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MATEMATHUYECKAA MOJEJIb JTU®PAKIIUU TE-BOJIHbI
HA PEHIETKE B IIVIOCKOITAPAJIUIEJIBHOM BOJIHOBOJE

ITobynoBana mMaTeMaTH4Ha Mojenb poscisHHs TE-xBuib Ha audpakumiiiHiil pemiTii, po3TamoBaHiii B
MIONEePEeYHOMY Iepepi3i III0CKO MapalelbHOr0 XBUIEBOAY, Ha 0a3i TUIIEPCHHTYISIPHOTO iHTErPaIbHOrO
PIBHSHHS, BINIOBITHOrO KpaioBiil 3amaui Juist piBHAHHs ['enmpMronsbia. Jluckperusanis mpoBeneHa
YHCEILHUM METOJOM AUCKPETHUX OCOOJIMBOCTEH, 3 BUKOPHCTAHHSIM KBaApAaTYPHUX (OPMYI iHTEpIO-
JSIIHOTO THITY.

ITocrpoena MaTeMaTHueckast Mofenb paccesiHus TE-BoJIH Ha AU(PaKINOHHOI peleTke, pacoNIoKeH-
HOH B IONEPEYHOM CEYCHHH IIIOCKOIApauIeIbHOrO BOJIHOBOA, Ha 0a3e TPAHHYHOTO THIICPCHHTYIIIP-
HOTO MHTErpallbHOTO YpaBHEHHs, COOTBETCTBYIOLIETO KpaeBoil 3amade Ui ypaBHeHus I'enbMmronbua.
Jlvckperu3alys MpOBEAEHAa YHCIEHHBIM METOAOM JHCKPETHBIX OCOOEHHOCTEH, C HCIOJIb30BaHUEM
KBaJIpaTypHBIX (OPMYJI HHTEPIOIILHOHHOIO THIIA.

A mathematical model of TE-wave radiation on diffraction grating placed in a transverse cross-section
of the parallel-plate waveguide is built on the basis of boundary hypersingular integral equation, corre-
sponding to the boundary-value problem for the Helmholtz equation. Discretization is carried out with
the numerical method of discrete peculiarities, using quadrature formulae of interpolation type.

Beenenue. B paGore [1] Obu10 BBIBENEHO IpaHUYHOE CHHTYJSPHOE HHTE-
rpajbHOE ypaBHEHHE KpaeBOH 3ajauu I ypaBHEHuUs I envbmeonvbya B Cirydae pac-
CesiHUS TUIOCKOM MOHOXPOMATHUYECKOH BOJHBI Ha JWU(PAKIHMOHHOW pelleTke, Je-
Kaleld B CEYeHUH IUIOCKOTO BOJHOBOAA. A B paborax [2-3] moka3aHoO, YTO 4HC-
JICHHBII METOJI, NCTIOJIB3YIOMINI THIIEPCUHTYIISIPHBIE HHTETPAbHbIE yPaBHEHNUS, B
OTJINYME OT METOJIa, OCHOBAHHOI'O Ha CHHTYJISAPHBIX MHTErPaJbHBIX YpaBHEHUSX,
JIaeT BBIUTPHINI B CKOPOCTH BBIYHMCIIEHUS PE3YJIBTATOB MPU YCIOBHU JOCTIKEHHUS
OJMHAKOBOM TOYHOCTH. B CBSI3M ¢ 3TMM OBIJIO pPElIeHO MPOBECTH IOCTPOCHUE Ma-
TeMaTU4eCKOH MOJeNHU 1 3aaul JU(pakiuy B IUIOCKONAPaLIeIbHOM BOIHOBO-
Jie, B CEYEHHH KOTOPOro IMOMeIleHa AU(PPaKIOHHAS PelIeTKa, CMOTPH TEOMETPHUI0
3aJ1auy, UCTIONB3YIONIEH THIIEPCUHT Y ISIPHOE HHTErPaJIbHOE ypaBHEHHE.

