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JAEKAPTOBI JOBYTKH OJJHOBUMIPHUX ®PAKTAJIIB:
DOPAKTAJIBHI MEPE’KI HA IIJIOIWHI

JocniukyoThCs IeKapTOBi KBaJpaTH Ta JOOYTKU HiJe HE LIUIbHUX JOCKOHAIMX MHOXKHH Ha HPSMiH.
JoBezieHo, 10 I JeKapTOBi HOOYTKU SIBISIOTHCS (DpaKTaIbHHUMH MHOXKHHAMH B IUTOIIHMHI. JleTanbHO
MPOAHANII30BaHI TPH KJIACH (PAKTAILHAX MEPEX y IUIOIIMHI Ta MPOBENAEHO IX y3arajibHeHHs. Bussieni
MOXKITUBOCTI HACHYCHHS Y PO3PIDKEHHST MEPEX 3a JOMOMOTOI0 3MiHH (pPaKTaIbHOI PO3MIPHOCTI.

IIpoBOANTECST HCCIAEAOBAHNE ACKAPTOBBIX KBAJIPATOB M NPOM3BEACHUI HUIJE HE IUIOTHBIX COBEPIICH-
HBIX MHOXKECTB Ha NpsAMOM. Jloka3aHO, 4TO 3TH JEKapTOBEI IPOM3BEACHUS SIBISIIOTCS (PAaKTAIbHBIMU
MHOXKECTBAMHM Ha IUIOCKOCTH. J{eTalbHO MPOaHAIM3UPOBaHbl TPH Kiacca (ppaKTalbHBIX CETEH HA ILIOC-
KOCTH H IPOBEJECHO ux 0006meHne. OGHapyKeHbl BO3MOKHOCTH HACBILICHHS WM Pa3peKeHUs CeTel ¢
[IOMOIIBI0 H3MEHEHNUSI (PPaKTaIbHOI Pa3MEPHOCTH.

Cartesian squares and products of nowhere dense perfect sets in line are studied. Has been proved that
these products are the fractal sets in the plane. Three classes of fractal networks in the plane and their
generalizations have been analyzed in details. The possibilities of saturation or rarefaction for networks
by changing the fractal dimension are found.

Betyn. [liist cioctepe)xeHHs 32 CTAaHOM CKJIQJHOTO 00 €KTY (J1itaka, TypOiHu,
Ha(TOMPOBOIY, MOCTY TOIIO) BHKOPHCTOBYIOTH MeEpei BOYIOBaHHX NATUYHKIB.
Bonu 3abe3neuyrorh iH(pOpMali€ro MPO CTaH KOHCTPYKLIT 00’€KTa, PO PEKUM
poboTH OKkpeMux By3idiB i TomMy mojiOHe. lle Moke OyTH OiibII JOCKOHAIHUM 1
MEHII 3aTPaTHUM, KOJIM Mepeka MaTHMe Ao(QpakTajIbHy CTPYKTypy. Bropsakosa-
HICTh MEPEXi Y BIAOBIIHOCTI O TIEBHOI cTafil moOymIOBH caMOIOIiOHOTO (pak-
TaJly Ha IUIONIMHI € HalOumem npupoaHoo[1]. 3po3ymisio, Mo mpu HEOMY MalOTh
OyTH BIANOBIIHI Kilacu JABOBUMIpHUX (pakTaibHUX MHOXHH (PM), siki BinoOpa-
KaloTh, 30KpeMa, KOHCTPYKIIII0 BCbOr0 00’ €KTa Ta MEBHUX HOT0O YacTHH.

B maniit po6oTi TPOBOIUTHCS JOCTIHKEHHS KUThKOX KiaciB @M Ha TUIomuHi.
3a ocHOBY iX TBOpeHHA OepyTbes kKiacu @M Ha mpsMii Ta iX cHCTeMHHH aHami3
[2,3]. TIpy uBOMY BUKOPHCTOBYIOTHCSI JEKapTOBI KBaJIpaTH Ta JOOYTKH OJIHOBH-
Mipaux OM. 3posymino, mo ®M Ha IJIONMHI € ieaTBHUM MAaTEeMAaTHYHUM
00’exToM, arne crafii ii moOyIoBH, SKi MOKHA HAa3BaTH 00QPAKMATbHUMU MHONMCU-
Hamu, € pealbHUMHU. SIK pa3 BOHM 1 MOXXYTb BKa3yBaTH HAa MAaTeMaTHYHHUN 3aKOH
po3TalllyBaHHs JaTYUKIB B Mepexi. BiAnmoBigqHo Taki Mepexi JOPEYHO Ha3MBaTH
o paKkTalIbHIMH.

