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A.0. BABAAH, n-p dus.-mart. Hayk, goi., [UY A, EpeBan

SOPEKTUBHOE PEHIEHUE 3AJTAYN IUPUXJIE
JJISI ITIPABAJIBHO SJVIMIITUYECKOI'O
YPABHEHUS YETBEPTOI'O ITIOPAKA

Posrnsanaersest 3amavya Jlipixie a1 NPaBMIIBHO ENINTHYHOTO PIBHSHHS 31 cTalMMu KoedillieHTaMu
YETBEPTOro MOPSAJKY B OJMHUYHOMY KOJi. PO3B’SI30K LIyKaeThcs B Kiaci (yHKILiH, 110 3aJ0OBOJIBHAIOTH
ymoBi ['enbaepa ax 10 rpaHull pa3oM 3 MOXiJHUMH HEepLIoro nopsaky. OTpuMaHo yMOBH Ha Koedirie-
HTH, HEOOXiJHi 1 JIOCTAaTHI JUIsi OJHO3HAYHOI PO3B'S3HOCTI 3a3HAYCHOI 3a/adi, a MPH MOPYIICHHI [HUX
YMOB JOBEJICHO, 10 Ae(EeKTHI Yucia 3aaadi JOPiBHIOIOTH OXMHHILI. PO3B’SI30K NaHOI 3ajadi i yMOBH
PO3B'A3HOCTI BU3HAYAIOTHCS B IBHOMY BUIJISAI.

PaccmatpuBaercst 3anada Jlupuxiie I IPaBUIBHO SJUIMITHYECKOTO YPAaBHEHUS C IIOCTOSTHHBIMU K03 (-
(uIEeHTaMH YeTBEPTOro HopsiKa B SAMHUYHOM Kpyre. Perienue umercs B kiacce QyHKIUH, yIOBIIe-
TBOPSIIOUX ycloBHIO ['esib/iepa BIUIOTH JO IPaHMIIBI BMECTE C MPOM3BOJHBIMU IepBoro nopska. Ilo-
JIy4eHBI yCJIOBHS Ha KOG (PUINECHTHI, HEOOXOIUMBIE U JOCTATOUHbIE ISl OJHO3HAYHOH Pa3pemnMOoCTH
yKa3aHHOH 3aJa4y, a IPH HapyIICHUH STUX YCIOBUH J0Ka3aHO, 4To Je()eKTHbIC YHCIA 3aJa4d PaBHEI
eauHuLE. PerieHyre paccMaTprBaeMoii 3a/1auu U yCIOBHS pa3pelliMOCTH ONPEIEIISIOTCS B IBHOM BH/IE.

We consider the Dirichlet problem for the fourth order properly elliptic equation with constant coeffi-
cients in the unit disc. We seek the solution in the class of functions which satisfy Holder condition up
to the boundary with first degree derivatives. The necessary and sufficient conditions of the unique
solvability of the problem are obtained. If these conditions failed, it was proved that the defect numbers
of the problem are equal to one. The solution of the problem and the solvability conditions are deter-
mined in explicit form.
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Bpenenue u  ¢opMyJHpoBKa  J0Ka3bIBaeMbIX TeopeM. Ilyctsb
D={(x,y): x*+ y2 <1} — enTMHWYHBINA KPYT KOMIUIEKCHOH IutockocTu. B obmac-

™ D paccMoTpum I[Hq)q)epeﬂunaﬂbﬂoe YpaBHEHHE YETBEPTOT0 MOPSAIKA
4

Zk (x,»)=0, (x,»)eD, (1)
4k

rae A, — KoMIuleKcHble nocTrosHHble. [Ipennonaraem, uto A . (j=1,2,3,4)-9T0

KOPHH XapaKTCPUCTHUICCKOI'O YPAaBHCHUA
4
>4 =0, )
k=0

KOTOpBIE Y/IOBJIETBOPSIIOT YCIOBHUSIM
Aﬁiis 23:14’ SAQ>O> 32’3<0 (3)
Pemenne ypasuenns (1) umercs B kacce C*(D)NC (1’0’)(5) , ¥ Ha TpaHuIle