B cratbe kpaeBble 3a7aun i ypaBHeHU Makceenna v I'envbmeonsvya, cBesie-
HBI K TUIIEPCUHTYISPHBIM WHTETPAJIbHBIM ypaBHEHHsAM. Ha 0a3e 3THX rpaHUYHBIX
WHTETPATBHBIX YPaBHEHUH MOCTPOCHBI TUCKPETHBIC MaTEMAaTUYCCKUE MOJICIH JIIS
MPUOJIMKEHHOTO (C KOHTPOJIUPYEMOIH TOYHOCTBIO) PEIICHUST PACCMOTPEHHBIX Kpa-
€BBIX 3a7a4. JTHU 3aJa4Yd CIyXKaT MATEMaTHYCCKUMU MOJICIISIMU SJICKTPOIHHAMU-
YECKHUX CTPYKTYpP ¥ HAILIM IMIUPOKOES MPUMEHEHUE MPU MPOCKTUPOBAHUH M CO3]Ia-
HUH BOJIHOBOJIOB C HEOTHOPOIHOCTSMHU U (PHIBTPOB HA UX OCHOBE.

ITocTanoBka 3agavud. B pacCMaTpUBACMBIX 3aavdax I'paHUlld — MapaJliCiib-
HbIC UJCAJIbHO NPOBOAANIUEC TINIOCKOCTHU, MEKAY IJIOCKOCTIAMU — I[I/I(l)paKHI/IOHHaH
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peleTKa, cofepikaiiasi OJHy WM HECKOJIBKO MPOIOIBHBIX HEOrPaHHMICHHBIX, Oec-
KOHCYHO TOHKHX JICHT. BBIOCpeM JIEKapTOBYIO CHCTEMY KOOPJAWHAT TaK, YTOOBI
MU(paKIMOHHAS pelieTka Jiexana B miockoctu Oyz. Ha pucyHke mpejcTaBieHO
CEUCHHUE BOJHOBOJA INIOCKOCTHIO, TIEPIICHIUKYIISIPHON K AU(PPAKIIMOHHON peIieT-

K€C.

u- 11+

a 0

Pucynok — Ceuenust BOTHOBOA € qU()PAKIMOHHON PEIIETKOM:
(a) WIOCKOCTHIO, MEPIEHANKYIISPHON K AU PAKIIMOHHON PEIIETKE;
(6) mI0CKOCTEIO, conepKaIei TUHPAKIIMOHHYIO PEIICTKY.

b

m
Bsenem o6o3HaueHus: L = U(al. bl.) — 9TO CyXEHHE MEeTaJJIMYECKHUX JIEHT

i=1

JT(paKIMOHHON pemeTKn Ha IUIOCKOCTh cedeHusi, a CL =[O,h]\L — CyXEHHUe

ey AMQPaKMOHHON PEIIETKN Ha TY )K€ INIOCKOCTb.
3anaua mudpakiuu TE-BomHbl B 2—-D cityyae cBOANTCS KO BTOPOW KpaeBOn
3afaue 1 ypasrenus I enomeonvya.

Vckomas dynkimst u(x,z) (TO €CTh HCKOMOE «IIONIE») YIOBIETBOPSET Cile-

JIYIOLIUM YCIIOBUSIM!

ypasHenuto I 'enomeonvya:
Au(x,z)+k’u(x,z)=0,

B oGJactu {(x,z)|x e(-»,%), ze (O,h)}\ Q[ai,bi] ;

TPaHUYHOMY YCIIOBHIO:

GG T CE) R
Ox |X:0 x|, ’ ’
VCA08UI0 U3yUeHus 3ommeppenvoa:
0
%—iku(x,z) =0 % , X—> 0,

yeaosuio Maiikcnepa Ha peodpe:
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[[#[uf + |Vl Jds <o, @)
Q

o % 2
Jutst TF000# orpaHudYeHHoM obaactu A < R*.

B pa60Te pacCMaTpuBArOTCA CTalMOHAPHBIC 3aJa4r, 3aBUCUMOCTb MoJIeH OT
—iot ikx

BPEMEHH JACTCsl MHOXHTEIEM e ', u, (x,z):e_’ , k=w/c, ¢ — ckopocThb

CBETa B BaKyyMe.
CykeHust ICKOMON (QYHKIUH U (x,z) Ha «IeByIO» x <0 u «upasyro» x>0

TOITYIIOCKOCTh, 0003HAYMM COOTBETCTBEHHO 1 (x,z) 1 u” (x,z). Ecin dyuximn

u (x,z), x<0 u u’ (x,z) x>0 YIOBIETBOPAIOT ypaBHEHHIO [ enbMronbua u

BBITOJHEHBI «YCTIOBHS CONPSKEHU:
ut (x,z)L:O =u (x,z)L:O , zeCL, )

ou” (x,z)| _ ou” (x,z)|

, CL, 6
ox ox Z€ ©

x=0

x=0
TO CYHIECTBYET (l)yHKI_[I/IH u ()C, Z) , YAOBJICTBOPAIOLIAs YpaBHCHUIO FeﬂbMZOﬂbL{a BO

m

BCEM  MNPOCTPAHCTBE 03  OOBCAMHCHUS  JICHT U[aqybq}, puIeM
g=1

u(x,z)zu_(x,z), x<0wm u(x,z)ztf(x,z), x>0.