Haitnpocrimmm noBumMipanM (ppakranom € mut Kanropa[4]. Bix € nekapTo-
BHM KBaJpaToM Hijle He IiIbHOI JockoHanol MHOXuHH (HIL/IM) Ha cermenri,
Ky Ha3uBalOTh NUCKOHTHHyyMmMoM Kanrtopa[l]. BuxopucroByroun y3arajabHEHHS
uiei HIOAM, o npusoauts qo HIJIM yn ®M 3i 3MiHHOIO po3MipHICTIO Xayc-
nopda, mepeitemMo 10 AOCTiHKEHHS X JEKapTOBUX KBaIPaTiB.
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Hexaprori kpagpatu HIIAM. ITounemo 3 Haitnpocrimoro kiracy HI[JM
Ha TIpsAMiH, po3MipHicTs Xaycnopda s SKUX BH3HAYAETHCSA BUpa3oM In2:lnk ,
ne x — koedinient camonoaioHocTi [3]. Knacuuna HIAM (Quckonmunyym Ka-
HMOpA) € YaCTUHHUM BHIIQJKOM 3 Kk =3 . VY 3arajJbHOMY BHNAAKYy K € IIHCHUM
yucnoM, OibmM 3a 2. OCKIIBKHM yTBOPIOBaY KOXHOI MHOXKHMHH JJAHOTO KIJIacy
CKJIQZIA€ThCS 3 JIBOX CETMEHTIB,
. To mo3Hayumo ix C,(x). o6
po3ibpatuch B IeTansax 3 JeKap-

TOBHUM JOOYTKOM

C3 () = Cy (k) x Gy (k) ,

Bi3bMeMO Yy sikocTi ii Hocis ne-
05 KapTOBUH KBaJpaT CErMeHTa
[-1,1]. Ham mobyxyemo mexap-
TOBUM KBaJgpaT YTBOpIOBaya
x Cy(4), mo BinnoBizae 4YOTHU-

&
&
=

3 i
PbOM BCJIWKUM KBaJAparam, 30-

OpaxennM Ha puc.l. Jlpyra cra-
Iis, 10 BIJAIIOBiJac 3MEHILEH-
25 HSM JIIHIHHUX pO3MIpiB 1 3ami-
mIeHHSIM, 300pakeHa IiCTHa-
IUATbMa MaJeHBKUMH KBajpa-
tamu. s cragii moOymoBu 3

HOMepoM n Maemo 4" enemeH-

. TiB (KBaapaTiB), sIKi 3MEHIIEHI
Pucynok 1 — JIBi cranii modynosu C22(4). ( p_ ), ) 7 Y
MOPIBHSAHHI 3 HOCIEM y K~ pa-

3iB 3a miomiero. SIKmo crpoly-
o 2 . . n
BaTu 3HalTH monty C; (k) , TO MAEMO I'PAHULIO MOCIIAOBHOCTI (4 : K‘z) . 3a pa-
XYHOK TOT0, II0 K > 2, MAEMO

S(sz(rr)) = lim (zjzn =0.

n—o\ K
binbm toro, ockinmbku C, (k) He MOXe MICTUTU B c001 JKOJHOTO iHTepBaily, TO
TEX caMe MOXKHa Ka3aTH 1 Mpo C22 (x) . Orxe, TOTOJNIOTIYHA PO3MIpPHICTH C22 (x),
ik 1 C,(x), € HynboBO. OCh UOMY c? (3) HazuBawTh d8osUMIpHUM nurom KaH-

mopa.
Po3paxyemo po3mipaicTs Xaycrnopda (PX um dH ). lns 1mporo mosepHe-

MOCB JI0 CTajii moOyI0BH 32 HOMEPOM 71, IO CKIIANAEThCs 3 4" KBaaparis 3i cTO-

pororo 2:x". Ix miamerp (Bin € miaromammo) Gyne S, = 242 k" Jna BuzHa-
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YeHHA § -Mipu Xaycoopgha MaeMO TOCIIIKyBAaTH TPAHHUITIO TIOCTiJOBHOCTI

o3
4n5;::(isj .22 .
K

Te 3HavueHHS mapaMeTpa s, MPH SIKOMY 3IIHCHIOETHCS MEpPeXill Bil HECKiH-
YEHHOCTI JI0 HyJIs, 1 € po3MipHicTio Xaycrnopda. O4eBuaHO, M0 KPUTHYHE 3HA-

