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Abstract — The fractional curl operator and its possible applications in electromagnetic problems are
discussed. Specifically, we consider radiation from sheet and line current distributions. Applying
fractionalized curl operator we obtain new "fractional" fields and corresponding "fractional” currents,
and analyze their physical meanings. "Fractional" field can be considered as "intermediate" one between
the original and dual fields. It can be treated as an extension of conventional duality principle.
Expressions for the "fractional" fields and relation between "fractional" currents and the original
currents are presented.

I. FRACTIONAL CURL OPERATOR

Fractional curl operator curi® was introduced in [1]. Parameter o can be, in general, a complex number. In
this paper we will use the presentation for the fractional curl for the functions represented by exponents [3]. This
presentation will be used in two-dimensional radiation problems.

The technique for obtaining fractionalized operator was described in [1]. Following this recipe we can get the

presentation for curl®E where the vector function E is expressed via exponents as E = ze**==¢+9)
curl®[e* =47 ] = (k)" [sin %sinqﬁc’ 4 sin%cos o+ cos%é’]e”‘"“""”’i“” )
Consider the source-free Maxwell’s equations
(iky) " curl(n,H) =-E; (ik,)" curlE =m,H ()
where n, = m is the intrinsic impedance of the medium.

Using fractional curl operator we can derive a new set of solutions of Maxwell’s equations in the following
form [1]:

E* = (ik)) curl*E; o H*=(ik,)™ curl® (n,H) 3)
Ifa=0or o =1 inthe above expression, we get the original E* |,_j= E, ngH®* |,.o="NoH or the dual fields

E*|=nH, n,H"|,.,=~E . Therefore, fields (3) can be considered as "intermediate" of "fractional" solutions
between the original fields and the dual fields.

II. RADIATION FIELDS FROM SHEET CURRENTS

Consider fields radiated from an infinitely thin layer ("sheet") of electric current, which is a surface current
distributed on infinite plane x—z with the volume density j, is given by
Jo =2 e e 5(y) @
where J, is the amplitude and , is the initial phase of the current, J, and y, do not depend on coordinates
" x,2; B, is the propagation coefficient. It is known that electromagnetic fields can be expressed through electric
- and magnetic Hertz vectors 4° and A™ as follows [2]:

E =—iopd® + —-1— graddivA® —rotA™, H =—iwed™ + —1— graddivA™ + rotA® 5)
ioe iop
In the case when no magnetic current exists these expressions yield
H=rotd*, E=-iopd +'Lgraddiv;4‘" 6)
ioe

07803-8441-5/04/$20.00 © 2004 IEEE 231



MM @T*o 4 10" Int. Conf. on Mathematical Methods in Electromagnetic Theory
AL Sept. 14-17, 2004. Dniepropetrovsk, Ukraine

Electric Hertz vector can be expressed through Green’s function as A = § J.(rYG(r,rdv’, where

j s ikir—r|
integration is performed over the volume where the current exists (plane x—z); and G(r,r") = 4_|'_'T| is the
|r-r
Green’s function of free space. One can derive the following presentation for electric Hertz vector A"
- 1 eiBoxetiyy 1 eik(xcosotysino)
A°(A:,0,0)=%=J, — =xi=J — M
2 iy 2 iksind

where the upper sign is chosen for y <0 and the down is for y > 0. We denote y= ,[kz —B: and B, =kcosd,
¥ = ksin¢ . From (6) and (7) we obtain the fields:
H(0,0,H,)= T——lz—Jee'B""e*"”Z , E(E,E,0)= -lz-%Jee’ﬂ“’eﬁ” (~¥X FB,7) ®)

We use index "1” for these fields. That is E',H' are the fields radiated by the current given by (4)

Consider a sheet of magnetic current ]m radiating the field E?,H?. In order to obtain the latter fields we use
duality principle that is if the magnetic current is given by

Jn(ir,0,0) = —nxJ, e e?*5(y) o)
then the fields £2,mA? are expressed through original fields E',nH' as follows:
E*=wH', nwH?=-E' (10)
So we get
E*(0,0,E7) = -T—;—njmei”“’e*iy"i, nH*(H!,H},0)= —;-—EJme’We*"*” (Y2 £B,7) (11
Next consider the fields radiated from a composition of two sheets: electric and magnetic.
E=E'+E* nH=nH+nH? 12)
Now we apply fractional curl operator to the fields E,mH and obtain new "fractional" fields E*nH®
E® = (ik)) curl®E; m H*=(ik,) ™ curl®(n,H) (13)

