Scattering of the H,; mode by a cylinder with a iongitudihal

slot in a rectangular waveguide
E. L. Veliev and V. P. Shestopalov

Institwie of Radiophysics and EIE{‘IFEI?.H{‘S. Academy of Seiapces of the Ukrainion SSR, Kher oy

{Submitced October 24, [978)
Zh. Tekh. Fiz. 49, 1167-1176 (Fune 1979)

A rigorous solution is derived for the seatte=nng of the M, mode by a compliicaled obstscle {an open
cylinder} in a rectangnlar wavepnide. The cylinder axis is parallel to the broad waveguide wall. The
problemn is sobved by the semi-inversion method developed [or u study of the diffraction of plane waves
by a grating of cylinders with a longitudinat slit [£. 1. Yeliev and V. P. Shestopaloy, ZhVMIMF 17, 1234
{19771 The propertics of the scattered fisld are studied amd new resonanc effects are found for a
rectengubar waveguide loaded by a capacitive sloited cylindar,

PACS numbers: 41,10, Hy, 344050

Metal inhownopensities are widely used in rectanpulay
waveguides in microwave techuology.? Those inhome-
peneitios are used in matohing elements, froquoney fil-
tory, mode lrangducers, microwave power Measdrt menls
in transmission lines, ete, Thas, there ig congidarable
leperest in o comprobenaive stady of the properties of the
fleids scattered by these {nhomogeneities; such 8 study
usually invelves the solution of complicated boundary—
value probleme. Approxdinate and rigorous methods have
Leen developed for solving the boundary ~valug problems
for the zimplast inhomogeneities, ™1 Oa the othar hand,
for complicated chatacles we do not bave effective methods
for atudying the soattered fialds.

In thls paper we report the frst rigorous golulion of
the boundarv-value proble m_oﬁ the scattering of an Il
mule by an open cylinder o a rectangular wayeguide, The
ovlinder axis 1s parallel te the broad wall of the wave-
guide xnd represents a1 capacilive inhomogenaity (Fig, 1.
We note Lhat Lhe gelution of this problem also incorporales
the sabution of & simpler problern: scaltering of the IL,
maxde by a so0lid eylinder in & rectungular wavepuide, A
study of the proparties of the field scattered Ly a gylinder
with a slot in | waveguide Is fmportant fer understanding
the pondoromotive aelfect of an electromagnelic fisld and
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its appiications, u

-1, FORMULATION OF THE PROBLEDN.
EEPREZENTATIONSE FOR THE
SCATTERED TIELD

Tigurc 1a shows the structure (the netation for the
atructure is defined here), We assumo that the wallyg of
tha eylinder with the slot and the wavesuide are infini-
tezimally thin and are ideal conductors, We asgume
that the waveguide {s infinite along the ox axis. The geo-
metric dimensions of the structure ars arhitrary. [n ad-
diflon to the Cartesian coordinate syvatam we introdece
a locel cylindrical coordinate system (R, o, 2], which is
grocted al the lnbomogeneity,

Wa assume that an Hy; mode!! is incident frow the
z < 0 dlrection on the opon cylinder {Fig, i}

R e e
A=t 5in|w1)s ' 1)
* ok = Wk iR i
whare § = « (7o, and k= 27 M,
We are to determnine the diffeaction field which arizes
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&8 the result of the scattering of the WEYE {'.l]n by the epen
oylindar,

We aesk the total field in the form Hy = Hj — 1L,
where the function H}{ describes the scattered” w:we Tha
function Hy must satisly the Helmholiz equation, the stan-
dard oundary eonditions at the wavepuide wall, the MNeu-
rann boundary condition at the surface of the cylinder,
the eondibion That the epergl mast rimain fipite in any
ponaded volume, and the radlation condition at Leafioily,

To determine the diffracted field we use the Lmage
mathad. ' Since the total fisld is formed as the Tesult of
tan ropeated reflection of the scartered field from the
wavegulde walls, each reflection can be regarded as
ayuivalent to s reflected-{icld souree, ie., to the malilple
imoge of the ovlinder In the wavegunide walls, These
Sdureey eonsiitute o pericdic groling of epen cylinders
(Fig, 2}. The incident wave 15 IT-pelarized with respoct
12 tha axiz of the cy.inder.