YeHHs 3HAXOMUThCA 3 piBHOCTI 4 = k™ HaTypanbHuM norapudmysannsm. OTKe,
so=dH =In4:Inx =2In2:Inx . fIxmo nopiBHATH Liel BUpa3 31 3HaUeHHSIM PX

amst C,(x), TO OTPUMAEMO HACTYIIHE CIiBBiIHOILECHHS:
dH(C3)=2dH(C,) . (1)
3p0o3yMijio, IO BOHO € MPUPOIHIM IJIs PO3MIHHOCTEH, ajie 30BCiM HE ereMe-
HTapHuM. lle MU 1mo6aYrMo MpH JOCIHIIKEHH] AeKapTOBUX NOOYTKIB IJISl PI3HUX
MPEJICTABHUKIB HABITh OAHOTO Kiiacy OM.

B 3anmexxHOCTI Bif KoedilieHTa caMOnoiOHOCTI Jo(paKTaIhbHa MEpexka MOKe
OyTH 1 HaA3BUYAatHO PO3PIIKEHOIO i TOCUTH HAITOBHEHOIO. {1 HanoBHEHICTH MOKHA
TaKoX 301UIblyBaTH, oOupatoun iHmui knac @M. [TokaxkeMo e Ha MPHUKIIAAL Ha-
cryndoro kiaacy HIIJIM, saxuil no3snauumo C;(x) . TyT y sikocTi yTBOproBaua Oy-

JIe TPU CETMEHTH 3 OJJHAKOBOIO BiJICTaHHIO MiXk HUMH. Llel kiac, SK 1 monepea i,
OyB ZieTaJIbHO JOCIIKEHUIT Ha PiBHI cUCTeMHOTro aHani3y [3]. 3okpema Oyia po3-
polJieHa CTpYKTypHa cxeMma mnpotiecy moOyJoBU JOBUIBHOTO MPEACTAaBHUKA IIHOTO
kiacy @M. Bona BifirpaBaia mpoBifiHy poJib MPH CTBOPEHHI MAaTEMAaTUUYHUX MO-
menerd B3aemMomil  IUIOCKO
MIOJISIPU30BaHO]  €JIEKTpOMa-
THITHOT XBWIi 3 J0o¢pakTa-
JFHOI0 CHCTEMOIO CTPIYOK.
s cTpykrypHa cxema €
BOXIMBOK 1 I IOCIHI-
JUKEHHST (ppaKkTalibHUX Me-
PeX Ha IIIOMIHHI.
Jocnimkenns: gpaxra-
JBHOT Mepexi C32 (x) mo-
YHEMO 3 TIepIIIoi CTafil Horo
noOyZIoBU — Oogpakmana
nepwioi eenepayii. Bukopu-
CTOBYIOUH TOIEpenHii Ho-
cifi st C32 (k) orpumaemo
CHCTeMy KBaJpaTiB, MIO
HaJliuy€e JeB’SITh eIEMEHTIB.
UYerBepTra yactuHa Ii€i mo0- "2 b e "8 1

(paxranpHOi Mepexi s PricyHOK 2 — UBepTh mepurmx 1Box cramiii Ci(5).
k=5 300paxkeHa Ha puc.2.

88



Ha noBHOMy KBazpari nepimoi crajii 300pakeHo JIeB’ATh KBaJpaTiB APYyroi reHe-
paii. Beroro ix 6yme 81= 9% Jlns reHeparii 3 HOMEpOM 7 KiTbKiCTh KBaJIpaTiB
6yne 9" . Ix miamerpu (Te % came, AiaroHani) 3MEHIIMIMCH Y TIOPIBHAHHI 3 HOCiEM
y " pasiB. Tob6ro, qus PX maemo HactynmHuit Bupas dH =In9:Ink. Skuo
k=5, T00TO po3mipu cerMeHTa yrBoproBada C;(5) omHAKoBi 31 IIIMHAMH MK
HUMH, MAEMO
dH(C32(5)) = 2dH (C5(5))=2In3:1n5.

B3araui, s nexaproBux kBaapariB @M Oynb-IKOro Kiacy Mae Mmicue CIiB-
BigaomenHs (1). [Ipu HaBiTH MOBepXHEBOMY MOpPiBHSHHI puc.]l 3 puc.2 oueBHaHA
OiNTpIIIa HACHYEHICTh MEPEeXKi C32 (x) . Konu B34TH e OLTBIINM HYDKHIHN iHACKC, TO

OTPUMAEMO 1€ OUIBbIITY HACHYEHICTh. 3PO3YyMIJIO, 1110 HACHYEHICTh MEPEkKi CYyTTEBO
3aJIEXKUTH BIJl K .

