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HENUHENHbIE HOPMAIJIbHbIE ®OPMbI KONEBAHUN
B HEMOEAJIbHOU CUCTEME C MAATHUKOBbIM
FACUTENEM KONEBAHUU

PaccmoTpeHbl HenvHelHble HopMarnbHble ¢(opMbl Koneb6aHun HewpeanbHOMW
cucTeMbl C MasiTHUKOBbIM racuteneMm Komne6aHuin. BbigeneHbl cBsAi3aHHaA
1 nokanusoBaHHas ¢opmbl KonebaHun. B nocnegHem cryyae oCHOBHasi 3Heprus
koneb6aHui cocpefoToYeHa B MasiTHMKe, NO3TOMYy 3Ta chopma Koneb6aHum Hambonee
6naronpusitHa gnA BubporaweHuUsa ynpyrux kone6aHun. UsyuyeHa ycTOM4MBOCTb

¢opm koneGaHui. MocTpoeHbI aMNNUTYAHO-YaCTOTHbIE XapaKTepPUCTUKM.

Knroyesbie cnoea: HenuHeliHble HOpMasbHble ¢hopmbl KonebaHul, HeudeasnbHas
cucmemMa, MasimHUKo8bIU gubpozacumeris.

BeepeHune. HeupgeanbHasa cuctema xapakTepusyeTcs B3avMOAeVCTBUEM
WCTOYHUKA SHEPruM 1 yNpyrom CUCTEMbI, KOTOpas HaxoauTCs MoA OAeNCTBUMEM
3TOr0 UCTOYHMKA 3Heprum (Takme cuCTeMbl HasbiBalOT TaKke cucTemMamm
C orpaHu4yeHHbIM Bo3byxaeHvnem). Hanbonee nHtepecHbiM acbdekTom, nposie-
NAWMMCA B HenaeanbHOM cucTemMe, SIBMSETCA Tak HasbiBaeMbl ekt
3ommepdenbaa [1], korga B ynpyron noacMcTeme BO3HUKAET YCTOMYMBEIA pe-
30HAHCHbIV pexXuM ¢ 6oMNbLLIMMM aMNAMTY4aMuy, U 3HaYUTEeNbHasa YacTb AHEPrUM
koneGaHuin nepexoauT U3 UCTOYHUKA SHEPrMK B 3TU pe3oHaHCHble konebaHus.
Pe3oHaHcHast guHaMuka HeuaeanbHOM cCUCTEMbI Bbina BnepBble aHanMTUYECKN
onucaHa B. O. KoHoHeHko [2]. [No3gHee pesynbTaThl UCCNEA0BaHUA AUHAMMKM
HenaeanbHbIX cUCTeM Bbinv U3NOXEHbI B Pa3fnyHbIX NyGnMkaumsx, B YacTHO-
cTn, B cTaThsXx [3, 4]. Vicnonb3oBaHue racutenen konebaHuii No3BonseT cylie-
CTBEHHO YMEHbLUMTb aMMnnUTyAbl Pe30HaHCHbIX Ynpyrux konebaHwin. B gaHHon
cTaTbe paccMOTpeHa HeupeanbHas CUCTEMA C MasiTHUKOBbLIM racutenem Kone-
GaHuin. Mcnonb3oBaHa KOHLENUUS HENMUHENHbLIX HopMarnbHbIX ¢opm koreba-
HWI, OCHOBaHHas Ha NOCTPOEHUM TPAEKTOPUIA TaKUX PEXMMOB B KOHUrypaLm-
OHHOM npocTpaHcTee [5—7]. Mpy aToM Kcnonb3yeTcs HoBasi, YTOMHEHHas npo-
Lenypa NoCTPOEHMs TPAEKTOPUIA. YYeT anMccunaumm no3sorsieT npoaHanmampo-
BaTb B3aMMOAENCTBME YMNPYrol MOACUCTEMbI U UCTOYHMKA SHEPruM, OLEHUTb
yMeHbLUeHe aMnnuTyabl konebaHwn B pe3oHaHce Briarogapsi UCnonb30BaHmo
racutens konebaHvi, a Takke BblAeNUTb Takve napameTpbl CUCTeMbl, korga
yOoaeTcst usdbexxatb BO3HUKHOBEHUST peXrMa PE3OHAHCHBIX konebaHui ¢ 6onb-
UMMM aMInTYgamMm.

MocTtaHoBKa 3apauun. PaccmoTpum HevaeanbHyl0 cuctemy, copepka-
LUYIO NUHENHYIO YNpyryo NoacuMcTeMy, coBepLuatoLlyto konebaHmsa noa gen-
CTBMEM [BUraTens, 1 B TO e BPEMS OKa3blBaloLLyl0 BO34ENCTBME HA HEro.
Takxe cuctema coaepXUT MasiTHUKOBLIN racuTenb konebaHui.
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PaccmatpuBaemass mogenb npepgctaeneHa Ha pwuc. 1. Oeuratens D
oKasblBaeT BIMSHWE Ha ynpyryl noacuctemy ¢ Maccon M nocpencTtBom
KpmBowmna paguyca r. K ynpyromy 3BeHy CUCTEMbI Kpenutcsi BUOporacu-
Tenb ¢ maccon m.