Vo write the acatterod field as the surn of dauhla-
layer podenlials disirbouted on the hinage sources, Le.,,
L]

S e ol

m=—uw L,
WA — R — g — ¢ — L)
- Ei(Y ."If{;_x'}"-+|’g+[,|f ~ - dipaly —|—u2rl'£_]§,|l|' e
=i sin(2 )ﬁr‘r’“ sl B lr st p— il {2

: _F_a. o [ T
E—— S -1 =
Figl L T

x .
Wheree tiy!, «’) is (he gurfzee current den"a_ity al the ¢vlin-
der, Hi,{”{x} i the Hagkel [action, abd Gz — =", v — ¥" iz
the Crecn's Tunolicn, which takes acoount of the effect of
the wavegulde walls and 15 written in the local courd.[nate
Lystem at the inhumngeuer.t:,

We will need 2 representalion for the yestbered field
in the cyiindrical ceoordinate sysiem at the lohomogenelty
and algo in the form of & summation over wayeguids

FIz, 1, The stmcoen: under conséderation,

modes, Let us fHod these repre-séntatiuns.

Exband[ng the unknown currenl funetion u{y', 2% ina
Fourier sorias,

and uging the thoory for combin.ing. Biessel Fonetiovs, from
{2} and the reiation BY = R » r, we have

cAa Lo .
fAl=i-—sin —:r)[ E
] a

fo—za

e B 10 (R M- 2 Bed (3}
W F D 4 w—a }
i [irﬂ 0 A e 4 E HY iRy ™ L ]‘. Rizar,
where

Ri= 3 (e — 2nbps Sj—arosiu b

BT T — B0 25 wh=wesin g

Using Lhis theorem atnd (3) we find the rapreseniation
for the scattered field:

Hi =145 sin {% r}[ E w2 [Br) B (BRY ¢

£ 3 iyt 35 EDIG, B+ ’ch““’ﬁ].
2 :

Ex3 Sov. Plips. Tech Phys. 28], Junc 1879
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A corresponding represectation for Hic zan he found
for the vase Eﬂ. e

We note that thie expression for II%|C is convenienr for
studyring the fields near the inhomogenelty.

Wo will now write o vepresontation foe HL ac 2 gum-
mation oyer wavesuide reodeg, Wa -uge the Poissen sum-
mation [ormelett on (203 the reaalt is

o o, cos {22 _,D‘]/- [""‘ 2l
i-iE'SiL'r (':LI:} E " ( ' } (mlﬁ"} =
=== b, cos (u-- _.'} LR —%_
where
a, =giV { q 1925 e, mkﬂd_pp&)
o b} ) {?:l
0 == - .F;{f.lr}p.j| Loz p‘jm},

A=

1 T

F-h V manE 2
| Y B—h .

g% i= the Kronecker delta, # ~—sresic (%’Di}, and

IIL
_{ 112, m—=0,
: 1, it ke 0,

2, REDLCLON OF THE PROBLEM TO THE S01.UTION
OF INTINITE BYSTEAMS D3 LINEAR ATLGERRAILIC
EGLATIONS OF THE SECONL KINL

It follows from the raprc-.'acntations foyr the soatvered
tield in {1 and {6} that we rmusc deterndne the Fourier
smplitedes of the surface current, Hpa I arder Lo lied
thiu ficld, To find these smplifides we impose Lhe Neu-
mann boundary condition oo the lotal field at the surface
of the cylinder: :

= Bl B=r b e Be— 0 lp=yll  (5)

Uping the cxpression for the ineldeot tield in the cy-
lindrical coordinate avstem 28 4 aeri%:s in Bessel mne-
tions \

- T i < S T
Hi:len{?x) E T (3 e

a=—a
froem (2} we have

= =T

2 nd; L (pryetrmes 3T, (fryet?
F=l (LT, -]
B nen 3 el 0000 + O sy,
— bl wel 2n— 0 &

To determine the ourrent f_m'mtion {2 aver the com-
plete interval over ¢, Le., ¢var toe inteTyval (D, 2w], we
muet supplement {9) with the equation

X o=, [pi<t,

F=—r

(14}

which follaws from the obvious fact that the surface curc-
ronl density s zero al the slof.

We then have a system of functional eguations of the

B4B So, [*ys, Tach. Phys. 243!, Juns 1979

firat kind, (%) and (197, fuT the unknowog B The method
of Bafz, 1 and 15, which £z based on the semifnveraton
mathad of Ref, 16, can be used to réduce these equations
té an infinfte system of linear alyebreic eyuativns of the
second Klnd;

IL_::..—-E—:QH-'" ity | "u R M8 iy
whare _
Hu... LA ﬁ'nul g A R
Fipes 1-.-.+.v.. Liu- m:..l.%l.-!. E‘Mr'lll:“-ll{_'lr}r I ey
B |'"r_|__a_r|-. ;F{_'lr} f [f[l.l Pl—n. —Ifn“ -'-'u-—l.' fn!—‘—l.]

