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Abstract — This paper is devoted to the description of new boundaries using the fractional field, which is constructed
by applying the fractional curl operator. Fractional field allows to describe the solution of problem of reflection from
specific boundaries of “impedance type”, which generalize canonical boundaries (perfect electric conductor (PEC),
perfect magnetic conductor (PMC), isotropic impedance boundary). Fractional field approach also gives a possibility
to obtain boundaries with new features.

1. INTRODUCTION

In this paper, new boundaries obtained by the fractional operators approach are considered. Fractional
operators are defined as fractionalization of some commonly used operators. In this article we consider

fractional curl operator curl® with fractional order & (0 <a <1) as fractionalization of the usual curl operator
[1]. A new electromagnetic field (E*,H*) can be defined by applying curlto certain known original field

(E°, H®) - solution of electromagnetic problem with certain values of input parameters:
(E*,H* ) =ik, ) curl*(E°,H’) - (1)
where k, = @.[g,1, is @ propagation constant in the medium with permittivity &, and permeability p,. Time

dependence is assumed to be e . We call the field (E*,H") a”fractional field*.

We have applied the concept of the fractional field to several specific two-dimensional problems of
reflection from infinite boundaries of impedance type. This approach can be useful in description of solutions to
reflection problems for some known materials of special kind and also new boundaries with new features. Due
to specific properties of surface currents correspond to fractional field, we call such boundary as electromagnetic
boundary described via certain boundary conditions (BC) with parameters depending on « . In some cases, such
boundaries can be described by anisotropic or bi-anisotropic impedance BC, and some of them need further
analysis to obtain adequate model.

Using the operator curl®, N.Engheta [1] obtained new boundary with impedance 7, =irg(za/2) &

intermediate case between PEC and PMC in the problem of normal incidence of a plane wave on an impedance
boundary. Lindell and Sihvola [2] considered new boundary called Perfectly Electromagnetic Conducting

Boundary (PEMC) as generalization of PEC, PMC defined by BC like E+MH =0, where M isa
admittance. Another type of fractional boundaries was considered in [3].

II. FRACTIONAL FIELD

Fractional field (E*,H®) (1) acts as an intermediate solution between the original and dual solutions [1].

If original field is a field radiated by the ,original“ line currents with the densities (J,q, /) then the
fractional field represents a field radiated by new sources (j-'m ’-}:m.a) expressed via the original currents and the
order «a [4]:

- x|~ . a = = . A = na . -
Jea = cos(?)]eo + SIH(T)ij s Ima = _Sln(_i_).]zo e COS(T)]mO (2)

We call the currents (]'e‘a,]m’a) “fractional currents” keeping in mind the currents, which correspond to the

fractional field. Note that fractional currents are distributed in the same volume as 6riginal currents are.
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Duality principle in the reflection problems states that the dual solution (E',H'), obtained as
F'=n,H,n,H' =-E , corresponds to:

(1) PMC boundary when the original field is a solution for the PEC one;

(i1) Impedance surface with 7™ when the original solution is a solution for the impedance 7 ;

(1ii) Conductive surface when the original is a solution for the resistive surface [5].

The fractional field can be a solution of the problem of reflection from certain boundaries which are
itermediate cases between the original boundary and the “dual boundary” [1].

Having presentation for the fractional field (expressed via the original field components and the order « ),

we want to describe the boundary corresponding to this solution. Our aim is to find the BC, which is satisfied by
the constructed fractional field.

Impedance boundary supports surface electric and magnetic currents. The original solution corresponds to
the surface currents (j,,,/,,) and the fractional solution corresponds to the “fractional” surface currents

expressed from the original ones as (2). Equation (2) can be treated as follows: fractional currents represent a
mixture of the original electric and magnetic currents. We call the boundaries, which support such kind of
siface currents as “fractional” boundaries or “electromagnetic” boundaries. Fractional electric field represents a
mixture of the original electric and magnetic fields.