C 6\1 @

Puc. 1 — PaccmaTtpuBaemas MexaHu4yeckas cuctema

B paCCManMBaeMOVI cucteMe KMHeTun4yeckasa u noteHunanbHaa aHeprun
3anncbiBarTCA cregyrLlnm o6pa30M:

. 2 .
7-1 |2 L +lsm[(x+|ecose) +1262sin? e};
2 2 2 )

1 2
V ==cyX
50

1 .
+Eol(x—rsm<p)2+smgl(1—cose).

Ncnonb3ya ypaBHeHus JlarpaHxa 2-ro poda, a Takke packnagbiBas
TpUroHoMeTpuyeckne yHKLMU CcoSO M SinO B psa Teinopa, B KOTOPbIX

yoepXxmnBakTCcAa cnaraemble OO0 TpeTbeVI cTeneHun, nony4yaemM ypaBHEHUA
ABWXEHNA CUCTEMbI

(M +em)x+(cq +ol)x:olrsincp—aml(é[l—%ezj—eézj;

1 =e(a—bp+cr(x—rsing)coso); )
gm|(|é+ge+x(1—%ezn=o.
rae | — MOMEHT WMHepuMW BpaLLalLMXCs Macc; (Co+Cp) — XKEeCTKOCTb
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ynpyrov konebaTtenbHow cucteMbl ¢ maccon M ; L=a—-bd — gBmxywui
MOMEHT UCTOYHMKA SHEPTNM (XapaKTepucTuka aABuratens).
W3 ypaBHeHWI (2) BUOHO, YTO MOMEHT C;IXCOS( SBMSAETCH TakoW CoCTaB-

HOW 4acTblo Harpysku OBuratens, Kotopas 3aBWCUT OT KonebaHuun ynpyrom
nogcuctembl. Manbin napameTp € XxapakTepusyeT MasnocTb MacChl racuTens,
a TaKkKe ManocTb aMnnuTyd OCUWINSLUMOHHBIX COCTaBNSALWNMX B 3aKOHe
N3MEHEHMS YIITIOBON CKOPOCTM OT BPEMEHW MO CPABHEHWUIO C MOCTOSIHHOM COC-
TaBNAOLLEN YrIIOBON CKOPOCTU.

Bbigenvum B cucteme ase popmbl KonebaHui:

a) dopmy cCBsi3aHHbIX KonebaHun (aMmnnuTygbl OBWXKEHMIA MO BCEM
06006LeHHbIM KOOpAMHaTamM copa3mepHbl);

6) nokanu3oBaHHylo ¢opmMmy konebaHun (MMeTCA He3HauuTenbHble
cMelleHusa ynpyron nogcuctemel M Hapsgy ¢ 6onbwwvmu konebaHusmm
Bubporacutenda m), kotopast Hambonee GrnaronpuaTHa NS raweHus ynpy-
rmx konebaHun.

3ameTuMm, 4To NoAoOHbLIN aHanm3 BbiN NpoBeaeH aBTopamMun U Ans OpYrux
CUCTEM MasiTHUMKoBoro tuna [8].

MocTpoeHne HeNMHeNHbIX HOpManbHbIX dopm Koneb6aHun. [anee
MCNoNb30oBaHbl METOAbl TEOPUU HENUHENHbLIX HOpManbHbIX dopm Koneba-
HWIA, KOTOpble Ga3anpytoTCA Ha NOCTPOEHUU TPAeKTOpUA B KOHGUIypaLmoH-

HOM NpPOCTpaHcTBe cucTembl: X =X(¢), B=0(¢). [ns nocTpoeHus Takux
TpaekTopuii ByayT NCNONb30BaHbl CREAYIOLLME COOTHOLIEHMS:

X=X¢; K=X"92+X; 0=0¢; 6=0"6>+0'%. ©)

3pecb wTpnxom o0603HaYeHO audpepeHLMpoBaHME MO  HE3aBMCUMMOW
nepemeHHon ¢ . C y4yeTom Takmx npeobpa3oBaHUi KMHeTUYecKas dHeprus

npnH1UMaeT Bug
2 .
T=li62 4 +lgm[(>‘<+|e) —|x929} =
2 2 2
= % 12 +% MX'2p? +%gm |:(X'(i)+ |e'¢)2 - |x'¢929'¢} =

1,5 1 1 2 ®
=216 + M%7 +§gm[¢>2 (x+19") —Ix’629’¢2} -

_ (pz |:% I +%MX!2 +%8m|:(x’+ Iel)z _IXIGZGI]:I — (sz,

roe

T=To+eT. T :%| +%Mx’2, T :%m[(x’+l6’)2 —|x'929’]

nOTeHLI,VIaJ'IbHyIO QHEPrn CucteMbl MOXHO npeacTtaBuTb cleayrownm
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obpasom:
2
V =Vy+eVy, V :%cox2 +%ol(x—rsincp)2 V= mgl%. (5)