S 1]r\.|1'|- I'I'|-|-||]‘]E|F.I I+ b1, Fﬂ-p‘-':.l. =\,
_; L d _F[UJ]‘:"Q(— W), =10, w=1

[ fouen T aiin (3 1 2 I Vet (—u

XIG_L]-LE«&:I—I-Q,M_[B!J, Bl eh, moLl,

"“"T-nr 7

—iw (i T 2 ILW, (—u)
Py
X [ (P - O (5, 3d)]efr%, n =0,
["1:' g—"'?urkﬂr.l 2' S VI {—u) s, pa20,
I" == BN
g X O —uleeh, m=0,
pm=—r 3
- SR e "‘lF’ JLEW, Vehl—n), W, {—u} aTe the sane as

in Ref. 9, u = cos g, and the argument of the deTivatives
of the Dessel functivns ix g1,

Liztog the Estlmaii'aa for VEH—u) and Wyl -u) {kef, %
aod those for 8, © t—mr ] a0 {Refa. 1, 15, 16Y and the

Beszel functions, wc oan sﬁ]m'.r ihat when Zr « b {in which
the surface of the inhomogenesity does not touch the wave-
guide walls) the equations in (11) are Fredholm e-:1ua.t1mc=.

gince 2 IB,,,P-:;‘QU E[I‘ e,

Congeguently, (11) can ke solved by 2 ceduction meth-
od for arbliraTy parameters.

It fellows from the esfimate of the norm of the ma-
1Tix,

P B |
g==]Bu =10z 2‘ T
mES

that system (‘il] can he solved by successive approxima—
tlons if {r/h) <<l and u = eow @ — &1 {narrow slots and
tapes).

Lat uz consider the case ¢ = 0., In this case the in-

homogenelty 1= a closed clroular oylinder of radiua .
motidg that

vt e LBl gt g, potm VI (— A e,
e P Rl O S
= : L e e
ve find the [ollowice eouatien {Tom (111:
E_I. Wealier and V. P. Bhoscopalow 4B
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e

=0 +1, £2,...,

This equatlon gives a rigorous solution for the zcuttering
of an H;; mode hy a elosed clrcular cylinder of cadiua ¢
in & rectangular waveguide if the cylinder axds 1s aleng
the broad wall of the waveguide,

It iz pertinent to note that Eg. (11} gived not only a
rigorous solution of the problem under consideration here,
bat the diffraction of a plana wave by the grating in Fig, 2,
A particwlar feature of this grating e that 1te pericd con-
teing two mirror-image elements in the form of an open
eircular cvlinder. i

The system in (11) alea gives a rigorons solution for
geattering of an Hyy; mode by two open cireular cvlinders
whnich are mlrror images (with respect to the plane pass-
fng throwgh thair ceater) and which lie ingide a rectangu-
lar waveguide, parallel to its broad watl (Tig. 1b). In Ea
{11) we must replace d by {b —I1/2, where ¢ i5 the dis-
tarce betwesn the axes of the eylinders (Pb — 2r = 1 = 21,

The matrix clements of system (11) contzin the gusn-
titias Q'i;! () and q;;;'mf,ﬁb. gd}, which are Schlémilch

sories tT as can be seen from (5). Sluce these series con-
verge slowly in a computer selution of {11) these Tepre-
gantations are not efficient. By uzing the Polsson summa-
tivn formaula for these quantities, however, we can find a
representation in the form of rapidly converging serles I
terms of glemartlary functivns. This representation iz de-
riveerd in Re: 18 for the quantliies Qpilm{.’:lb} [gee alsa Ref,
1) and in Ref. 15 for QL (#b. .

3, ANALYSIS OF THE FROPERTIES OF THE
SCATTERED FIRED

W bepgin the study of the propertles of the field acat-
tered by this inhomogenelty with the case d = b/2 and w; =
00°, In thiy cose the open cylinder is at the center of the
wayvepuide and the siot points toward the incideot wave,

Wwe first introduce the notation

= s

where = is the "filling faétor,” and w is & dimenslonless
froquency parameter, which shows the dependence of Lhe
transformation coefficient on the wavelength and wave-
guide dimensiony o and b. .

We first treat the single-meode sase. With 2 capaci-
tive inhomogeuelty, the parameter w has a value in the
range 0 = w < 1. The H,; mode = the only undamped har-
wionic of the diffraction epectrum. We 4lso agsume 6 «

1 and g —0, implying that the cylinder ia armall (since
fr = gug < 1 and that the longitudinal glob is LATTOW.