OTxe, cTpyKTypa nodpakTaabHOi MEepexi C,f (x), mo sBIsIE COOOKO TIEBHY
cTanito mooynoBu AckaproBoro no0ytky HIIJIM nHa cermenti [—1,1], ckiiagaeThest

3 GIIOKiB 110 7° KBapaTiB. BigcTaHb MiX eIeMEHTaMH KOXKHOTO OJIOKY OKpeMo i
BiZICTaHb MiX OJIOKaMH BU3HAa4YaeThcs KoedimieHToM noaiouocti @M. [apamerpu
n (neN) Ta Kk TIOBHICTIO BH3Ha4aloTh PX TEBHOTrO Kiacy (pakTanbHHX Me-

pex:
dH(Cf(K)) = 2dH (C,(x))=2Inn:Ink.

IIpn npomy x>n: y
CerMEHTH  YTBOPIOBaYa
C,(x) MaroTh OyTH Bio-
KpEeMIICHUMH XO0Y 1 J0-
CUTHh MAJICHBKUMHM IIiJIU-
"Hamu. CiiJl TakoX 3a3Ha-
YUTH, 0 K € AIHCHUM
YUCIIOM Ha BiIMIHY BiJ
HATYypaJIbHOI'O 71 . 061

OkpiM  IeKapTOBHX
no0ytkiB C,(x) caMux 3

co0o10 MOXHa yTBOpIoBa- "]

™M podytku  C, (i;)x
C,(ky),  C,(K)xC, (%)
ta C,(x)xC,(x,). Le
3HAYHO PO3IIUPIOE IIO-

HATTS  (ppakranbHOi Me- x
pexi. Ilposenemo mocmi- ° 02 o4 o8 03 1

JOKCHHSL 10 OHOMY 3 Pucynok 3 — UBepTh IBOX MEPUIMX T'eHEpaLlii
HaBeJIEHUX BUIIE TPbOX C,(4)x C5(5).

0.2q
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KJIaCiB IEKapTOBUX AOOYTKIiB.
HexaproBi mooyrkm HIIJM. Iloynemo 3 JeKapTOBOrO JOOYTKY
C,(3)xC,(4) . IlonibHO 10 AEKapTOBUX KBaAPATIB y AKOCTI HOCIS OepeMo [-11].

Ha 5 -tomy Kpoui mo6ymosu otpuMyeMo 4" TpSMOKYTHUKIB 31 cToponamu 2 /3"

ta 2/4" . Ix niametpu (miaroHasi) BU3HAYAIOTHCA

2n
2/L+ ! :i‘f1+(3j =9,
9" 16" 3" 4

Minimansre nokputts C,(3)x C,(4) 3 UuM 3HaUeHHSIM J, Hailiuye 4" Kpy-

riB. [l obuncienHs s -Mipu Xaycmopda CiiJ JOCHTiKYBAaTH IPAHUIIO TTOCITiOB-

HOCTI
nes s\ Hs 2n %
sy =(4r3) 2 (14314 ) 2.
Te 3HaueHHs MapameTrpa s IMpPU SKOMY 3IIHCHIOETBCS Nepexia BiJ HeCKiHue-
HOCTI IO Hyma mnsd s-Mipu 1 € posmipHicTio Xaycmopda. OugeBnaHo,
dH =1n4/In3 . Takum 4yuHOM,
dH (C,(3)xC,(4)) = 2dH (C,(3)) # dH (C,(3))+dH (C,(4)) .
V 3araibHOMy BHIQJIKY, AKIIO k| < K, , TO MAEMO
dH (C, ()% C,(x,)) =2dH (C,(x;)) .
Hactynaum nexkaptoBum nobytkom oyne C,(x;)x C;(k;,) . Po3smipkoByBaHHS

MoaiOHI 0 MOMepeaHiX MPUBOIATH A0 KAPTHHHU, YeTBEPTa YacTHHA AKOI HaBeAeHa
Ha puc.3. Tyr 300pakeHa 4YBEpTh JCKAPTOBOTO JMOOYTKY Jpyroi reHeparii
C,(3)xC5(5) . Maemo mpeiCTaBHHKIB Pi3HHX KIAaciB 3 Pi3HUMHU KoedilieHTaMu

camoronionocrti. Ile HaiiOnpIn 3arajpHU BUIANOK AEKapTOBOro Mo0yTKy. st

n -Toi cTaii moGynoBu ppakranbHoi Mepexi Oyne 6" enemenTis. [lokpurTs 3

8, =\1/3"+1/5" N2 =~2(1/3")W1+(3/5)"