I' ynosnerBopsieT ycinoBusmM Jlnpnxne

ulr=f(x,), Y =g(xy), (x,y)el. “4)
I

3nece f e CM) u geC() — sananmbie dynxuun, 0/0N =—-0/0r —
Qg epeHIMpoBaHNE 110 HANIPABICHUIO BHYTPeHHEH HOpManmu K rpanume [ . Jla-
nee z=x+iy=re'? . 3amaua (1), (4) dpenromsmosa (cvotpu [1]). OmHo3HAUHAS
pa3pemmmMocTs ogHOpoaHoM 3amaun (1), (4) (mpu f = g = 0) ObwIa KccaenoBaHa B
[2]. B [3] 6puta mccnemoBaHa OOHOPOAHAS M HEOTHOpOoAHasA 3anada (1), (4) u mo-
nydeHa Gopmyna Juis BeIYMCIEHHs Je(EeKTHBIX YHCeN 3a1add. B mpemiaraemoit
pabore, UCHONB3Ys MPENCTaBIeHHE OOLIEro peneHus ypasHeHus (1), moiaydeHHoe
B [4], BEIBOAMTCS npyras dhopMyia A onpeAeTcHus Ae(eKTHBIX YHCeN, KOTopas
MTO3BOJISICT [IOKA3aTh, YTO B HCCIEAYEMOM CIIydae 3TH Ne(eKTHBIE YHCIIa MOTYT
NpUHUMAaTh 3HAYEHUs] PaBHbIE TOJIBKO HYJIO WM exuHuue. IlepeiineMm x TouHOH
(OpMYJTUPOBKE MOTYYSHHBIX PE3YJILTATOB.
0O0603HaYIM

i-4, Y= i+
i+A,  i-l

Otmertum, uto u3 (3) cnenyet, uto 0 <| 4|<1 u |v|<1, cnemoBarenbHo, 1 | O [<1.

u= , 0= puv. (5)

Hioke 10Ka3bIBalOTCS CIIEAYIONINE YTBEPKICHUS.

Teopema 1. IIpu v =0 3adaua Hupuxne (1), (4) o0no3Hauno paspewtuma.
Ilpu v #0 3adaua [Qupuxne (1), (4) oOHo3HaAUHO paspewuma mo2oa u MoabKO
mo2oa, K020a bINONHAIOMCIL HePABEHCMEA

k=2 ]
B, (8)=D.(j+1)8/ =0, k=3,4,... (6)
j=0
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Ecnu ycnosue (6) napywaemcs npu nekomopom n, mo o0HOpooHas 3aoaya (1),
(4) umeem uemyregoe peuienue, KOmopoe AGIAEMCA NOAUHOMOM NOpAOKa n+1.
Cneoosamenvio, eciu ycaosue (6) napywaemces npu ki, k,,...,k;, mo oegpexmuuie

yucna 3adawu paguol [ .
OTmeTM, 4TO TaK Kak |o [<1, To ycioBust (6) MOTYT HapyIlIaThCs TOJBKO

JUIsl KOHEYHOro uucia k . JlokasplBaeM, 4TO CIIpaBeAIMBO Ooiee TOYHOE YTBEp-
KICHUE.

Teopema 2. Ilycms xopuu ypasuenus (2) yooeiremeopsiom ycaoguto (3). To-
20a ycnosue (6) mooicem napyuamucs He bonee uem 0na 00Ho2o 3Havenus k. Ta-
Kum obpasom, 3a0aua Jfupuxie uiu 0OHOZHAYHO pA3peuumda, Uiu sHce 0OHOPOOHAs
3a0aua [Jupuxne (1), (4) umeem 00HO AuHeliHO He3asUCUMOe pewienue, a Ols pas3-
PeUUMocmu. COOmeemcmsyoujeti. HeOOHOPOOHOU 3a0auu HeoOX00UMo U 00Cma-
mouHo, ymobwvl epanuunvie Qyukyuu f u g YO06nemeopau 0OHOMY YCI08UIO

OPMOLOHANLHOCMU, MO ecmb 0ehekmuble uucia 3adaqu (1), (4) pasnvl edunuye.