III. FRACTIONAL FIELD APPROACH IN REFLECTION PROBLEM

Consider a classic problem of the TE polarized plane wave E'(0,0,e****#****®) incidence at the angle ¢
on the plane boundary y =0. Normal 7 to the boundary has the same direction as the axis y. Total field should
stisfy isotropic impedance BC:

ixE =mix(fix H), for y —+0 3)
where E° = E' + E” (y > 0) is the total field, which is the sum of the incident (E', H') and reflected (E",H")
waves, 1 is an isotropic impedance. As a special case the BC (3) describes the PEC boundary if 7 =0, and the
MMC boundary if 77 = ic0.

Having the field (E°,H°®) as a known solution for a certain value of impedance 77, we can build the
factional field as curl® to the original total field (1). Taking into account the property (2), we can assume that

te fractional field represents the solution of the reflection problem for some boundary, which can be
tharacterized by the following BC [5]

AxE* =1 fax(fAxH®), C))

where the impedance 1, , in general, can be written as a tensor

A tll tlZ )
Ny = &)
[’21 t22
nd can be expressed via the original impedance 1} and the order o.

Using the expressions for the curl® for the function F(x,y)=Zze="™ [1,4,6],
b

l-a

_—}i“sin(ﬂ) = +2cos(%)(a2+b2)3],
(a2+b2)2 (a2+b2)2

tie components of the fractional field E%(E®, EowBr); H*(H® ,H ,H) are expressed via the components of

x

ot 5 5 7 - : y 104 a
curla(zexaxﬂby ) s emxﬂby[xla sm(—)

te original field:
E* (sin(%)Hx ,sin(%)Hy : cos(%)Ez )y, A° (cos(%oi)Hx ,cos(%)Hy , —sin(—”zﬁ)Ez ) (6)

14244-0490-8/06/$20.00 © 2006 1EEE.

435



MM&"OG 11" Int. Conf. on Mathematical Methods in Electromagnetic Theory
June 26-29, 2006. Kharkiv, Ukraine

Consider two important special cases of the tensor (5):

. v - & [ 0 a a
(a) anisotropic BC with 1, = [ ! ], where ¢, =—;-;;, B = —é—:—

0 t5 2 H?
0 t E* Ea
bi-anisotropic BC with 1, = 21, where ¢, = ———  f, =— .
(® P Ny [tz, ) ere ¢, He i e
Case (a).
e '1 tg(mer/2) 1-in 51?1 @ctg(mor/2) L /2)1—17731'11 pectg(na/2) )
7] 1+insinpetg(ma /2) 1+ insin petg(mor [ 2)
If the original field is a solution for a PEC (7 = 0 ) boundary, then we have
1, =i——etg(na/2), t,, = isin@eg(mo/2) 8
sin @

For normal incidence (¢ = —725) from (8): ¢, =t,, =istg(na/2). These expressions are agreed with the results

obtained in [1].

Case (b).

- 1-insin psctg(wa / 2) by csistg e 1) 1~insin@ectg(7wa / 2)

1+insinpetg(za/2)

12

1+ insin petg(mar / 2)
o4
2 e
For O0<a <1 these equations describe a bi-anisotropic boundary [3], which supports surface currents
given by the equation

In case of a PEC boundary (7=0) #, =i, t,, =—itg’(

Jl =T (10)
Unlike for an isotropic impedance boundary, the surface electric and magnetic currents ]‘e(0,0, i)

7.,0,0, j2 ) for this kind of boundary are parallel to each other.
Note that equation similar to (10) was used in [2] for the description of the PEMC boundary.

IV. CONCLUSION

The fractional curl operator allows to obtain intermediate solutions in electromagnetic problems. In the
reflection problems for the boundaries of impedance type, fractional solution is a useful tool to describe
solutions for anisotropic and bi-anisotropic boundaries of special kind. New boundaries, which generalize PEC
and PMC and also isotropic impedance boundaries, are introduced as the boundaries corresponding to the
fractional field. The fractional operators can be used as a mathematical tool to obtain intermediate situations in
electromagnetics.
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