MATHEMATICAL PHYSICS

Theory of two-dimensional wave diffraction by a polygonal cylinde.r_

E. . Veliev

Trstitnte of Radip Phyrics and Elactromnics, Academy of Scignees af the Ukrainian SSR, Kharkor

[Presented by Academician Yu. A, Mitropol'skil, January 11, 1985)

[Submitted fanuary 22, 1985
Dakl. Akad. Wauk S55F 285, 119-323 (November 1985)

In thig noté we propose a rigorous, effeotive numer—
leal mathod for the solution of tha prablem of wavae d]f-
fraotion by an ideally conducting polygonsl cylindar.
This method can be summaearized by sayling that tha
determinatlon of the scattered feld by each face of the
polygonal oylinder (the totel seattered field L the super-
posltion of theae Melds) reduoes to the aolutlon of a ays~
tem of couplad conjugate integral syuetionsz with reapact
to the Fourler trenaformations of functions dasavibing
the aurface current denattles on the fdpes. The method
of moments in cwnbination with the semi-inversion
wmethod Lla nzaed to solve these equations. As 4 result,
the problems reduces o & coupled eyatem of linear
algebraeic equatlions, which are aclved by the reduntion
method. The unknowm terme in these equations are the
cpefficients in terme of which the surface current den-
glty on the faces 18 represented in the complete syetem
of Gegenbauar palynomigls with a welght factor which
takes into aceount the behavlor of the current at the
vertices of the palygon {(at the edgeal,

The individual queations examined in thie paper have
been dircussed in B nurmhber of other strdiss (in partiou-—

lar, in Rafa, 1=},
1. Lat a plane H-polarized electromapgnetic wave'
Hla ‘u’(dr.,xlu"l-w! n

{k=2x /A, where A 15 the wavelength, and @, =ooe 4y,
which varies in time as &~ 1, be ineldent upon a poly-
ganal eyllnder at an angle 4. We assume that the eylin-
der la unboundad intha Oz divecstion and has a croBB EEC-
tion in the shape of a repular polygon with equal angles at
the vertlces.

T.etus latroduoe the following notion {sea Fig. 1k W
{s the mmmber of faces of the eylinder, X O ¥, are thae lo
l+zal coovdinate syatema whioh are assoclated with the
Faces (=1, 3, .., N}, the angles (p }N=1 apenify the
orlentation of the facss with raapec{ {1:: the Op¥Yn 8xes,
28 }N=1 are thelr widths, and JN=,1 era the angles of
inoldence in the X,0uY,, coordinaté systema.

The problem under congidaration [nvelves the de-
tarmination of the H, component of the fleld scattered by
the polyponal cylinder, which must satisly the wave equa-
tion outeida the surface of the oylinder, the radietion
condition &t Infinlty, the eondition that the energy in any
hounded volume of spaos be finlta {the Melchener condl-
tion), and the Neurnanw bousdary conditlons at tha surface
of the eylinder,

The total fleld is represented inthe fotm H, = H7+

¥

I M, whers Hi describes the scattered fleld produced
=1
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by the surface cerrent on the a-th facs, In the local
ooordinate syaterne these felds wlll be sought in the
form®

EH] f h’tujert{u;fv'l-n'lﬂlldm

r -

i {1}
The unknown terma -[hﬂ{nt}} Igﬂi ara the Fourler trang-
farmation of the fanotions { g bcght N _; which describe
tha surfaoe current denslties on the Facoa:

Hy(xy) -_J" R e, X% E(=a, 0,).

