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Abstract — The purpose of this paper is to investigate some applications of the fractionalized cur!/ operator in the
scattering problems. Using the technique of fractionalizing a linear operator we obtain the presentation for the
fractional curl operator for the functions of two variables expressed via exponents. We use this presentation in 1
plane wave reflection at oblique incidence on an impedance infinite surface. Applying fractional cur/ operator tos
fixed solution we obtain the fields that describe, in certain sense, an intermediate of “fractional” solution between the
original solution and its dual solution. These “fractional” fields represent the solution of reflection problem from an
anisotropic surface. The relation between the impedance of such an anisotropic surface and the original impedance
are presented in this paper.
I. INTRODUCTION

In recent years, it has been studied the possible applications of tools of fractional calculus in electromagnetics
problems. The idea of fractional derivatives and integrals can be extended to fractionalization of some other
operators commonly used in electromagnetics. In [1] it was first proposed a fractionalization of the curl
operator. New operator curl® was introduced where parameter 0 <o <1 is real. If a =0, one gets the identity
operator. If a =1, one gets the conventional curl operator. In [1] the presentation of the fractional cur! operator
was obtained in explicit form for a function of one variable. But in certain reflection problems we should extend
it for the functions of two variables. Following the technique proposed in [1], we shall obtain the fractional curl
operator when the function is represented via exponents ¢ . Such functions characterize obliquely incident
plane waves. This presentation will be used in the problem of a plane wave incidence on the boundary. We are
going to study the fractional fields obtained by applying fractional cur!/ operator to the solution of the problem
with fixed impedance. We shall also generalize impedance boundary conditions with the aid of the fractiona

curl operator.
II. DEFINITION OF FRACTIONAL CURL OPERATOR

The operator "curl" is one of the commonly used operators in electrodynamics. Using the spatial Fourier
transform from (x,y,z)-space into k-domain (k,,k,,k. ), the curl operator of a three-dimensional vector field
F= FX+F,y+F,Z can be expressed as a cross product of vector k& with the vector F,(F) in k-domain, thatis
F, (curlF)(k,,k,,k,) = ik x F,(F).

Consider a general linear operator L that acts within the space C" of n-dimensional vectors. The new

operator L* is considered as the fractionalized operator (from L )if [1]
Difa=1:L"| =L ;2)if a=0:L"|,_,=1 -the identity operator; 3) [*I? = I’[* = [**F,

Operator L* can be defined as operator that has the same eigenvectors {4,} as operator L has, but with the
eigenvalues of {(a,)*}, where {a,} are the eigenvalues of L. An arbitrary vector H can be represented asa

linear combination of eigenvectors 4, with some coefficients, i.e., as H = Z:,:n 8,4, . We define operator [*

via the action on an arbitrary vector A as follows:
LH=Y (a,)°g.4, (U
So we can obtain the operator L* from the knowledge of operator L and its eigenvectors and eigenvalues.
For a fixed vector & the operator (ikx) is a linear operator in k-domain that acts on an arbitrary vector P

§ = (ikx)(P)=ikx P. So if we have a fractionalized cross product operator (ikx)* then we can obtain the

fractionalized curl operator curl® by applying the inverse Fourier transform. That is cur/® = F,”' ((ikx)®).
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When three-dimensional vector F is a function of the z-coordinate only: F = F(z), then we can obtain the
presentation for the fractionalization of cross product using described procedure, and after applying the inverse
Fourier transform we obtain the fractional cur! operator of the vector F = F(z) [1]:

curl® F(z) = [cos(ma./ 2)DF,(z) - sin(na./ 2)D; F, (2))% + [sin(no / 2)D? F, (2) + cos(mo / 2)D}F, (2)]y +8,,D]F,(2)
Here the symbol D f(z) =1/T'(-a)- [° (z—£)"*"' f(#)dt is the Riemann-Liouville fractional integral [2].
Now we extend the presentation for the fractional curl operator of the vector E = F(x,y)z for the case when
finction F(x,y) is expressed via exponents as F(x,y)=e™"® It is known that the Fourier transform of
exponent can be expressed via the Dirac delta function: F, (™) = 8(k, —a). Following the above technique for
obtaining fractionalized operator we get the presentation for the fractional cur! operator of vector E = F(x, y)z :
IbSin(n/2) ipsiry—  1"ASIN(TO/2) rsity~ . o al2 jax+iby =
@ “ “ @ € 5+ i* cos(na/ 2)- (a* + b)) 2 e™™E (2)
The value a can be, in general, complex and we must consider possible multivalued behavior in the
presentation of curl® . The choice of appropriate branch is based on physical conditions.
Consider the source-free Maxwell equations
(tky) " curl(n,H)=~E; (iky) " curlE =n,H 3)
where n, = /1, /€, is the intrinsic impedance of the medium.
Using fractional cur! we can derive a new set of solutions of Maxwell’s equations in the following form [1]:
E® = (iky) *curlE; n,H"=(ik,)™ curl® (n,H) @)
foa=0or a=1, we get the original E*| _,=E,n,H" | _,=n,H or the dual fields E°|_=nH nH"|_=-E.
Therefore, fields (4) can be considered as "intermediate™ solutions between the original fields and the dual fields.
In{1] it was suggested the name "fractional dual fields" for these fields.
III. APPLICATION IN REFLECTION PROBLEMS
Consider a well-known problem of an oblique plane wave incidence on an impedance surface located at the
plane x—z . The domain y > 0 is free half-space. Suppose that the incident field is a sum of linearly polarized
TE and TM uniform plane waves given by:
E = Eei/:(xcos(wysimp) , ﬁ - __zeik(xcoswﬂ»ysin(p) (5)

curl® (ze™*™) =

where ¢ is the angle between the axis x and the plane of incidence.