MPUBOJMTH JI0 HACTYIIHOTO BUpasy s -Mipu Xaycmopda:
H*® = lim Hg-n = lim 6" ;(2(1+(3/5)n ))A )

n—o n—o (3Y )”

3BijICH OTpUMAEMO BUpa3 Jjisi po3MipHOCTI Xaycnopda
dH =log; 6 =1+log; 2.

Ileif BHpa3 BMHHKA€ IEpETBOPEHHsM cripimmomenns 6 =3 3a pomomororo
sorapruMyBaHHs 3a OCHOBOIO 3. OueBUIHO,

dH (C,(3)x C5(5)) # dH (C,(3)) +dH (C;(5)).

[Ipu y3aranpHEHHI Ha AOBUTBHI KOe(IIiEHTH MOAIOHOCTI BHHUKAE HACTYITHUI
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Bupa3 st PX:
dH (Cy(x7) % C3 (i) ) = log i

KI’KZ)
BinnoBigHO B 1m1e O1bII 3aTaIbHOMY BUIIAIIKY
dH(Cn (Kl ) x Cm (K2 )) = 1Ogmin(

KI:K2) n-m.

I, HapemTi, YaCTHHHUM BUMAnOK eBKIioBoro noodytky C,(x)xC,, (k) pos-
OepeMo Ha TpUKIAAl mapameTpiB n=2, m=3, xk=5. AJe nepea UM CIiJ 3a-
3HAYHUTH, MO K > max(n,m), Ta CETMEHTH YyTBOPIOBaYa MarOTh OYTH BiOKpemIIe-

HUMH. 3 omJIAAy Ha puc.3., e IpUBEAEHA YBEPTh MEPIINX ABOX CTadill MoOynoBU
eBkiioBoro JoOytky C,(5)xC;(5), ansd HOKpUTTS (paxTalbHOi Mepexi 3

0, = J2/5" maemo 6" enemenris. Tomy, nociimkenns s -mipu Xaycnopda npu-

. . . 5 s . .
BOJIUTH JI0 TPAHUIl MOCIIJOBHOCTI (6/ 55) \/E . 3Bimcu mMaemo piBhicTe 6=35".

A6o0 norapudmyrous ii 3a 0cHOBOIO 5 nepeiinemo 1o hopmyu
dH(C,(5)xC5(5)) =1logs 6.
VY3aranpHIOIOYHM Ha JOBUIBHI 7 Ta m 1 kK > max(n,m) OTPUMAEMO HACTYI-
HUH BUpa3:
dH(C,(k)xC,, (x))=log, n-m=1log, n+log, m.
TobTo,
dH(C, (k)% C,,(x)) = dH (C, (k)) +dH (C,,(x))

1 MaEMO BIIACTHBICTh PO3MIPHOCTI €BKJIIIOBOTO KBaJpaTa.

BucnoBku. [IpoBenenuii neTaapHUil MaTeMaTHYHUI aHAII3 JEKapTOBUX KBa-
JpaTiB Ta HOOYTKIB TPHOX KJIACiB OJHOBHMIpPHUX ()paKTAIBHUX MHOXHH 31 3MiH-
HOI0 po3MipHicTio Xaycnopda. JloBeneHa, 30kpeMa, (ppakTaIbHICTE OTPUMAaHUX
JBOBHMIPHIX MHOXHH Ha OCHOBI PO3paxyHKy po3mipHocTeil Xaycmopda. Bcera-
HOBJICHI MEBHI 3B’13KHM MK PO3MIPHOCTSIMU JIEKAPTOBHUX JTOOYTKIB Ta BiIOBIIHUX
OJHOBUMIPHUX (pakTalbHUX MHOXHUH. [IpoBeleHO y3arajbHEHHS pPO3IIISIHYTHX
JIETATFHO TPHOX KJIACiB IUIONIMHHUX CaMOIIONIOHUX (pakTaiiB. BusBieHi Moxiu-
BOCTI HACHYCHHS YU PO3PIIKEHHA JOPpPaKTATHHAX MEpeX 3a JOMOMOTOI0 3MiHU
PO3MIpHOCTI.
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