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A rigorous solution of the diffraction problem
for waves incident on a circular cylindrical screen
can be obtained with the help of the Riemann—
Hilbert method. ! In this method dual series
equations with trigonometric function Kernels are
constructed for constructed for the Fourier coeffic-
ients of the current density on the screen. They
can be reduced to an infinite system of linear
algebraic equations of the second kind by the semi-
inversion method. However, the Fourier coeffic-
ients fall off only as m~® (1/2 < « < 3/2) for large
values of the summation index m and therefore the
calculation of the current density function is com-
blicated because it is necessary to sum a slowly
converging series.

In the present paper we apply systematically
the method of moments ? and then the semi-inversion
procedure to solve the dual series equations and
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obtain a system of linear algebraic equations in
which the unknowns are the coefficients of the
expansion of the surface current density function
in the complete orthogonal system of Gegenbauer
polynomials with a weight function that takes into
account the behavior of the current density func-

tion on the edges of the screen.

The effectiveness of our approach in compari-
son with the known results following from the
Riemann—Hilbert method ! is demonstrated by
numerical calculations of the current density on the
?creen and the angular dependence of the scattere
ield.

1. Let an arbitrary E-polarized electromagnetic
field E;° = f(r, ¢) excite a cylindrical screen of
radius a with angular width 2 6 and orientation
angle y, (see Fig. 1). The time dependence of th¢
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form e~1vt is omitted. It is required to find the
electromagnetic field arising as a result of scatter-
ing of the wave E; by the cylinder. This field
satisfies the Helmholtz equation outside the surface
of the cylinder L, the Sommerfeld radiation condi-
tion at infinity, a Dirichlet boundary condition at
the surface of the cylinder, and the condition

that the energy within any bounded volume of
space be finite. The single nonzero component of
the scattered electric field is written in the form !

r>a, (1)

dn (ka) HSD (kr) } .
r<a,

Pl i {J.h(la)u‘,mka)

where k = 27/A, A is the wavelength, Jp(x) and
Hm(l)(x) are Bessel and Hankel functions, respect-
ively; and {Pm}m=-= are the Fourier coefficients

of the function o(¢), which is defined to be zero
outside the angular interval of the metallic screen
and inside this interval it is equal to the surface
current density on the screen

2 5 . dm™ e[, 8],

plpy= {ima m==-= @

0, vé¢[-6,0)

Representing the right hand side of the Helmholtz
equation f (r, ¢) as a Fourier series in the coordi-
nates (r, ¢) and applying the Dirichlet boundary
condition for the total field E, = (E;° + E;S) |, = O,
We obtain a system of dual series equations with
trigonometric functions for the kernel !

m=z_.. Ym Ym émv= -

Z Fpe™?, ¢€[-9, 0],

z Im eimy = 0,

m= o

v €E[6, 27— 0], (3)

;’here Ym =Pm(—1)me""w°. Fp =fm(_1)me""w°- and

™ = (ka) HY ) (ka) The unknown coefficients py,
Ong to the space of number sequences £,,

Whepe

12= lpm :(z)lpmlz(lm“"l)-l I < o
m
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The quantity y, can be written in the form

()
m-—soe m’ ’

¢ —sm). m#Q;, &, =8,

LT

8m =1 —inlm| Jy, (ka) HD (ka),

which corresponds to decomposing the operator of
the problem into its principal and continuous parts.

Therefore, the system (3) reduces to the form

Im_

(1 =¢&,,)eimen +yoYo = —in T F, ™, Ini<l,
(m=o) Im| (m)

(4)

T ymemin=g,

Inl>1,

where n = ¢/6, and p(n) = p(9).

The system of equations (4) was studied
earlier ! assuming that the current density func-
tion near the edges of the screen has a singularity

of the form o(r) ~° o¢*~") , with v = }, which corre-

sponds to an infinitely thin-screen. Below we give
a more general solution of (4) in the case where
the parameter v, which describes the singularity of
the function p(n), can have any value in the in-
terval {4, 1[; hence our solution contains the
earlier obtained results as a special case. This
generalization is important in order to use the
method to solve diffraction problems for waves in-
cident on cylindrical bodies formed from parts of
intersecting circular cylinders (screens of finite
thickness). 3

2. To construct the solution of system (4),
we represent the function p(n) as a uniformly
convergent series of orthogonal Gegenbauer polyno-
mials {Cn‘"‘/2 (n) }fi=, with a weight function
which takes into account the behavior of the func-
tion p(n) at the ends of the intervaln e [—1, 1]
(at the edges of the screen)

M= -n*P"' T x,Cx Vi), u<r<lL
n=0 (5)
Using (5), we obtain a new representation
for the Fourier coefficients pp, of the current dens-
ity function p(n):

_(lynemmVeg = In+v—1/2(mB)

T (=i Xp-Y , Kh<w<l,
Pm ro %) "=o( )" XnBn @me)*-11
(6)
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where g1/ =T(n+2v - )[T(n +1) ~ o),
nw

Jntv-1/2(X) is a Bessel function and r(x) is the
gamma function.