I[lapHoe cymMMAaTOpHOEe W THNEPCHHTYJISIPHOE HHTErPAJILHOE YPABHEHHSI.
[pencraBnenns Oypbe Wit QyHKIUH ©- (x,z), x<0wuu' (x,z), x>0, ynosie-

TBOPSIIONINX YpaBHEHHUIO [ €IbMrojbIla, UIEM B BUJEC PSAAOB (CXOXUMOCTH KOTO-
PBIX TIOHUMAETCS B CMBICIIE 00OOIICHHBIX ()YHKIINI):

ut = iC; cos(4,z)e"",
n=0
u = iC; cos(4,z)e’™ ;
n=0
m

n n
31ech A, = 7 , I o= [7} —k* , a BeTBB pajiuKana BEIOUpAETCS TaK, YTOObI

Rel’, >0 mpu n> K ulm/lI", <0 mpu n< K , h — paccTosHHE MEX Ty IITOCKO-
b2 b2

cramu. Torna ycnosus (5), (6) mpuHUMAIOT BUI
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iC; cos(4,z) = iCn‘ cos(4,z), zeCL,
=0 n=0

(7
Z -I',C; cos(4,z2) ZFC cos(4,z), zeCL.

W3 BTOpOro ycinoBus CONpSKEHUS (6) W TpaHW4HOro ycioBus (2) ciemyer,
4TO:
-C'=C, =C, neN.

JleWicTBYS Tak ke, Kak B [2], 1 MCHONB3Ys IEPBOE COOTHOLIEHNE CUCTEMBI (7)
U TpaHUYHOE YCIOBHE (2), MolydaeM MapHOe CyMMAaTOpHOE ypaBHEHHUE!

2 0
ZF,,C” cosA,z = —%, zel,

n=l1 X

ch cosA,z=0, zeCL.

n=0

HpI/I 9TOM Fn MOXHO MPEACTaBUTh B BUJIC!

7Z'I’l iy n kh —Bn +—+K
\/ \I 7Z'I’l

rae B,, B, —u3BecTHble KOHCTaHThl, K, =1 —Bn——.
n

[epenmiem mepBoe ypaBHEHHE B cucTeMe (8), UCIONB3Ys NpEICTaBICHUE
ms I

n

| |cos/’t zZ+
+iKnCn coslnz=—M, zel. )
n=1 ax
BBejieM HOBYIO HEM3BECTHYIO (DYHKIIHIO:
z)=iCn cos i,z ; v(z)=0, zeCL. (10)

n=0

YCpe3 3HAYCHUA KOTOpOﬁ BBIPAXKar0TCsAd BCC NCKOMBIC KOS(l)(l)I/IHI/IeHTI)I Cn .
17 1
c0=zjv(g)dg; o =Zjv(§)cosin§d§, neN
0 L

[Mapamerpuyeckue npeacTaBiIeHus TUIIEPCHHTYISIPHOTO U JIorapr(MUUecKo-
IO MHTETpaJIbHBIX OMNEpPaTOpOB Ha HHTEpBAJe (O,h) MOJYYUM, UCHONB3Ysl COOT-

BETCTBYIOIIME MPEACTABIEHUS HHTETPaJIoB [5]:
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W)=Y C,cosA,L,

n=1

] A . 11
fo] e L1 VEME 30 cosz,, 4

2sin’ ﬂ.lg 2 200 i’ Al§+z n=l

3JIeCh MHTETPaJl IOHUMACTCS B CMBICIE KOHeuHoU uacmu no Aoamapy (a.f.p.),
o0

w(§)=2.C,cos ¢,
n=0

lfv(g)m | sinﬂq%|d§+ (12)

h 0
%j )1n|s1nﬂ.l—|d§——2C In2- ZC" cos/, z.
0 n=t N

[pumenss mapamerpuueckue mpenctapineHus (11-12) k ypaBHeHuto (9) u
yauThIBask CBOMCTBO (10), MONTyYaeM TUIIEPCUHTYASPHOE HHTETPAILHOS YPaBHCHU S
Ha CHUCTEME OTPE3KOB B BUJIE:

B towOde Bt wE)de
-—afp|———FF—— | —F— -~
2h ?!‘Zsinzﬂ.lggz zh?."Zsinz&g;Z

——jv(é)ln | sin

=2 j W) [sin 4 S g -

B,In2

!v(g)dg +2—1h£1<(g,z)v(g)d§ +§—2!v(§)d§ =f(2) ,(13)

rae K(0,z) ZK cos(4,z)cos(4,8); f(z)=-0,u,(0,z).

n=1

[IpencraBuM MonbIHTErpANBEHYIO QYHKIMIO /IS IEPBOrO MHTErpaja ypaBHe-
nus (13) B Buge:

R S R
Zsinzﬂ.l ﬁ 212(4/_2)2 zsinzj'l ﬁ A’lz(g_z)z
2 2 G
1 1
zfﬁc(ﬂ.‘ g;Z—kﬂj
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a BO BTOPOM HMHTETPAJIC 3TOI'0 YPABHCHUS «AAPO» npeo6pa3yeM TaK:

sinﬂ.lg_z‘
In|sin2 &2 =1n |2 £=% | +n 2 (15)
&ﬁ
2
Moxncrasnss (14) n (15) B (13), nepenI/ImeM YpaBHEHUE B BUJIE:
- 11 ——j )In|¢ —z|d¢ +
., 6=
1 2 B siny =
+ ——|v(&) - ¢-—2|v(¢{)n d¢ -
hi 2sin Zq% (¢ -2) h'! &42—2
B,In 1, B, v(&)d<E B,
— !v(é)dé—ﬂm——jv@)m sinz, & ‘

+§—;l£v( d¢ +— jK g)dg} f(2).

Ycnosue MaiikcHepa Ha pedpe (4) OyJIeT BBIMOHEHO, €CITH CY)KCHHE (QYHK-

it V(g ) Ha MHTEpBal (aq,bq) MPEJICTABUTH B TAKOM BHJIE:
v(§)|(aq,hq) =W, (C) (bq _g)(g _aq): a, <§ <bq .

Takum 00pa3oM MOMYYUM CYMMY HHTEIPAJIOB MO KaXIOMY HHTEPBaTy (aq,bq) :

( a —g)(é’—aq)dé’—

—izm“hjqwq ()¢ — (b, ~¢)(¢ —a, )ac +

Zm:}ijq ( C)(C—aq)d@’:f(z), zelL. (16)
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. §-z
smﬂ.lT B 1
—len——lenZ.l———+—
31% 2 2sinzﬂ1%

z +%+K(§,z).

Cnenas 3aMeHy nepeMeHHbIX B (16), mepexoquM oT HHTepBaja (aq,bq) K

cranapTHOMY uHTepBany (—1,1):

b
gq:(—l,l)—>(aq,bq):ﬂ—>§= "2 I N R

w, (€)

=1-£ .
(aﬂ’hq) t )/q (I)

n TUTNICPCUHTYJIIPHOC MHTCIPAJIbHOC YPABHCHNUEC IPUMET BU:

[ j \/ﬁdt} [ q;aqujyp(t)ln|t—t0|Mdt+

] [Go(t)ry NI P =1,(1). ()

rue qu(to,t)= G(g,,(to),g,,(l))— ] 2

JuckpeTHass MaTeMaTH4YecKasg MoAeab. [ TUCKpeTU3aluu CUCTEMbI UH-
TerpajbHBIX ypaBHeHHH (14) BBemeM B paccCMOTpEHHE HEH3BECTHYIO (pyHKUHMIO

»—2
'~ (t) — nomunom crerern n, —2 .
Takke 3aMEHUM IJIaJIKHe A7pa YPaBHEHMil MX MHTEpPHOJAMOHHBIMM MOJIH-