C yuyeTom npeobpasoBaHuin (3) MOXXHO MepenuncaTb ypaBHEHUS ABUXe-
HKs (2) B BUAe

(M +gm)(x”¢2 +x'(p)+(co +Cy )X =

=grsing—eml ((6"(])2 +e'<p)[1—%62j—ee'2¢zj;

(6)
1 =g(a—bd+cr(x—rsing)coso);
pe2 e w2 N4 102
|(e P +9(p)+ge+(x s +X(p)(1 50 j_o.
W3 uHTerpana sHeprum n ypaBHeHus (4) MOXHO BblpasuTb (j)2
.2 T h=V
== 7
O =z="= (@)
M3 BTOpOro ypaBHeHUs cuctembl (6) nonyyaem BblpaxeHne Ans @
0.5
(pzlf[a—b(h%vj +olr(x—rsin<p)005cpJ. (8)

MoactaBnsas BbipaxeHus (7) u (8) B cucteMy ypaBHeHu (9), nonyuum
ypaBHeHWs Ansa onpegeneHus TpaekTopuii HenMHENHbIX HopMarbHbIX (opM
konebaHun. MonyyeHHble ypaBHEHNS MMEKT OCOBEHHOCTb Ha Makcumarib-
HOWM M303HepreTnyeckor nosepxHoctu h=V , roe Bce ckopocTu obpaluatoT-
CA B Hynb. AHanmuTM4eckoe MpPOAOIPKEHUE peLUeHUst Ha 3Ty MOBEPXHOCTb
BO3MOXHO, €CNW BbINOMHAITCA Crieaylolme rpaHuyHble YCnoBuUs Ha 9Toun
noBepxHOCTU [5-7]

&(M +em)TX'(a+cr(x—rsing)cose)+(co+¢ ) ITx =
= clrlfsin(p—szmlf(l—%ez)e’(a+olr(x—rsin (p)COS(p);

N 8 (10)
elTO'(a+cyr(x—rsing)cose)+glTo+

+eT (a+cyr(x—rsin @)cosw)[l—%ezjx’ =0,

KOTOpbI€ peannadytoTca Nnpu aMninTyaHbIX 3HAYEHUAX ¢ = (g , NPU ITOM (p =0.
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TpaekTopusa (hopMbl CBSA3aHHbIX KoneGaHWi pasbiCKBaeTCs B BUAE PSAOB
No CTeNeHsM Maroro napameTpa

X=X(0) =Xy +&X +..;0=0(¢) =0y +6y +..., (11)

rae, B CBOIO ovepelb, X, X, Op 1 6, npeactaBnaloTCs psaamm no cteneHsam
sing:

Xg=ay+aSinp+ay (sincp)2 +.) X =0 + 0y SINO+ 0Ly (sin(p)2 +ou 12)

. . 2 . . 2
By =by +bsin@+by (sing)” +...; 6, =Bg +Pysine+P, (sing)” +...
3ameTnm, 4TO pasnoxeHue Buaa (12) npeacraBnsetcs 6onee TOYHbIM,
YeM paHee NCMOoSb30BaHHbIE PA3NOXEHWSA NO CTENEHAM ¢ .

B cnyyae nokanusoBaHHON popMbl KonebaHun, NCNONb3yTCs Cneayto-
LLUME pasnoXeHUs:

x = X(0) =X +82% +..;0=0((p) = 0 + 0y +...;
X =ay+Singp+a, (sin(p)2 +. Xp =0 +oclsin(p+a2(sin(p)2 +..; (13)
0 =bg +bysinp+b, (sin(p)2 +.; O =Bg +P1Sine+h, (sin(p)2 Fo

Moactaenasa psabl (11), (12) (vnn (13) onsa nokanv3oBaHHOM (OPMbI
konebaHun) B cuctemy ypaBHeHM (6) U B COOTBETCTBYHOLUUE TPaHWUYHbIE

ycnosus (10), n rpynnupysa cnaraemble npu e u sl, a 3aTewm, Bblagensas

. . 2
cnaraemble npw (po, sing u (sing)”, nonyyaem cuctemy anreGpanyeckux

ypaBHeHW ans onpegenexHms koaddpuumeHtos pagos (11)—(13).

Cnegyetr OTMETUTb, YTO OCOOblE TOYKM Ha TPAEKTOPUMM UCKOMOM
HopManbHow chopmbl konebaHun npefcTaBnaT cobor KOPHU ypaBHEHUS
h=V, 1 paBHbl aMNAUTYOHbIM 3HAYEHUAM ¢ =@q, KOTOPble JOCTUraloTCs

Ha KpMBONWHEWHON TpaekTopuun. Ecnn amnnutyga 3agaHa, TO nonHasi aHep-
s CUCTEMbl MEHSIETCS MO Mepe YTOYHEHWS peLleHus nyTem nocriefosa-
TEMbHOrO BbIYUCTIEHUST DYHKUMIA X, X, O 1 O, . Takum obpasom, nonHas

QHeprna CucTtemMbl TaKXkKe packnagbiBaetcd no MarnomMy napameTpy:
h=hy+ehy +&%hy +...