BcenomorartenbHble npensio:kenusi. CHavyana npeacraBuM ypaBHeHue (1) u
rpaHn4Hble ycnoBusi (4) B KomiuiekcHol Qopme. Mcmomnb3yst omepaTtopsl KOM-
IDIEKCHOTO TU(PepeHIINPOBAHUSL

o_1{o0_,0)08 _1/0 .0
oz 2lox oy) ez 2\ax oy

npuBoANM ypaBHeHue (1) k cienyromeit popme

2
9 i—,u2 i—Vi u=0. (7
0z\ oz 0z)\0z Oz

3mech yucna g W vV ompenemsioTcs mo Gopmynam (5). Jlamee, yauTeiBas paBeH-

o_1( o0 .0 _0_1({ o .0
z—=—|r—i—|, z—=—|r—+i—|,
Oz 2( or 6(pj oz 2[ or éwj

KOTOpPBIE BBHINOIHAIOTCS TIPU BCeX z = re'? # (), TpaHuuHbie yciosus (4) mpuBo-
JIMM K SKBHBAJIEHTHOU (opMe:

0
2 =F(x,y),

CTBa

ZIr

=G(x,y), (x,y)ely u(1,0)=f(1,0). (8)

ZIr
I'panmunsie pynknun F,G u3 Kiacca C)(T') oxHO3HAYHO OTIPEIeIISIFOTCS

0 33/IaHHBIM QYHKIMAM [ U g :

of _x+iy( of

F(x,y)——%iy(g+ia‘—¢j, G(x,y)= 2 g—i%} (x,y)el'. (9

B nanbreitmem Oyaem uccienoBats 3anady (7), (8). CHauana pemum ypas-
Heaue (7). [Ipu v #0 Oymem HCMIOJIB30BaTh MPEACTABICHUE OOIIErO PEIICHUS
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ypaBHenus (7), noixyuernoe B [4] (remma 1):

u(x,y)=(Dl(z)+CD2(2+,uE)+‘I’1(E+vz)+ai‘l’2(3+vz), z=x+1iy, (x,y)eD. (10)
@

3necy Qynkuua P, anamuruuHa B obnactu D(u) = {z+ uz :z € D}, byHkuns

®, ananutnyHa B kpyre D, a ¢pynkuun V¥ ; (/=1,2) ananuTi4He! B ob1acTu

D(v)={z+vz:zeD}. Ilpu v=0 obuiee peumienue ypaBHeHus (7) 3anuiieM B

Buge ([1]):
u(x,) = B, (2) + By (2 + 42) + ¥, () +(1- D)W, (), (.p)eD, (1)

rae @, ananmrnyeckas B D(u), a @), 'V, ananmurtuyeckue B D dynkuun. Ta-

KHM 00pa3oM, HaM HEOOXOAWMO OIPEIEINTh HEU3BECTHRIC aHAUTHYCCKHE (PYHK-
wi @, u VY, (j=1,2) no rpannasomy ycnosuto (8). Jlist 5T0ro HaM MOHaI0-

burcst npencrasiaenne Qynkumii O,(z+uz) u V¥, (Z+vz) B okpectrocTH I
aHanmuTHdeckumu B D ¢pyHKumsamu. B [5] mokazano, uto ecim | 4 |<1 u |v <1, a
¢ynkpn @ u W ananutuuHbl B obnactax D(u) m D(V) COOTBETCTBEHHO, TO
mpu |z |=1 dysaxkmmm @ u ¥ gomyckaroT mpeacTaBiIeHHE

O z+uz)=w(z)+o(uz), Y(EZ+vz)=p(z)+pz). (12)
3mech @ M p — aHAJIUTHYECKHE B €OMHUYHOM Kpyre QyHKkunu. Eciu n3BecTHBI

¢ynk @ u p, 10 ® u ¥ BoccraHaBiIMBaIOTCA MO GopMyTIaM:

O(z+ pz) = a)[%(z + UZ (2 + pz) —4,u)j+ a)(%(zﬁuf—\/(zﬁui)z —4;1)),
W(Z +vz)= p(%(ﬂvzh/(zwzf —4v)j+p[%(3+vz—\/(2+vz)2 —4v)J,

rae |z|<1. B mepBoii u3 5THX GOPMYIT BEIOHpaEM Ty BETBb /¢~ —4u , KOTOpas

AHATUTHYECKH TPOJOIDKACTCS BHE CerMEHTa [—2+/4,2+/44] ¥ YHOBIETBOpSET yC-

JIOBUIO & 71\14’ 2 —4u —1 npu § — . Bo BTOpOii hopmyie BeTBb BEIOMpaeTcs
AHAJIOTUYHO.