HOMaMU 110 KaXKIO0H M3 NEPEMEHHBIX C y3JaMu t:/." » J=L..,n, =2 — Hynsamu no-

nunoma Hebviwesa Il pooa U, _, (4)-
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Tounsie KBaJApaTypHBIC (l)OpMyJ'H)I JUI JUCKPETU3AlNU MHTCTPAJIbHBIX OIEpa-

TOPOB C BeCOBOM (yHkumei v1—¢> umeror Bus [5]:
. HHTerpanLHHﬁ OTIepaTop C IIaJIKUM ;mpOM

—~ jP LRG0T (V1= dr——z(l (10 ) K@ 57

o I/IHTeraJ-H)HBH/I oneparop € J'IOFapI/I(l)MI/I‘IeCKI/IM AApOM
Lo -
—Jnlay -t oN1=rdr =
Tz

n,—1

1 nq—2 n, n, 2 "q_ll n, n, (_l)kn(t(:lq)
_”l—k Y, (tok)(l_(t()k))[11124—2;;];([01()];([0])4-7] P

q k=1

. rI/InepanrynﬂpHHﬁ I/IHTerpanBHHﬁ oreparop

2O zy (o D EU M,

g n, n, N2 q
5 (t - (to,,- _t()k) 2
rie Pn_z[*] — TIONIMHOM CTENEHH n—2 W KBAJApPaTypHbIC (DOPMYIBI C y3iIaMu
n jr n krm
ly; =cos=— W Iy =cos— (Hynsmu nomuHomos Yebbiuesa Il poxa [5]).
: n n

[Mpumensist kBagpaTypHbIe (GOPMYIIBI HHTEPIIOISIUOHHOTO TUTIA K THIIEPCH-
HTYJSIPHOMY MHTErpajisHOMY ypaBHeHHIO (17), IpuXomuM K cieayromei cucre-
Me JIMHEHHBIX anreOpanyecKux ypaBHEHWH OTHOCHTEIBHO «IPUOIMKEHUID

HEM3BECTHHIX (pYHKIMH )/;"’_2 (t) , p=0,...,m

" - (V
on Zly" z(t:;;)(l—(rg,';)z)—l ]( )y _Bx %”ﬁ"_z(zg}f)—
i

PR =

k#j

=—f,(t7")  j=le.n, -, p=0,...m. (18)
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[pu pereHny cucremsl JIUHEWHBIX anreOpandeckux ypaBHeHHH (18) MbI Ha-
o n, n,
XOIMM 3HAYEHHs HEM3BECTHBIX QyHKUMH ¥’ (t) B y3IaX )7, @ 3aTeM IO MOy~

n,

-2 .
YCHHBIM 3HA4YCHHUAM, BOCCTaHaBJIMBACM }/;' (lok) KaK HWHTCPIOJIAIMWOHHBIN I10-

JIMHOM.

BruiBoabl. B pabore noctpoeHbl MaTeMaTHIECKHE MOIEIH, a/IeKBaTHBIE COOT-
BeTCTBYMOMIEH (usnueckoit 3agade. Kpaepas 3anaua ans ypasHenus ['enpmronsia
¢ IpaHHIeH, 00pa30BaHHON MapaluUIebHBIMU HJEAIbHO NPOBOAAIIUMU ILIOCKO-
CTSAMHU M Pa3MEHIEHHOW MeX/1y IUIOCKOCTMH MU(paKIMOHHOM peneTKkon, comiep-
Kaleld OfHy WIM HECKOJIBKO IMPOJOJBbHBIX JIEHT, CBEAEeHA K TUIIEPCHHTYISIPHOMY
UHTETpabHOMY YPaBHEHHIO Ha cucTeMe oTpe3koB. Ha 6asze 3Toro rpaHuuHOro
WHTErpajbHOrO ypaBHEHHSI IOCTPOEHA AMCKPETHasi Maremaruueckas mozensb (18)
JUTSL TPUOTIFKEHHOTO (C KOHTPOJIMPYEMOM TOUHOCTHIO) PELIeHUs yKa3aHHOH Kpae-
Boii 3aaun. [locTpoeHHas qUCKpeTHass MaTeMaTuieckas MOJENb, TO3BOJISET MpPo-
BOJIMTH YUCJICHHBIE SKCIIEPHUMEHTHI MO ONPE/ICIIEHUIO0 TEXHUYECKUX XapaKTEePHUCTHK
PacCMOTPEHHBIX BOJTHOBEIYIINX CTPYKTYP.
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