Ha puc. 2 nsobpaxeHa Tpaektopus popMbl CBSI3aHHbIX konebaHuin. PacueT
npoBoaunca Ans crnegylowmx napameTpoB cuctembl: M =1ke; m=0,1ke;

9=98mc®; €=01; co=1Hm; ¢ =05Hm; r=01um; |=001re-n?;

| =1nm; a=3K2~M2/C2; b=2xe-m2lc.
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Puc. 2 — TpaekTopusi HopmanbHoW hopMbl CBAA3aHHbIX konebaHumn
B KOH(PUrypaLuMoHHOM NMPOCTPAHCTBE:

a) X=X(p) ; 6) $=9(p)
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TpaekTopusa  nokanu3oBaHHOM  d¢opMmbl  konebaHun  n3obpaxeHa
Ha puc. 3. PacuyeT npoBoguncst npu crnegylowmx napameTpax CUCTEMbI:
M=1; m=01; g=98; €=01; ¢g=1; ¢,=0,5; r=01; 1=0,01; I =1;

a=2; b=2 (pa3amepHOCTV NapameTpoB NPUBELEHbI BbILLE).

x(g)

|

0.01

-0.01

-0.02

-04 -02 0 0.2 04 @

a)

e
01 /
0
-0l
-02
-04 -02 0 02 04 @
6)

Puc. 3 — TpaekTopus nokanvszoBaHHou (popMbI KonebaHUM cucTeMbl
B KOH(pMrypaLMoHHOM NpocTpaHCcTBe

a) X=X(p) ; 6) $=9(p)
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CnegyeT OTMeTUTb, YTO TPaAEKTOpUS fokanu3oBaHHOW (opMbl korneba-
HWIA B KOHOUIypaLMOHHOM MPOCTPaHCTBE 6rn3ka K NpsiMoOW, YTO OKa3blBaeT-
CS NONe3HbIM B UCCreoBaHnM YCTONYMBOCTH 3TON hopMbl KonebaHui.

AHanu3 ycTon4umBOCTU HENMMHENHbLIX HOPMarbHbIX (hopM KoneéaHum.
YcTonumBoCcTb POPMbI CBSI3aHHbIX KonebaHuii, TpaekTopusi KOTOPOW KPUBO-
fnVHenHa, nccnegoBaHa C UCMOMb30BaHMEM YUCIIEHHO-aHaNMUTUYECKOrO Kpu-
Tepus, KOTOPbIV ABMSETCA CNEeACTBMEM KIAcCUYeCKoro onpeaeneHust ycTom-
ynBoctu no JlanyHoBy [9]. MNpy 3TOM TekylimMe 3Ha4YeHUs BO3MYLLEHUIA CpaB-
HMBAIOTCA C WX HavanbHbIMK 3Ha4YeHusaMKU. Heobxogmnmoe ycnosue yctonym-
BOCTU ABWXKEHMS MOXHO 3anucaTtb cnegytomm obpasom

J(ax(0)" +(a0(0)° =&|(ax(0))* +(40(0)", 19

e AX(t) =x(t)-%0: A0(t)=0(t)-0: Ax(0)= "2 AG(O):%O. 3nech

Xg U 90 — Ha4allbHble 3Ha4YeHUNA OTKIIOHEeHUA ynpyr017| nogcuctembl M un yrna

OTKIMOHEHWS MAsITHUKOBOTO racutensl kornebaHuin OT MOMOXEHWUs paBHOBECUS.
WmeeTcst onpeaeneHHblii npon3son B Beibope nocTosiHHbIX & 1 K [8]. MpuHu-

maem £=10, k=100. HapyweHuve ycnosus (14) Ha aTane WHTErpupoBaHus

CUCTEMbI YKa3blBaeT Ha HEYCTOMYMBOCTb ABUXEHWUs. YMcnoBor pacyeT BbIMnori-
HAeTCS B TOYKaX HEKOTOpOW CeTKM B MNPOCTpaHCTBE MapameTpoB
OH npoBoanTcs OO Tex nop, Noka rpaHuupl obnacTten ycTom4umBoCcTw/ HEYCTOW-
YMBOCTM B BbIOpaHHOM MacLuTabe ceTku B MPOCTPAHCTBE NapameTpoB CUCTEMBI
He cTabunuanpyoTcs.