Using presentation (1) for fractional curl operator we get the expressions for fractional fields E* e

= 1 .
E“(E*,EC,E')= Ene"‘»’e*"’ [(%J,B ~J, Asin )%+ (F BT"J,B £J,4c0s§)y + (FJ,4F J, B)Z] (14)

- | }
nH (H!,H: H) = Ene"’»‘e*'" [(~J, Asin$— %JMB)EE +(£J Acosd+ BT“JMB) F+(FJ B Az (19)

where A =sin(no./2), B=cos(na/2). The fields E® ,mH* represent radiation fields from two sheets with

electric and magnetic current densities, j: and j°, which can be defined via discontinuities in tangential field
components:

qu ‘y—++0 —H: |y—>-0= (j:)x’ E: |y—>+0 —E: Iy—>—0= _(j:)x (16)
It can be shown that
Je=2Ile e ™ S(y), ji=-EnJne™ e 5(y) (7
where
J? =Jecos-7£2g~Jm sinfg—, Jo=J, sinla—+Jm cos 2% (1)

From (15), (16) and (19) we derive the following particular cases:
(i) if o =0 we get the original fields and JZ |,_,=J,, J2|,_,=J,; (ii) if a =1 the fields (15), (16) are the dual
fields radiated from electric and magnetic sheets with amplitudes J7 |,_,=—J,, Jo |,.,=J,; (i) if 0 <a <1 we

e la=1™ m la=1""
have "intermediate” fields due to electric and magnetic sheet "fractional” current distributions, which are related
to the original currents (19). These currents can be treated as "intermediate" or "fractional" source currents.
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III. RADIATION FIELDS FROM LINE CURRENTS

Inthe same manner we can apply fractional curl operator to radiation fields due to the line currents distributions.
let E,H be the fields radiated by two line currents j,, j, givenby

Jo =E308(Y),  Jn=-70J,5(x)3() (19)
The fields can be defined via electric and magnetic Hertz vectors (5):
A°(0,0,4°) = —%J,Hé”(k,/xz +y)z,  A"(0,0,4")= %JmHg”(k,/x’ +y*)Z (20)
1 l

vhere H( (ky/x* +y*) is the Hankel function of the first kind.

After applying fractional curl operator we obtain new fields £°,nH® corresponded to new current distributions

i and j°. Using integral presentation for the Hankel function H‘(,')(k,/x2+y2)=ljf';n OB here
. o JIop?

0=0(x, y,B):e"“”"*‘/'—'?""), we can obtain the presentation for fractional fields E®(EJ,E;,E}),
Wi (HE HS, H"):

E® = (JA J_B)[Qd8, E;‘:—(JA+JB)]' B _ s, E"— (—J‘B+JMA)I 2 5 @1

s =3

kn oB
NHE =N(=J B+ J,4)[QdB, nH: ——(JB —-J A)f dp, wH: =—(JA+J B)f dp (22)
4n Ji-p \/1 B

And amplitudes J.', J,, of current distributions are expressed as

JI=J, cosﬂ—J sinZZ, J;=Jesinzr—a!-—+J,,,cosE 23)
2 2 2 2

For the limit cases a. =0 and a =1 the fields E*,nH® are the original and the dual fields, respectively. That
B () If o=0 we get the original currents J7 |,_,=J,, Jo |,.o=/,; (i) if a =1 we obtain the dual fields due
o the currents J7 |, =-J,, J, |,,=J,; (ii) if O<a <l we have "intermediate" fields due to "fractional"

tlectric and magnetic 11ne current dlStI’lbuthIlS, which are the combination of the original currents (24).
From (23) we see that if a is chosen that tan(za,/2)=J,/J,, then fractional electric current J. becomes

. It means that for o= o, the fractional fields (E®,nH®) lo-o, Tepresent the fields radiated only from
magnetic line current J2 .
To show another illustrative example we choose original magnetic current to be zero J, =0. In this case

L=J,cos(ma/2), Ji=J, sin(za/2). For limit values o=0 and a=1 the fractional fields E*nH®
mpresent the fields radiated from electric or magnetic current, respectively.

IV. CONCLUSION

We have analyzed radiation from elementary fractional sources such as sheet and line fractional-current
distributions. The representations for the "fractional” fields were determined with the fractional curl operator
‘arl® (0<s . <1) applied to the fields of certain currents. In the limit cases of a =0 and a =1 the "fractional"

fields yield the original and the dual fields. The expressions for new "intermediate” ("fractional") currents were
derived from the "fractional” fields.
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