The total field is the sum of the incident and reflected fields, E' = E' + E", H' = H' + H", where the
reflected field is expressed in terms of reflection coefficients R, R, as

Er e -Z-RTEeik(xeosw—ysinq)), Hr e _ZRTMeik(stw—ysinq)) (6)
We use impedance boundary conditions (IBC) for an isotropic material in the following form [3]:
ﬁxE=—nﬁx(ﬁxnoﬁ),y—)+0 @)

where 7=y is the vector normal to the surface and n) is the dimensionless impedance defined as n=+/u/e/n,
where p, € are the permittivity and permeability respectively. For these boundary conditions, the reflection
coefficients can be written as [3]
1-nsing 1-n"'sing
E————, Ry =e—
1+nsing 1+m sing

®

TE

Consider "fractional" fields given in (4). Using (2) we get the presentations for the fields £%, H*. Then we
split these fields into two components - TE and TM parts: E* = E* + E%, H* = H* + H® , where
EZ = ZA7e™ o) 1 3(R,, cos(naL/ 2) - Ry, sin(ma/ 2))eloxoe-rsine) &)
HE = 34" ghobeemowrin® _3(R  sin(not/2) + Ry, cos(ma/ 2))eeweosersa9) (10)

A* = cos(mo/2) £sin(ma/2) .
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This set of solutions satisfies the Maxwell equations and represents uniform plane wave. It can be shown that
reflection coefficients for these fields are expressed through original reflection coefficients R,,R,, as follows:
R, cos(na./2) - Ry,, sin(na./ 2) R™ = R,,, cos(mou/2)+ R sin(ma/ 2) an

RTE = ,
“ cos(ma./ 2) —sin(mo/ 2) * cos(na./2)+ sin{na./ 2)

By using these reflection coefficients, the fields (9),(10) can be decomposed into the incident field ( E*,A%')
and the reflected field (E*", H%" ) as:
E':-i = EA‘e”‘n(XMW*}'SiMP)’ E:r - EA—R:Eeiko(xmo—ysinv) (12)

F!:,i - _ZA+eiko(st(p+ysin(p)’ H:,r s _2A+ TMeiko(xcostp—ysinq)) (13)
Defining impedances as ratio of tangential components of the fields as n* =E,/H_, n.' =—E,/H,, we have
(m—n"" tan(ma/2)) + (1-tan(na./2))sin@ 1 _n+ N tan(na./ 2))sin @+ (1 + tan(mor / 2))
(mtan(no/2)—n)sing—(1—tan(no/2))° *  (ntan(ra/2)+n")+(1+tan(no/ 2))sin@
Therefore fractional fields satisfy boundary conditions E* =n"H?, E!=-n"H?, y—>+0.

a

TE _
na -

(14)

Two impedances 1 and N’ are not equal to each other, so these boundary conditions describe IBC for an ‘
anisotropic material [3] '
fixE* =7, -Aix(fxn,H) (15)

where 1, = (X)X +M™Z)Z. If a=00r a=1 in (15) then we get the usual IBC for an isotropic material

with impedance n or n™', respectively.
Assume that the original impedance =0 indicating a perfectly electric conducting (PEC) surface. Then,

analyzing expressions for the fractional fields (9),(10) and new impedance T, , we can state that (i) if o =0,we
TE

get the original fields describing the solution for PEC surface (nf =n2" =n=0), (ii) if o =1, we obtain the
dual fields which are the solution for a perfectly magnetic conducting surface (n” =n2" =1/n=ic), and (i) if
0 <a <1, we have the fields solving the problem of reflection from an anisotropic surface defined by impedance

7, .- This can be considered as a generalization of the duality principle for the reflection problems: having s
solution for a PEC surface we can obtain the solution for an anisotropic surface with impedance 7, by applying

fractional curl® operator to the original fields.
Using presentations for fractional fields we can derive new boundary conditions from (15) as

Axcurl®E = —q, -Ax(Axcurl®n H), y—+0 (16)
characterized by the “fractional impedance” ﬁn and the fractional order o .

IV. CONCLUSION

In this paper, we have obtained a presentation of the fractional curl® operator for the plane wave field
functions. By using this presentation we have analyzed the fractional fields in classical two-dimensional problem
of oblique plane wave incidence on the impedance surface. We have showed that fractional fields represent the
solution of reflection problem from an anisotropic surface. We have also derived new reflection coefficients
i,

REFERENCES

[1] N. Engheta, Fractional curl operator in electromagnetics, Microwave Optical Techn. Lett., 17(2), pp. 86-91, 1998.

[2] S.G. Samko, A.A. Kilbas, O.1. Marichev, Fractional Integrals and Derivatives, Theory and Applications, Gordon ad
Breach Science Publ., Langhorne, 1993. (Translated from Russian, Nauka i Tekhnika, Minsk, 1987)

[3] T.B.A. Senior, J.L. Volakis, Approximate Boundary Conditions in Electromagnetics, IEE Press, London, 1995.

0-7803-8441-5/04/$20.00 © 2004 |EEE 230



	1(1).pdf (p.1)
	2(1).pdf (p.2)
	3.pdf (p.3)
	4.pdf (p.4)