MpaHnubl obnacten ycToM4MBOCTU ANsi POPMbI CBSAA3AHHbIX KonebaHun
MOCTPOEHbI Ha NIIOCKOCTW napaMeTpos ' n A, . [Ins onpegenexHns Havasnb-

HbIX 3Ha4YeHWi, uUrypupyowmx B kputepum (14), ucnonb3oBarncs pacyet
PopMbl CBsi3aHHbIX KorebaHui, onucaHHbii Bbiwe. Ha puc. 4 nokasaHbl
rpaHuubl obnacten yCcTOM4MBOCTU/HEYCTOMUYMBOCTM DOPMbI CBA3AHHBIX KO-
nebaHun. PacyeT npoBoauncs npu criedylowux napaMeTrpax CUCTeMbl:

M=1; m=0,01; e=01; ¢g=1; ¢,=05;1=1; g=9,8; a=3; b=2.

7
1 /'—_—Fﬂ'—'—_
2,3 /"’f
[——

) // __,/
1,9
17

0,1 0,105 0,11 0,115 0,12 Ay

Puc. 4 — 'paHuubl 06n1acTM yCTOM4MBOCTUM/HEYCTONYNBOCTH
popMbI CBA3aHHbIX Koneb6aHumn
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HeycTtonuuBble ABWXEHUS HabnogarTcs BHYTpU obnactu, obpa3oBaH-
HOW yKa3aHHbIMM rpaHnLamMu, a 3a NnpeaenaMmy rpaHnl, — yCTonvmBble.

lMockonbKy TpaekTopusi fokanm3oBaHHOW opMbl konebaHuin 6Gnu3ka
K MpsIMON, TO, OCYLLECTBMB MOBOPOT CUCTEMbI KOOpAWMHAT, YCTOMYMBOCTb
3TON hopmbl Byaem onpeaenaTe BapuaumMsiMm B OPTOroHarlbHOM K JaHHOWM
TpaeKkTopun HanpaeneHnn. AmnnuTygbl KonebaHun no koopauHate X
3HaAUUTENbLHO MeHblle, YeM Mo KoopAauMHatam ¢ W 6, cnegosaTenbHo,

LiernecoobpasHo OCYLLEeCTBAATL NOBOPOT TOMbKO CUCTEMbI koopamHaTt @O0 .
OcyLecTBnsAa NoBOPOT cucTeMbl koopanHat ¢OO Ha yron vy, nonyyaem

BMECTO ypaBHEHWUI (2) cucteMy ypaBHEHWU B HOBbIX KoopauHaTax ¢, 6 :

u = Acosut;

. L 2 ~
(M +em)X+(cq +c1)x=sml((f>siny+9005y) @siny+0cosy—

s 3 N - 3
((bsmy+9005y) o ((pCOSy—esmy)
- 5 +Cir| @cosy—0siny— 5 -

. ~ 2
. " psiny+06cosy
—sml((bsmy+6c03y) 1—( 5 ) ;

I¢:s(a—b($005y—ésiny))+

~ 3
-~ (@cosy—bsiny)
+eGI| X—r| ¢Ccosy—Bsiny— 5 x

(pcosy—bsin y)z
2

x| 1—

((I)sin Y+ éc05y)2
2

I(ésiny+éc05y)+x 1- +

(15)
. ~ 3
Bsiny+0cosy)

+g| siny+6cosy— 5 =
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YpaBHeHue B Bapuauusx, onpegensiollee yCTOMYNMBOCTb JTOKanNM30BaH-
Hov dbopMbl konebaHuin, UMeeT crneayoLnii Bug

I (Vcosy)—&(—bvcosy+gr(u—rvcosy))=0, (16)

roe u u v —Bapuaunm nepemMeHHblX X U ¢ COOTBETCTBEHHO.

MpumeHsieTca noaxod, nNpegnonaratolwmii UCMoSib30BaHNE YpPaBHEHWUSI
n onpegenutenen Xunna. C yyetom paseHctBa Kk =tgy, rae k; — yrnoson

KO3 MDUUMEHT NPSAMOSIMHENHOW  annpokcumMaumm  opmbl  KonebaHui,
W rapMOHMYECKONM annpokcumauun pelleHus Buaa, ypaBHeHue (16), nocne
HeKoTopbIx anrebpanyecknx npeobpasoBaHuii, NPUHUMAET CrieayoLwmn Bug

2
o Lteb | b oear —&GrA cosot =0. 17)

«f 1+ k12 «, 1+ k12

B cootBetctBue c Teopuen dnoke — JlanyHoBa rpaHuubl obnacten
YCTOMYMBOCTU ONPeAEensoT nepuoamdeckue pewleHus nepvoga T un 2T
[10, 11]. BT pelueHUs pasbICKMBaAKOTCA B BUAE:

V = & cos ot +a, €os 2mt + az cos 3wt + a4 cos 4wt + a5 cosSot +...;

® 30 50 (18)
V = 81 C0S—t +ay COSmt + ag COS—t + &, COS 20t + a5 COS 1t + ...
2 2 2