. in this cage the reflection and transmission coefli-
cients for the fundsmental mode ([aq)? and b, |%, respec-
tlyely) are characteristics of the scutterced Held, since
the total diffr¥oted field far from the inhomogeneity can
be written as the feld of the fundamental mode,

S48 saw. Phys, Tech, Phiys, 2481, June 1973

gl=

i ET“ siby (—I; a::] et e 2 s -i ,
12}

iﬁ—:- gin {% x}b.,s"i', £ — -;— i

Solving (11) by successive approximations, we find
the following equation for the transmisslen coeflclent:

@
{frj* lo. sin
R sl |

i ui-p[i + m{fz'-)*qi +8 Eﬁb]]Jlﬂ sin {13

r

+ofr4(1)],
where

&
Qo (B3} — O (B + G5 (Bb, B )
1 o8 = =2 "
=t E—T{IEI+C+T1,3D3},
and C is the Buler constant. [The reflection ¢ocfficient
can be determined from the equetion |af| + [bel* = 1, which
halds in the interval 0 <w < 1.

Lol ug examine the denominator of the transmission
coefflelent by, Koeating this denominator to zero we lind

— [t () ] =0,

2 1u sin 5 (14
We find the complex roots of this eguation by the
Mewton method:
-3 i o omlm@ 4
pr—au it =7 s R ——= [ty
-l,-' — ¥l s5in 2 fin sin 5 n? sin ;
: 1
tiy == ) A - [1 4 Fa {y] -+ & —T}
16 I =in ?-l.l" -0 gin ¥ lp? #in 5 ]

¥or values of the parameter gr =q; Ea. (L3} showa that
transmission coefflolent by approaches 0 as O[& + »’-

%) ; ip other words, the reflection 1s nearly eomplets,

If we take the limit # = 0 1a {18} [correzponding to
the case in wiich the inhemogeneity is & cloged cfroular
cylinder), we can find an expression for by = 1 ¢ O[n®
{T/b)%. We then chtain almost nearly total trapsmission
This result, whirh is familiar from waveguide theory,’
bas o =zimple phystcal meaning: The Incldent wave In-
duces megligible currents at a capacitive inhomogeneity
guch as a small closed cireular eylinder (fr < 1). A
{nhomogensity of thie kind unly causes a alight perturha-
tion of the incldent fisld Thig is why such inhomogens-
ities ave not used in practice,®

The prescoce of a narrow lenzltudinal glot in the wall
of 2 amall cylinder (gr < 1} leads to a qualitatively new
resonant effect: total reflection of the Incident wave.
‘This happeos because the slot in the cylinder gives rise
tn a Tesonant increase in the surface current when gr =
)i the ultimale resuft is nearly total rellection of the in-
cident wave; Tigures 3 and 4 show the fransmiselon and
reflection conffirients as fanetions of the frequancy w and
the filling factor 8. These curves are obtained by solving
{11} by the reduction method on an M-222 computer with
the help of (7). It follows from Tigs. 3a, 3h, and 4a that

E. . Velies and V. F, Shetropalov 848
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Fi. 3. vadatlen of the sracsmi=ing coefficient ([] snd the relleciion co-
efffelenn (L) with the flequency parameless . 418 = 57, ¢y = 60% L) 5=
LRI 200, b & =147, m = Hot, hg=lh 20 00h

total reflection of the Lacident wave cocurs if A < 1 and

if the slol is narrow, for varjous velucs of 5. As the slet
hecomes wider, the guelity factors for the resapart valucs
of |a,' 2nd b, decrease and shift toward larger values
of & {¥lg. 42}, Tor wide slotg, the resonant values of

fag) and Jo,| vanigh (Fiz. 40), and the properties of Lhe
geatterad [inld of this lohomogeneity approact: those of
the ficlds acattersd by # capacitbve frig t

When s = 1 the scattervd Hyy moede loses energy by
goDve Teicn to hipher—order Hyy modes. This result is
demonstrated clearly in Figs. 3a and 3b; Atw=1and 2 7
we chserve resonant changes in |a,] and [b,! dus to the
uppearancy of new undainped barmonics in {he diffraction

spagtrum, 5

Iurthermors, in tha repion s IE for various values
of w, there are minima (maxima) for the transmizgicn
{Teflection] ceefficigol.. Lhoae minima ore ooserved at
values of the parameter fT appreximately ayual 1o Lhe