It follows from (6) that Pm ~ O(m~V) in the
limit m - « and therefore p, €1,. If we put
BO(V"/Z)I\,:,/z = 1/2, then this representation will
also be valid for v = 1/2.

To determine the unknowns {Xp }p=o,, we sub-
stitute (6) into (4). Using the completeness and
orthogonality of the Gegenbauer polynomials, we
obtain an infinite system of algebraic equations of
the form

’Eo(—'y.x" ﬂﬁu—l/Z)[Q‘(‘l:;lIZ) _ LS:V,;””] =T, k=0,1,2,... N

Here we have introduced the notation

nt 1 Jntv—1720m8)  Jisy_1j2(m8)

v-1/2) = 1)kt s
Q. n [ 461 ],..Ex m (m8j2)’~'*  (mej2y '/

= 8 Jpav_12M0)  Jisy_y1/2(mb)
Lg‘v—lll)g(l,,,(_l)k#n) y n+v 11:_”z ok »/.1/1
o m=1 m (m8]2) (m8/2)
imYodkobno
(v +%)

_ (=imy 27T - 1) Jry—172(m8) 1, k=0,
I, = F _:”_liz___' X0 =

) m=—e= " (mB[2)*~ 2 0, k#0.
(8)

For the matrix elements {Q{';"/? |3 ,-o the series
in m can be summed explicitly, while for the matrix
elements {L{;'?}7 ., the terms in the series in
m have the asymptotic form ~ O(m~-(2v+e)y,

It can be shown that the Fredholm alternative
is valid for (7). The proof is based on the fact
that the norms in Hilbert space &, of the matrix
operators Q( v-1/2) gnd L(Vv-1/2)  which corre-
spond to the matrices {Q¢;'?|y .., and

i
LY YVIE oo, are bounded, and the fact that the
operator Q( v-1/2) g positive definite. In other
words, in the space 2%, the matrix operator L{ v-t/2)
is continuous and the operator Q( v-1/2) has a
two-sided continuous inverse. It can also be shown
that the number sequence {Txi%-o€!2 . Therefore,
the system of linear algebraic equations (7) belongs
to the class of operator equations for which the
Fredholm alternative“»® is valid and it can be
solved approximately to any desired level of accuracy
with the help of the method of reduction.
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In the numerical implementation of our approacy
one of the important problems was the summation of
the infinite series (8) for the matrix elements
Lk,n( v-1/2) A computer program for the BESM-g
computer was developed in ALGOL-GDR. The re-
sults calculated with this program are described
below.

As a special case, we consider a plane elec-
tromagnetic wave incident at an angle $, from the
direction y < 0 on an infinitely thin (v = 1/2),
cylindrical screen. Then E% = *@ex*fey) | where
a, = COS 94, By = sin 9, and fi; = Jp(ka). The
coefficients {xp }{=o were found from (7), then (5§)
was used to calculate the absolute value of the
current density [p(n)|. The angular dependence
of the scattered field was calculated from the equa-
tion

IF@I=| Z pmIm(ka)e™?],

where {pg }n=-«~ are determined from (6). ‘

The calculated results were compared with
those obtained using the Riemann—Hilbert method.
The angular dependence (polar plot) of the scat-
tered field is shown in Fig. 2 for two values of
the frequency parameter ka [ka = 1 (a) and ka = 21
(b)]. Differences in the polar plots obtained by
the two methods are indistinguishable on the graphs;
the largest deviation between the numerical values
was less then 1.5%.

The current density distribution on the screenl
is shown in Fig. 1 for the same values of ka in the
case of a normally incident wave (8, = 0), angular
half-width of the metallic screen 8 = 90°, and orien
tation angle of the cylinder y, = 180°. The dashed
curves were obtained by the Riemann—Hilbert me
and the solid curves were obtained using our meth
For ka = 1 the largest deviation between the two
methods is ~25%, while for ka = 2 n the deviation
reaches 40%. The execution times (for one param’
eter ka) for the calculation of the current densitf
function o(n) are roughly the same for the two
methods.

The differences in the results can be explaiﬂed
as follows. The coefficients of the series (2) be-
have as pp ~ O(m~}/2) in the limit m » = and to
obtain a satisfactory result, a large number of ter?
must be summed, which is very difficult because 2
system of higher-order equations must be solved.
The calculation of the current density p(n) using
(5) is much more effective because of the rapid
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onvergence of the series, and because of the
resence_of the weight function, which takes into
ccount the behavior of the function p(n) at the

- ds of the interval [near the edges of the screen
et - + 1) the series (2) cannot be used to calculate

the function o(n)].
Our results for ka = 2 7 closely correspond to

those of Ref. 7, where the convergence of the
geries (2) was improved (see also Refs. 5 and 6).

c

It has been shown that our method is effective
for the solution of diffraction problems for waves
incident on cylindrical screens and can be usgd to
accurately determine the surfacg .current density
function without the use of additional procedures
to improve the convergence of the series.
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