Moactaenasa pasnoxeHusa (18) nooyepeaHO B ypaBHEHWE B Bapuaumsix
(17) v rpynnmpys YneHbl NpU pPasfu4YHbIX rAPMOHMKAX, NOMy4YaeM CUCTEMbI
OLHOPOAHBbIX anrebpanyeckux ypaBHEHWUA OTHOCUTENBHO KO3(PULMEHTOB
pasnoxeHuin. [NprvpaBHUBasa onpegenuTeny 3TUX CUCTEM HyNi, nonyvaem
YPaBHEHUS ANsi HAXOXAEHMUS TEX 3HAYEHUA MapamMeTpPOB CUCTEMbI, KOTOPbIE
onpefensloT rpaHuubl obnacrtern yCTOMYMBOCTU flOKann3oBaHHOW HOPMbI
konebaHun.

paHMubl obnacTert YCTOMYMBOCTM FTOKANM30BaHHOW (POPMbI KoniebaHun
npeacTaBneHbl Ha puc. 5. PacyeT npoBoamncsa ons cregyowmx napameTpos
cuctembl: g=9,8; €=01; ¢g=5; ¢ =1, M=1; m=01; I=1; a=2;
b=2.

3ameTum, 4To 06nacTb HEYCTOMYMBOCTU 3TON hopMbl konebanui, Gnaro-
NPUATHON AN ralueHns konebaHui ynpyrom NoACMCTEMbI, Ype3BbIHaNHO y3Kasi.
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1.6 1.8 F

(=]

Puc. 5 — N'paHuubl ob6nacTe ycTonunBocTU/HeYCTOMYMBOCTU
NOKanu3oBaHHOM (hopMbl KoneGaHun.

MocTpoeHne aMNIUTYAHO-YaCTOTHbIX XapaKTepucTuk. [lna nocrpoe-
HUS aMNNUTYAHO-YaCTOTHBIX XapaKTEPUCTMK B paccMaTpUBaEeMyrd CUCTEMY
BBOAUTCA Manas auccunaums. OTbpacbiBas Ha 9TOM 3Tane marnble OCLun-
NAUNOHHBIE COCTABMAOLMNE B 3aKOHE M3MEHEHUST YIIOBOW CKOPOCTU, 3anu-
LeM ypaBHeHUs1 ABWXKeHWs (2) B crnegyloLllem Buae:

(M +em)%+Bx+(co +ol)x:clrsincp—gml(é[l—%(#j_eézj

1$=0 . (19)

16+BO+go+ x‘(l—%ezjzo

[Janee vcnonbayetcs MeTon rapMoHUYeckoro 6anaHca, B COOTBETCTBUM
C koTopbIM X U 0 packnagbiBatoTcs B pag dypbe. B pacyetax orpaHuMynMmcs

TOMbLKO MEPBOW rapMOHMKOIA; TakuM obpasom, X = A sin(wt)+ By cos(wt);
0= Ay sin(ot)+ B, cos(wt).

PaccmaTtpuBatotcss ABa cryyas: cucteMa 6e3 MasTHUMKOBOrO racutens
konebaHun n cuctema c Bubporacutenem. Ha puc. 6 nsobpaxeHbl amnnu-
TYLHO-4acTOTHbIE KpuBble (puC. 6, a — AnNa cuctembl 6e3 racutens koneba-
HWI; puc. 6, 6 — ¢ BUBporacuTenem). PacyeT NpoBOAWNCSA MpU CReayrLWmnx
napametpax cuctembl: M =1; m=0,1; B=0,01; g=9,8; €¢=01; ¢y =1;
c=05;r=01;1=1; a=5; b=2.
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Puc. 6 — AMNNIUTYyQHO-4aCcTOTHbIE XapaKTepPUCTUKUN KoreGaHuin
HenpaeanbHON CUCTEMbI:
a) 6e3 racutens; 6) c BUGporacutenem




3ameTnm, YTO NEpPBLIN Pe30HaAHC OTBEYaEeT HerokanbHon dopme Koneba-
HWA PacCMOTPEHHOW paHee cucTeMbl 6e3 auccunauum; COOTBETCTBEHHO,
BTOPOW pe30HaHC — fokanu3oBaHHOW dopme konebaHnun. Kak cnegyet u3
PUCYHKa, Hannyne MasiTHUKOBOIO racutens koriebaHun NpuBOANT K YMEHbLLe-
HUIO B HECKONbKO pa3 amnnuTyg konebaHui ynpyron noacMCcTeEMBI.