{1} we have chosen that branch of the functlon
1= o* for which in the Umlt || = = Pn+1=p% >0
along the real axla,

Z. To determine ths unknown terms {h_{e) }tg_,,
we Bubjact tha total field to the Neumann boundary condl-
tion on the surface of the ovllnder

2 ” N
Rl [ ] » U - {2}
—(Hir ZH)| "0 LwY,

where L, Is the contour of the face [n the Xng'li’g plane,
&nd the normal n ia oriented along the positive Oy
axla,

Equation (2) oan be satisifed if the field HS la
written In the [solated coordinate system whinh ocorre-
aponds to the face with the number j {see Fig, 1), We
than shtalned from (2} & ooupled system of ponjugata
integral equationa far the unknown terma {hj Lo B
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where €y=kaj, n;=x;/ayia the dimenslonless coordinate,
Liq I8 the disfanoe beétween the centers of the Inoes with
the sumbers § and g, and ¥

Apg = —wsinly — g} — 41— a emsly; — gk

Ayfae) = agcorgy =T =2 sing,
By = eeanly, — g )™ /T —aT alnfy, — .
Bytoea) = —egsing, — /T = 5 coig,

Dyq (o) = —acnslig — @)+ V1 — o 3inlvg —¥ye)s

-The hom ogensous equations [n the aratem (3t are
ohtained by continuation of the funotions j..tj{x'Jj by zero
outaide the interval [—aj. aj}.

The functions '[_]lj L) }Ij‘=, muat satialy, lo eddition
to the system of equations (3}, the relations [ af b (a}| 2an

oo, J=21, 2, ... N, which follow from the condition
that the energy of the Beattered waves be fnita ln any
bounded region of space. It can be shown! that the enlu-
tion of the aystem of equations {3) exists and ie unique [n
the class of functione thal satisfy this ¢onditien. The
latter sondition &lsc guarantees the validity of the trans-
formations carrled sut below,

3. To solve the systern of equallonsg (3), we rapre-
sent the functiona {p {:'lej}"'\’]=I in the form of unifarmly
oonverging seriea in the oomplete orthogonal system of
Gegenbager polynomials® { €Y T1/2(y ’}E'n g with a
welght faotor which takes lnto aceount the behavior of
tha funetlons {.uj“?]-]' ]-E’I:t at the enda of the interval
Ny € [—1,1] ion the edgel:

. min) =1 - ¥ %ﬂ uh, Cot¥(n) {4)

Here {“'ir} n.::=ﬂ are the new unknown coelliclents, and
vm o/, where the angle @ apecifies the angle at the
vertices of the polygan (gea Fig, 1),

Ttepresenting the Fourisr transformations of the
functions { u I:ﬂjJ F;:, it the farm of the same of evan
and odd tem}B byl £ =1/ b (o) + hy™(ei] and using {4},
we obtaln reprezentations for the functlons [hE (o) }I!I,”
in the form of unlformly converging gerles tn'the :

Bageel funetllone

L] -' -] Fim s
k' (ah= L Eoul e F(2e+2m+1) am vos (82} ;
T{p + 3} m=t (2w} {2ga)**®
} ) 4“{'
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whare J(x) are the Boasal Ringtions, and T'{x} |5 the
gamma function.

We ses from representations (3 that as o — =, the
funeHons hj;{ o) ~ Ofa =) Congequently, thle arder of
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attenuation of the Fourier transformes h, {o) 5&t|ffiea the
condition at the edge for the functiona {.I“j[ r.!j]}'lj'm.

Writing the arstem of two counled infegral equa~
Hong for the functions by (¢) with the limts of Infegra=-
tien {0, =), instsad of the system of equations (34, and
using (5), we easlly see that the homogensous equations
in thege ayatems are antlefted identically, To determine
the unknown terms {pg} ¥ _,, we substitute representu-
tiona {5} lato the Inhomogeneous equetiong o the fune-
tions {h *{&}}Tq 1. Introduelng the quantlty yic} from
the [ermula

VI=& =taly@) -1l ¥@) = 0ET), (6)

which corresponds to the separation of the oparatara
that are genarated by the left sides of the [nhemogeneous
equaliong in L3), into a princlpal (slngular) part and com-
pletely continuous part, and making use of the discon—
tinuous Soaln-Weber—Sohafheitlidn [ntegrala,? we obtain
the [ollowlog syatem of soupled linear algabtaic sgua-
tisns for dotermining the unknown terms {pd }=_, and
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It can be shown that the systemea of linear algebraio
equationa (7) and (8) are uniguely soluble In the spact ef
numerical aequendes