Joka3zaresabcTBO TeopeMm 1 u 2.

Loxazamenbcmeo meopemur 1. CHauana paccMoTpuM ciaydail v =0 . B atom
ciydae obmiee perrenue ypaBHenus (7) onpenensercs o gopmyie (10). Mcmomns-
3ysl JIETKO MPOBEPsIEMBbIE OIIEPATOPHbIE PABEHCTBA

00 (2,02 22 (2 ;)2 )
0z 0p \Op 0z 0z 0op \Op oz
(I — enWHWYHBIA omeparop), mociie moAcTaHoBKH ¢GyHKIuH (10) B rpaHn4YHBIC

ypaBHeHHUS (8), oydaeM CIEIyIOIINe YpaBHEHHUS:
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d){(t)+<l)'2(t+,ut_)+v\}’{(t_+vt)+v(ai+i1]‘1”2(t_+vt) =F(1),
4

,uCD’Z(t+,ut_)+‘I’{(7+Vt)+(ai—ilj‘1"2(t_+vt) =G@),t=x+iy, (x,y)el. (14)
@
Ipencrasnm Qynkumu @5 n W', wa rpamuue I' o popmynam (12):
@) (¢ +put )= 9() +S(ut), ¥ (t +vt)y =y (1) +y;(vt), tel, j=1,2. (15)
3necs 3 M y; aHanuTHYECKue B Kpyre D (QyHKUMH. YUHTBIBAsL, 4TO PaBEH-

ctBa (15) BEIMONHSAIOTCS TIpH BCeX ¢ € [, momydnm:
(aii ilj Wy (t +ve) =ity (0)+ivty, (v 2i(y, (1) +y,;(v1)), teT. (16)
4
Pasnoxum Qynkumn @y, 3, w; (j=1,2) B psin Teiinopa:
D (1) =Y Ay, IO =Y Ayt w ()= D Byt (17)
k=0 k=0 k=0
a yakunn F' u G — B pag Oypee:
F(ty= Y Fi*, G@)= Z G,t*, (18)

k=—o0

u noacrasum (18), (17), (16), (15) B rpanuunsie paBerctsa (14). [Tomyanm

o0 o0 o0 o0 o0
S Ayt + 3 Ayt + Y Ayt v B+ ZBlkvk“tk +
=0 =0 k=0 k=0 -

+iv Y (=k +1) Byt ™ +iY (k+1)By v 'tk = ZFk , (19)
k=0 k=0
,uZAZktk+ZA2kyk +ZBlkt +ZBlkV ¢ +ZZ( —k—1)B,, 17"
k=0 k=0 k=0 k=0
+iZ(k—1)BZkvkt Z G5, |t)=1. (20)
k=0 k=0

OTH COOTHOUIEHHS BBINOJHAIOTCS NpH Beex ¢ € [, moaTtomy ko3uimeHThI

IpH  COOTBETCTBYIOLMX CTENEHAX f° B npaBelx u IeBbX uactax (19) u
(20)momxuer coBmamatk. [Ipm &k >1 modywyaem cucTeMy JMHEHHBIX anreOpamde-
CKUX YPaBHEHHIi JUIs1 ONPE/ICIICHHS HON3BECTHBIX KOY(QOUUMEHTOB Ay 1 B

Ay + Ay +VE By +i(k+ 1)V By, = F
pdy +VE B, +i(k=1)v*B,, =G,
w1 Ay +vBy +i(=k+1)vBy = F,
W Ay + By +i(—k—1)By, =G,

21
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Ilpu k=0 nocrosuuble A,y U Bj, ONPEACNSIOTCS U3 CICAYIOIHUX ypaBHE-
HUIL:
Ajg +24y) +2vBy +2iB,, = F,
2uAy, + 2By —2iB,, = G,
Cucrema (22) Bcerna paspemmMa, HO pemieHre He €IWHCTBEHHO. Tarke U
cucrema (21) mpu k=1 He sBIAETCS OAHO3HAYHO PA3PELINMOH, TaK Kak JIEBbIC

(22)

YacTH BTOPOTO U TPEThETO ypaBHEHUH COBIAJaloT. YuuThiBad, uyto F; = G| (310

crenyet u3 (18) u (9)), momyunm, gto cucrema (21) mpu k =1 Takxke mMmeer pe-
LIEHUE.