Tenepb AN yTOYHEHUsI 3aKOHA M3MEHEHWS YIITOBOW CKOPOCTU C Y4eTOM
MarbiX OCLMMMSILMOHHBIX CriaraembliX BO BTOPOM YpaBHEHWUU cucTembl (2)
NPMMEHNM MEeTOA MHOTMX MacluTaboB [3], B COOTBETCTBMM C KOTOPLIM:

x(t,e)= X(t,st,gzt,...;s); o(t,e)= (p(t,et,szt,...; s);

(20)
G(t,s)zG(t,st,szt,...;s).
Takke ucrnonbayem cneayoLime npeobpasosaHus:
d o a
—=—te—+e°—+
dt 0T, om T,
(21)
d?> o2 o 0 ,f & o o
=t et o2 [+
dt=  oTg 0Ty 0Ty oTy 0Tp 0Ty

PeweHna ons nepemMeHHbIX X, ¢ M O pasbiCKMBalOTCs B BUAE CTEMNEH-
HbIX PSAZOB MO MaroMy napameTpy:

X=Xy +8X1+82X2 +..; 9=qq +a(p1+82cp2 +...; =0 +891+8292 +...(22)
Ina panbHenwmnx pacveTos BBEAEM 3aMeHy NepemMeHHbIX
Xo = A sin(ot)+ By cos(wt) = Asin (ot +¢).

HoBble nepemeHHble A 1 ¢ OyayT MeAneHHO U3MEHSALUMMUCH (DYHK-
umamu t . B Hynesom npubnmxkernun (& =0) n3 BTOPOro ypaBHEeHUs CUCTEMbI
(2) nonyvaem, uto @y =0(Ty)Ty. YpaBHEHMe NepBOrO MPUGNKEHNS
ONs nepemMeHHon ¢ MMeeT Crneaylowmi Bua

oy 8y Ay
+2] ——-

Gq)O .
a+b—=—c;r(xg—rsin cos@g =0. 23
e o, @ (%o P ) COS Py (23)

COOTBeTCTByPOLIJ,ee ycnosune OTCYTCTBUA CEKYNAPHbIX YNeHOoB

2Ia—w+bm—a—qr,5\cos¢:0. (24)
on
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Pewas anddepeHumansHoe ypaBHeHne (24), nonyyaem 3aBMCUMOCTb
R2
A% oT ®

SJC
o 3l a4/ Cg 741“;&1
A° = —Ce .

RN

Ha puc. 7 n3o6paxeHbl HECKOMbKO Cry4YaeB pacrosioXeHus rpadmkos
KpuBbIX L (XapakTepuCTUKN UCTOYHUKA SHEPrnM), OTBEYAIOLLUX 3aBUCMMOCTH
(25), roe BblMUCNEHMS MPOBOAMIUCL ANsl LOCTATOYMHO OONbLUMX 3HAYEHWN
BPEMEHW W aMMIUTYOHO-YACTOTHBLIX XapaKTepucTuk cuctembl. Mogbopom
napameTpoB a U b MoxHO AobuTtbes Toro, Ytobbl rpacdmk L He nepecekan-
Csl C amMnfMTY4HO-4acTOTHOM KPMBOM Ha YacToTe MNepBOro pesoHaHca, rae
amnnuTyabl konebaHui Hanbonee Benukn (puc. 7, 6). B cnyyae puc. 7, a pac-
YeT npoBoOAWNCs Ans creaylowmx napametpoB cuctembl: M =1; m=0,1;
B=0,001; g=9,8; €=01; ¢g=0,5; ¢,=0,5; r=0,5; 1=1; a=2; b=2.
[ns nocTpoeHus rpadmkoB, M306paXKeHHbIX Ha puc. 7, 6, pacyeT NPoOBOAMIICA
npu cnepytowmx napametpax: M =1; m=0,1; B=0,01; g=9,8; €=0,1;

cg=1;¢=05;r=01;1=1, a=5; b=2.
A’ Y

0,55 h
0.45 \

(25)

0.18 lk
0,05 Y

ol 0G5 11 15 a1 26 31 o

7
¢

a)

- 7l N
ior |/ ya
0,002 / I _.-a-"’/v

0,001 / I'\"‘ "'_f EI

a 0,5 1 1,5 2 2.5 3 3,5 4 4.5 mt
6)
Puc. 7 - XapaKTepVICTVIKVI UCTOYHUKA 3Heprum n amnnuTygHo-4acToTHbIle
XapaKTepUCcTUKU
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HENIHINHI HOPMANbHI ®OPMU KONUBAHbD Y HEIOEATBHIN
CUCTEMI 3 MAATHUKOBUM FrACUTEJNEM KOJIMBAHb
Po3rnsiHyTo HeniHinHi HOopmanbHi ¢opMM KonuBaHb HeigeanbHOI cUCTeMU
3 MassiTHUKOBUM racutenem konusaHb. BuaineHo 3B’sizaHy Ta nokanizoBaHy copmu
KonuMBaHb. B ocTaHHLOMY BMNagKy OCHOBHa €Hepris KonuMBaHb 30CepeaXeHa
y MasiTHUKY, TOMY LSl (popmMa KONMBaHb € HanGinbLll CNPUATIMBOK ANA BibporaciHHA

NPYXHUX KomnuBaHb. [lpoaHanizoBaHa cTilkicTb cpopm KonuBaHb. Mo6yaoBaHoO
aMnniTyAHO-4aCTOTHI XapaKTepuCTUKM.