A d=”{ z m"‘tu,fm-::-}. =12, N
T sl =

We note that the fnlte sum over the [ndex g in the
Bystem of equatlons (7) and {(B) deseribes the elertrody-
namig interaction of the ]-th face with all the othar faces,

As can be geen from (9}, the matrix elements Gﬁ —_
do not depend on the index j or on the fraquenoy parame-
ter €,. Here Ay ) CF | = T2 u}/T3{r+1/2), This stema
frownthe faot that the separation (6) carresponds to the
lgolation of the statio part of tho integral eperatar in the
syetemn of eguations (3}, Consldsration of this property
la very eagentlal in the computer solutfon of the system
of equations (7) and (B} by the reduoctlon method, From
this point of view, it lg aleo very importanat that there is
a simpla pecurrence relation for all matrix elemants

-1
an - _”"' lr-E"rw--l,rl—!I "'Lm—'l.n-fl}_Lm—z..u-

whare Lo denotes any of the quantities Gim. Qﬁ?m.

ar P]n?,l:'

The problam of findiog the soattered fielda ol e
{sr:lmf:uleter solved by the detarmination of the unknown
terme { sty bym g and { gy 117 <o From the system of
lnear algebrale eguations (T) and (&),

Uhe caie of potarzaton 1 examined In a stmllar manner,
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Astronomical data thet have been obtained in recent
yeare show that the spatial distribution of the galaxles
has & distinetive structure, reminiecent of gigantic honey-
combe of |rragulay shape., The [nner reégions of the cells
are virtally Iree of hright galaxles, which are concen-
trated mainly In comparafivaly thin walls and In the edges
of the cella,'® The graatest density of galaxies lsa
attalned in rleh eclustere altuated at tha vertioes of the
calla; however the totsl numbar of galaxies, contained in
these clugtars dose not exceed several peveent. Such
structure [n the digtzibotion of the denslty of matter ia
formed natyrally in the nonllnesr atages of the pravita-
Honal Inatabllity involving randown (but amooth) lnitial
pertrrbatlona,t ® Systems of sollisionless’ ar apglutinat-
ng®? particles moving lnertially ave other examplas of
gystems [n which cellular struchmre of this Bort arlses,

The approximate theory of Zel'dovich™® describes
the developrnent of nenlinaar gravitational [nstabllity up
to the appearance of the flrst strongly fattened obincta,
"pancakes.® According to thla thaory, the Eulsarian
coordifates of the paviicles vary gocording to the law

r'{q,7) = a(z) [a—birdala], (}

whera q are the Lagrangian coordinates of (he parkcles;
a and b deseribe the general expanelon of the gniverse
and the gravitational increase of the perturhations, re-

a7 Sov. Phya. Dokl, 30111), Movember 1986

O300-66RABS11 0921-03502.20

spectively; and & takes Into zcocunt the Inftlal dansity
permrhationa. Howaver, a aclution of Eg, {1} reflects
the evolution of the pancakes inadaguately, alnge {J

they ara formed from gag, the shoolk waves, which hin=
der the thickenlng of the panceke, mugt ba taken into
aceaunt aftar these pancakes are formed, In the specific
casa of gellislanlese particles, these shook waves are
decelerated by the gravitational field of the massive pan—
calke,

In this paper we propesc a model agquation for non-
lingar diffusion

vkt (¥ VY = 29w, vir.0h = valrld, {2}
whose solution, together with an equation of contipalty
plr,0) = pg, {3

degeribes the cvolution of the flelda of velocity vie, T

and density plr, T), which qualitatively desoribes cor-
rectly the formabtlon of the eellular structure,

prEV{puI w0,

Equation {2) {8 & three—dimensional analog of the
Burgers aquation that ia well known in the theory of tur-
bulence,'"™"* At p=0 this equation describes the behavior
af a cold beam of nonintaraoting particles; after the sub-
alitution of he variables

r=rifagr], reA0, Velad= —a(q) (4}
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