t1+t12+t13):
t+t +1+t +t5 +1

3
2 43 2 3 2 43 2 3
=[q+q-n1+g+g+¢2+t+bj +[q+q-n1+5442+g

2
+t+t, | +
t1+'[12 +1+t2+t22 +1 ' 2]

t1+'[12 +1+1, +t22 +1

+q+ﬁ+f+g+@+@
t1+t12 +1+t, +t22 +1

+g+g]=@+@+g.
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OTtkyna umeem:

Attt 1 4t t3+t3
Ly = 2 > 1T = 2 T th+t +1=
4+t +1+t, +t5 +1 4+t +1+t, +t5 +1
(t+t, ) +t;t,(t, +t,) tt, +1
= +t +t, +1=———.
(t, +1, Nty +t, +1) t,+t, +1

Ymeepowcoenue 5. T'pynmoBas omepanusi YABOSHHS TOYCK paIlMOHATBHOMN
KPUBOM TpeThel CTEICHH, 3aJaHHON ypaBHeHUEeM (5), B mapaMeTpHUYCCKOM BHIIE
TOXJIECTBEHHA BBHIPAKEHUIO

ty =t7, (11)

rae ty = t u t3 — mokanbHbIe TapameTpsl Touek P1(X1, Y1) = P2(Xz, Y2) u P3(Xs, Ya)
COOTBETCTBEHHO.

Hoxazamenvcmeo. Bocnonb3yemcsi Boipakenusimu (8) u (9). INoacraBum
koopauHatel TOo4Yek Pi(Xi, Y1) = Pao(X2, Y2) B mapameTpudeckoM BHIC B
BBIpaXKEHHUE, 33/1af0IIee TPYIIIOBYIO ONEPALMIO YABOCHHUS TO4eK. [Tomyunm:

2
X, :b—z = (tf +, +1)Z =th 2+ l=t) 4+ +
X

2
Y; :aX1+b:(t12 +t, +1)3 +(t12 +1, +1) +t13+t12 +t1:t16 +t14 +t12 :t33 +t32 +1t5.

OTtkyna umeem
ty =t7.

PesynbraT nocneaHero yrBepxkIeHUs MTOKa3bIBAET, YTO TPYIIIOBHIE ONEPALHN
CIIOKEHUSI M YJBOCHMS TOUYEK PpAIMOHAIGHON KpPHBOH MOXKHO CYIIECTBEHHO
YIOPOCTUTb W CHU3UTH  3aTPAaTHOCTb  peajM3alMid  KpUNTOrpaduyecKux
npeoOpa3oBaHUii Ha paIMOHATIBHON KpUBOW TpeThed cremeHH. [IpoaHammsmpyem
CJIOKHOCTB BBITIOJIHEHHS TPYIIIIOBBIX Omnepanuid mo BelpakeHwsM (2 — 4) u (10 —
11), coorBerctBeHHO. Ha puc. 6 — 7. mpencraBieHbl JUarpaMMBl CIOKHOCTH
orepanyii ciuoxeHus W ynBoeHHs Touek EC: TeMHBIM 1BeTOM — IO (opMyiam
(2 -4), ceetsibiv — o (10 — 11).

BeiBoabl. B pe3ynbrare NpOBENCHHBIX HCCIENOBAHMA TEOPETUUECKU
000CHOBaHBI OBICTpBIE MpeoOpa3zoBanus B rpymme Todek EC, KOTopble MO3BOISIOT
CYLIECTBEHHO CHU3UTH CJIOKHOCTb CJIOKEHUS U YIBOECHMS 3JIEMEHTOB TI'PYIIIBL.
IlepceKTUBHBIM  HANpaBICHUEM  SBJSETCS  MUCCIENOBAHHUE  CTOMKOCTH
KPHUITOCHCTEM C HCIIOJIB30BAHMEM ITPEIOKEHHBIX OBICTPHIX IPe0Opa3oOBaHHH.
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