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I present the Floquet scattering matrix theory of low-frequency heat fluctuations in driven
quantum-coherent conductors in the linear response regime and beyond. The Floquet theory eluci-
dates the use of the Callen-Welton fluctuation- dissipation theorem for description of heat fluctua-
tions in a multi-terminal case. The intrinsic fluctuations of energy of dynamically excited electrons
are identified as the fundamental source of a heat noise not revealed by the electrical noise. The
role of backscattering in the increase of a heat noise above the level defined by the Callen-Welton
theorem, is highlighted.

PACS numbers: 73.23.-b, 73.50.Td, 72.70.+m

Recent breakthrough experiments[1, 2] on heat trans-
port and dissipation in nano-scale and atomic-scale elec-
trical conductors opens an avenue for studying an energy
transport on the level where the use of quantum laws
becomes mandatory. According to Quantum Mechanics
the energy exchange between a dynamical driving force
and a driven system is probabilistic. Therefore, the dissi-
pated energy is an inherently fluctuating quantity. This
becomes especially evident in the case when the parti-
cle flux does not fluctuate.[3] The famous phrase of Rolf
Landauer ”The noise is the signal”[4] is as actual for a
heat noise as it is for a charge noise[5].

According to the famous Callen-Welton fluctuation-
dissipation theorem[6] the rate of the heat, JQ, dissipated
in the driven system in the linear response regime is con-
trolled by the equilibrium fluctuations of the flux corre-
sponding to a driving force. Another conclusion is that
the mean squared heat dissipated per unit time, SQ(0),
is also controlled by the equilibrium fluctuations of the
same flux. In the case of a conductor driven by a time-
dependent voltage the corresponding flux is an electrical
current. Thus, if a small periodic voltage V (t) = V (t+T )
is applied across a macroscopic conductor, the Callen-
Welton theorem gives for each Fourier harmonics with
amplitude VΩ, (see, e.g. Ref. 7)

JQ =
|VΩ|2

2
SeqI (Ω)

1

h̄Ω coth
(

h̄Ω
2kBθ

) , (1a)

SQ(0) =
|VΩ|2

2
SeqI (Ω), (1b)

where SeqI (Ω) is the spectral power of fluctuations of
the electrical current I in the conductor in equilibrium,
i.e., at V (t) = 0. The superscript ”eq” marks quanti-
ties calculated in equilibrium and the subscripts ”Q” and
”I” mark thermal and electrical quantities, respectively.
Combining two equations above we arrive at the following
relation between the dissipated heat and its fluctuations

valid in the linear response regime,

JQ = SQ(0)
1

h̄Ω coth
(

h̄Ω
2kBθ

) . (1c)

Note that Eq. (1b) does not refer to an electron tempera-
ture explicitly. This is an advantage in the low tempera-
ture limit, where an electron temperature often is difficult
to measure.[8] Notice also that this equation relates the
zero-frequency heat fluctuations in driven system to the
finite-frequency equilibrium fluctuations of the electrical
current. In Ref. 9, however, the heat fluctuations beyond
linear response were related to the fourth cumulant of the
non-equilibrium electrical current flowing in the system.
The similar relation was also discussed in Ref. 3

The Callen-Welton theorem is applicable if the effect
of the driving force can be accounted for by an extra
term in the Hamiltonian. The importance of this re-
quirement was highlighted in a recent paper by Averin
and Pekola.[10]. These authors were concerned about
the (non-)applicability of the Callen-Welton theorem to
calculations of the heat conductance at finite frequencies.
The reason is that the temperature difference, inducing a
heat current, cannot be described in terms of the Hamil-
tonian directly. However, the heat current can be induced
not only by a temperature difference. Generally speak-
ing, the heat current can be induced by any dynamical
force acting onto the system. This is a case, which is
addressed in the present paper.

The heat fluctuations[3, 10–13] and the full counting
statistics[9, 14] of heat dissipated in stationary conduc-
tors were already addressed in the literature. Here I
address heat fluctuations in driven coherent conductors.
Note that in the linear response regime the theory devel-
oped below reproduces Eqs. (1), as it should.