3aMeTuM, UTO HE eUHCTBEHHOCTh PEIICHUS ATHX CHCTEM HE NMPUBOJIUT K He-
TPUBHAIBHEIM PEIICHUSAM OJHOpOIHOW 3amaun (1), (4), Tak Kak pemieHueM STOU
3a/1aud MOKET OBITh TONBKO MHOTOUIEH ([6]), a B CHITy OMHOPOIHBIX YCIIOBHIA (4),

oH umeer Bua (cmotpu [7], ctp.74, Teopema 5.1) P(x,y)= (l—zE)zQ(x,y), TO
€CTh SIBJIICTCS MHOTOWICHOM HE MEHEE YeM YEeTBEPTOro mopsiaka. TakuM o0pazom,
koo duyentsl Ay u By npu k=0,1 He IPUBOLAT K HCTPUBHAIBHBIM PCLICHH-

sIM omHOpOoIHOU 3amaqu (1), (4).
Urak, mis onpenenenust qedekTHBIX YHCeN CiledyeT M3y4uTb cuctemy (21)
mpu k > 2 . BeMucIsas onpeaenuTenh MaTPUIBI CHCTeMBI (2 1), momyanm

Ay =2ipv(8—1)’ B, (6. (23)
rne & u B,_, ompenenatorca B (5) u (6). Takum oOpazoM, A, OTIMYaeTcs OT
P,_, HeHyneBbIM coMHOXxuTeneM. Eciu BeimonHsoTcs ycnosus (6), To ko3 du-
uueHTsl A, u By mnpu k=2 onpeienstorcs OAHO3HAYHO, IOITOMY (YHKIIHH
D1, 4,y ;» @, CIIENIOBATENBHO, H QYHKLMH D), ‘P;- OTIPE/IENAFOTCS CIMHCTBCHHBIM
00pa3oM (¢ TOYHOCTBIO O MHOTOYIEHOB IepBoro nopsaka). M3 ¢opmynsr (23)
clefyer, 4To Ipu k — o umeeM A, — —2ivu # 0. [losToMy nomydaem, 4to Ha
OCCKOHEYHOCTH NOPsIoK pocta koddduimenros dynkiuu W, coBmagaer ¢ mo-
psankoM pocra kodpdunueHros F, u G, a HOpAROK pocTa KOIPPUIMEHTOB
dyukumn @ u V| coBnanaer ¢ nopsakom pocra kFy u kGy .

YuuThiBas, 4To MOPSAOK pocta KodpduuueHtoB psna Oypre GpyHKunM on-
penensier kaacc Ienvoepa, KOTOpoMy 3Ta (QYHKIMS NpUHAIIESKHUT (cMoTpu [8],
1.2, maparpa¢ 3), moiydaem, 4TO peuIeHue u , MOIy4eHHOE M0 KoddduimeHTam

Ay m By mo popmyie (10) npuHauiexur kiaccy ¢ (pUT), o ectb siBsi-

eTCsI ICKOMBIM perreHueM 3anadu (1), (4).
[Mpenmnonoxum, 4To yciaoBue (6) HapyLIEHO IIpU HEKOTOpoM k. Toraa, npu

3ToM Kk, ofHOpoAHas cucTeMma (21) uMeeT o(HO NMHENHHO HE3aBUCHMOE PELICHHUE
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(paHT OCHOBHOW MAaTpPHIIBI CUCTEMBI HE MEHBIIE TpeX) A ity B ko » IO KOTOpOMY
OTIpeNeNsIeTCs] OHO JMHEHHO He3aBUCUMOE PelleHrne OqHOPOaHOHM 3amxaqn (1), (4),
Uy, » ABJISIONIEECS MHOTOUIICHOM CTETICHH ko +1.

COOTBETCTBEHHO, ISl Pa3pelMMOCTH HEOTHOPOAHON crcTeMbl (21) Heobxo-
JMMO OJHO JINHEHHO HE3aBUCHMOE YCJIOBHE Ha KO3()(ULUECHTHI Fyy Giko , KO-

TOpOe HpejacTaBisieT co0Ol yCIOBHE OPTOrOHAIBLHOCTH, HAKJIaJIbIBAaeMOE Ha Ipa-
HUYHblEe QYHKIUK [ W g .