Knroyoei cnoea: HeniHilHi HopMarnbHi ¢hopMmu KonueaHb, HeidearnbHa cucmema,
MasimHuKo8ull 8i6po2acHuUK.

A. A. Klimenko, Yu. V. Mikhlin, Dr. Sci. (Tech.)

NONLINEAR NORMAL VIBRATION MODES IN NON-IDEAL SYSTEM
WITH PENDULUM ABSORBER
Nonlinear normal vibration modes in non-ideal system with pendulum absorber
were studied. Modes of coupled and localized vibration are selected. In the last case
the main part of the vibrational energy is focused in the pendulum, so this vibration
mode is the most favorable for absorption of elastic vibrations. Frequency
responses are constructed.

Keywords: nonlinear normal vibration modes, non-ideal system, the pendulum
absorber.

The system with limited power supply (or non-ideal system) is characte-
rized by interaction of source of energy and elastic sub-system which is un-
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der action of the source. The most interesting effect appearing in non-ideal
systems is the Sommerfeld effect [10], when in the elastic sub-system
it is appeared the stable resonance regime with large amplitudes. Reson-
ance dynamics of the non-ideal systems was first analytically described
by V. Kononenko [4]. Then investigations on the subject were continued
in different publications, in particular, in papers [2, 8]. Use of absorbers per-
mits to reduce amplitudes of resonance elastic vibrations. Here the non-ideal
system with pendulum absorber is considered. Concept of nonlinear normal
modes [6, 9, 11] is used in this investigation.

It is considered the non-ideal system containing the linear elastic sub-
system which vibrates under external excitation, and there is the back influence
of the sub-system to the energy source. The non-ideal system contains the
pendulum absorber too. The model under consideration is presented in Fig. 1.

Fig. 1 — The mechanical system under consideration

The system potential and kinetic energies are the following:

-1 | 9 e +£gm[(>’<+lécose)2 +I2925in26’};
2 2 2 (1)

\Y :%cox2 +%cl(x—rsin (p)2 +&emgl (1-cos6).

Small parameter € characterizes a smallness of the absorber mass with
respect to mass of elastic sub-system and a smallness of vibration compo-
nents in variability in time of angle @ velocity with respect to the main con-
stant component. One selects two vibration modes:

a) mode of coupled vibrations when amplitudes of all sub-systems
are comparable;

b) localized vibration mode with small amplitudes of the elastic sub-system
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and large vibrations of pendulum absorber. The mode is the most appropriate
for absorption of elastic vibrations.
The vibration modes are constructed in the form of trajectories

in the system configuration space: x=x(¢), 6=0(p). These trajectories
are presented as power series by the small parameter € and sing:

X=X(@)=% +&X +..;0=0(p) =6, +£0,+..., )
X, =8 +a Sing+a, (sing) +..; X, =, +a, sinp+a, (sing)” +..;
6, =b, +b,sing+b, (sin (p)2 +.; 6, = By + B sing+ B, (sin (p)2 +...

Trajectory of the mode of coupled vibrations is curvilinear, and trajectory
of the localized vibration mode is near-rectilinear.

Stability of the vibration mode of coupled vibrations is analyzed
by the numerical-analytical criterion [7] which is a consequence of the clas-
sical stability definition by Lyapunov. Boundaries of the stability/ instability
regions in the place of the parameters r and A .are obtained (Fig. 2).

Unstable solutions are observed inside of the presented region.

®)

2,7
r

2,5 /

D
i / /

17

1,5 T T T T )
01 0,105 oM 0,115 0,12 A)— 0,125

Fig. 2 — Boundaries of region of stability/ instability of mode
of coupled vibrations

Trajectory of the localized mode is near-rectilinear, and stability
of the mode is determined by variations which are orthogonal to the mode.
Corresponding equation can be presented as Hill equation, and the method
of the Hill determinants is used. It is obtained that region of instability
of the mode in the parameter place is very narrow.

To construct the system frequency response a small dissipation
is taken into account. Then the harmonic balance method is used. Frequen-
cy response calculated for some concrete parameters of the system without
absorber is shown in Fig. 3, a. Frequency response for the system with pen-
dulum absorber is presented in Fig. 3, b, where the first resonance
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Fig. 3 — Frequency responses of the non-ideal system

corresponds to the considered earlier non-local vibration mode in the system
without dissipation, and the second resonance corresponds to the localized
mode. Note that a use of the pendulum absorber permits to reduce vibration
amplitude of the elastic sub-system in few times.
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Then the multiple scale method [8] is used to precise the angle velocity
change. Dependence of the vibration amplitude on the system parameters,
that is, the energy source characteristic, is obtained.

Few cases of disposition of the energy source characteristics and fre-
guency responses are presented in Fig. 4. It can be seen, that by choice
of the system parameters it is possible to obtain the situation, when the cha-
racteristic does not intersect a region of the first resonance where vibration
amplitudes are large (Fig. 4, b).
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Fig. 4 — Characteristics of source of energy and frequency responses
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