0.2625 and gr =13,8864 = »3, - 0.5723, These resonant
values of g o) and by} 2nd the similar behavior of [¢ ;| and
[ fn the single-mode case, v ¢ 1, are comequances of
the fact that the incldent wave excites quesimodes in aun
open orlinder, These quagimodes are studied ln part in
Ref, 19, 1o perticular, the resomant reflection in the o=
glon 52 < 15 egsociated with the excltation of a alof wave
in the ¢cpeqn vylinder; whew w = 1 It is agsoiiated with the
axcitation of waveguide medes. The deviation of gr from
¥lyn i5 due to the presence of tho stof and the effect of
the woyesuide wills,

It hze boen shown?® thal resonances in g slotted evlin-
der caused by an II—pularized_electrumagnﬂtic WAVE CAUSEs
the mechinical foree acting on the cylinder to increase
sharply. It ig then imporiaol from (he practical stacdpeint
to delermine the mechanical force acting ot such a cylin-
det. :

& unit lenpth of the exlinder is subjecled to a foreed!

(2)=emGaLi 3 by

s (P ][ B vt 2 6 — B e
16

II:.I'.l.
EE.J

1 AT
= osin (2 }"ng,'

Ld
where {Fzh and {Ty) are the average values ofthe foree

aver the ogeillation pariod,

By inmgru.'t_ig_g (18] over the helght of the cyvlinder we
find tne force exerted ov the oylinder sz a whole;

{@‘;}} g [<F$}"l‘ _
v TR € ) ]
Enuaticn (17} iz uaed to caloufate the depandenco of
the components {Ty y) on the parameter w; the reyults
are shown in Fig. 5. Ewvideatly the longitudinal compo-
nent ¢Fp} 15 peurly zoro everywhers axcept in the vicinity
of the pegonant valucs of w, near which il increases greal-
l¥. The tracsverse force component |5 zere everywhere,

ag in the case of a closed cylinder,

358

raots of the derivatives of the Ressel functions, ¥y, {m,
n=10,1,4, ...} Forexsmple, for curve 1 in Tig, Sb this |
minimum is Dbsewed at the vulues pr= L00E3=w») + A
0,1653; for ourves 2 it is cheerved ak pr= 1047 = ¢}, + > meE
a ]
s
; o
S - o -
+-xu é 02 Eﬁ X
2 <l sl
i
- 1 z
ﬁ‘ - IX | f
nl— _/'J 1 _J'EF_ L /\p‘?—-"
nE R4 OF &g g, _dr Lo . A ik A ZF e &
E]
15, 4. varmiine of 1le nanemission cosfficient 1 and the reflaction cuelfi- T
clanr (L2 wist the parameier 5= Brib (g = 98°%) a) » = 02583, 134 - 1; €i5; F10. 5 Vecaran of the foroe componsnis with she fFeupency pasasisrer .
80", 3) = 0,EBES, L) 8= 50 3100, ) 180, Bz a, pem 80 1)ee L3 20 0LLE,
BS Sow, Prws. Tach, Phys. 28E], June 1275 E. l. ¥eligy ard . 7. Shastopalay g



We note that an open eylinder in A rectangular wave-
Euide in the longwave region expericnoess & force which
18 sewciral times stronpar (depending on &) than thet wex-
reTienged by the same oylinder lu free s;ﬂ.uc FoT eX-
emiple, with & = 0.15 we have {¥Fgh r-I .A:{F Y while for 5 =
d.2we have {Fzh ~ ?{I‘ % whare (T } e the foroe com-
ponett acting on a glolted eylinder in free suace, ¥

Az acted In TRef, 2G, 'he rcaonant properties of this
type of inkowmogencily make il 2 unique device for sensing
the monderometive effect of an clectromarnstie fleld, I'ar-
licular interest attaches to the resonancs in the lonewave
raglon since the inbomegenaity is swmall (fr < 1h, [(For
exsanple, on curve 1 in Fig, §at regonance we have fr=
0.2753; on curve 2 we have g - BIERDE],

CONCLHEIOY

Thix woalysia of e properties of the {ield gcaglered
by acapacitive inhormopensily —a cylinder with 5 lonpd -
tudinal slet — ghowy that a gmall ohetacke of this kind with
g oarrow fongitndingl glot can canse total reflectiac al an
incident Il wave. Thesze uew propertles of tais tvpe of
inhomogenelty may find applications in microwaye tech-
neiopy for meaguring micTowaye power lovels in trans-
mdssion lines, eta,

& formal vigoreus solution of the srattering of an il
rode by ain indoclive inhomogeneity {2 glven in Bef, 15,
LFas revily, we omi re d=a facpor ool
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