Urak, mpu v # 0 teopema 1 mokazana. B ciaywgae v =0 mokaszaTenbcTBO Mpo-
BOJIUTCSI aHAJOTMYHO, IPU 3TOM HET HEOOXOIUMOCTH PA3JIOKCHUS B DS HEHU3-
BeCTHBIX PyHKUMA @; u ‘¥, OHU ONPENENSIOTCS HENOCPEACTBEHHO U3 IPAHMY-

HBIX paBeHCTB (8). Teopema 1 mokazana.

Hpumep. Ilyctp ycmoBme (6) HapymeHo mnpu k=3. Torma
F(6)=14+26=0, 10 ectb 6 =—0.5. DTO paBEHCTBO BBINOJIHEHO, HALIPUMED, NIPU

=-2/3, v=3/4. Jlerko MpOBEPUTb, UYTO 0O0HOPOOHAs 3adaya J[upuxie Is

a[a 2a}(a 3@)2
2L 29 =0
0z\0z 30z)\oz 40z

=2
UMeeT HeTPUBHAJbHOE pemieHue uy(x,y)=(l—-zz)". JIna pa3pemmmoctu Heon-

YpaBHEHUS

HoponHoW  3amaunm (1), (4) HeoOXoOMMO M JIOCTaTOYHO  YCIIOBHE
32/27G; -2F 5+ G 5 =0. YunteBas, uto F;, n G, — 3710 K0o3dpdunuentsr Dy-

pre GyHKIMH (9), moyyaeM OJHO YCIIOBHE Ha IpaHWuHble QYHKIMH f M g, He-

00X0ZMMOE U JJOCTATOYHOE JIs pa3pemuMocTy 3a1auu (1), (4):

J‘f(ei‘”)(%ez"/J +46%0 1 4047 j do+ Ig(e"")(% M _ 2677 4 M7 j dp=0.

Hoxazamenvcmeo meopemul 2. J|Ns 10Ka3aTeIbCTBA PACCMOTPUM MHOTOWIEH
k=2 A
By(2)= 2 (j+1)Z, (24)
j=0
ompezieneHHbIi o Gopmyne (6). [lo meopeme Enecmpema — Kaxeiia ([9]) xopau

n

MHorouneHa Q,(z)= Zp jzj C IOJOXKUTEIbHBIMU KOODOULUCHTAMU p; HAXO-
j=0

JSITCSL B KOJIBIIE

min i <| z|< max Pi |, (25)
7\ Pjn 7\ Pj+
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[Ipumensis 3Ty Teopemy K MHOTOWIEHY (24), MONXydnM, 9TO KOPHH MHOTO-
uiieHa F,_, HaXOJATCs B KONbIIE

1 k-2

—{zK—. 26

Sz (26)
[Tpeamonoxum  Temeps, 49TO pu HEKOTOPOM o nMeeM

P, ,(6)=PF.,,_2(0)=0. Torna uucio O sABIAETCSI KOPHEM MHOrowieHa B,_, u

KOPHEM MHOT'O4YJICHA

m—1
_ k-l . i _ k-1
0(2) =P pa(2) =By (2) =21 (j+ K2/ =27 R(2).
j=0
IMockonbky 0 #0, TO O sBIseTcs KOpHEM MHorowieHa R . C apyro# cto-
POHEI, TIPUMEHSIST HEPAaBEHCTBO (25), MOMyYNM, YTO KOPHU MHOTOWICHa R Haxo-
ISITCS B KOJIBIIE
k k+m-2
— <z ——.
k+1 k+m—1
Oo6mnactu (26) u (27) He HepeceKaroTcs, IOITOMY MHOrowIeHsl F,_, U R u,

27)

crnefoBarensHo, B_, u B, _, He MOTyT HMeTh o0mux kopHei. Teopema 2 noxa-

3aHa.

3ameuanne. OT™MeTHM, 9TO U3 (26) creayert, uro mpu |0 |< 0.5 ycmoBue (6)

BBIMOJTHACTCS, TO €CTh 3anaua (1), (4) oqHO3HAYHO pa3pelnMa.
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