To consider this problem I take advantage of the Flo-
quet scattering matrix approach.[15] The model used is
the following. The conductor is connected to Nr contacts
via one-dimensional leads. Electrons preserve phase co-
herence while propagating through conductor from one
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contact to the other one. The contact α is considered as
the source of equilibrium non-interacting electrons char-
acterising by the Fermi distribution functions, fα(E) =

{1 + exp ([E − µα]/[kBθα])}−1
with the temperature θα

and the electrochemical potential µα = µF +eVα with µF
being the Fermi energy the same for all the reservoirs, Vα
being a stationary electric potential possibly applied to
the reservoir α = 1, . . . , Nr. For simplicity we assume
electrons to be spin-less fermions.

The basic quantity is the operator for a heat current,
ĴQ,α, entering the contact α (the positive direction is
from the conductor to the contact),[3, 16]

ĴQ,α(t) =
1

h

∫∫ ∞
0

dEdE′
(
E + E′

2
− µα

)
ei
E−E′
h̄ t (2)

×
{
b†α(E)bα(E′)− a†α(E)aα(E′)

}
.

The operator âα is for electrons coming from the reser-
voir α, while the operator b̂α is for electrons scattered
into the reservoir α.[17] In the case of a conductor driven
periodically with frequency Ω, these operators are related
to each other via the Floquet scattering matrix[18]

b̂α(E) =

∞∑
n=−∞

Nr∑
β=1

SF,αβ(E,En)âβ(En) , (3)

where En = E+nh̄Ω, n is an integer. The equations (2)

and (3) are written in the wide-band limit, i.e., when the
Fermi energy of electors in contacts, µF , is the largest
energy scale in the problem, in particular, h̄Ω� µF .

The quantities of interest are the dc heat current,

JQ,α =
∫ T

0
(dt/T )

〈
ĴQ,α(t)

〉
, flowing into the contact α,

and the average of a symmetrized correlation function of
heat currents flowing into contacts α and β, the zero-
frequency heat noise power,

SQ,αβ(0) =
1

2

∫ T
0

dt

T

∫
dτ (4)

〈∆ĴQ,α(t)∆ĴQ,β(t− τ) + ∆ĴQ,β(t− τ)∆ĴQ,α(t)〉,

where T = 2π/Ω is the period of a driving force. The
operator of heat current fluctuations is ∆ĴQ,α(t) =

ĴQ,α(t) −
〈
ĴQ,α(t)

〉
, where 〈. . . 〉 stands for the quan-

tum statistical average over the equilibrium state of elec-
trons incoming from contacts. The average of the prod-
uct of two operators is the following,

〈
â†α(E1)âβ(E2)

〉
=

δαβδ(E1−E2)fα(E1). The average of the product of more
than two operators is calculated using the well known
Wick’s theorem. The customary calculations give,[19]

JQ,α =

∫ ∞
0

dE

h
(E − µα)

∞∑
n=−∞

Nr∑
β=1

(5)

{fβ (En)− fα(E)} |SF,αβ (E, En)|2 ,

SQ,αβ(0) = δαβ
π (kBθα)

3

6h̄
+

∫ ∞
0

dE

h

∞∑
n=−∞

{
(6)

∞∑
p=−∞

(En − µα) (Ep − µβ)

∞∑
q=−∞

Nr∑
γ=1

Nr∑
δ=1

Fγδ (E,Eq) S∗F,αγ (En, E) SF,αδ (En, Eq) S∗F,βδ (Ep, Eq) SF,βγ (Ep, E)

− (En − µα) (E − µβ)Fββ (E,E)
∣∣SF,αβ (En, E)

∣∣2 − (E − µα) (En − µβ)Fαα (E,E)
∣∣SF,βα (En, E)

∣∣2 }.

Here Fαβ(E1, E2) = 0.5{fα(E1)[1−fβ(E2)]+fβ(E2)[1−
fα(E1)]}. Note that JQ,α is a flux of excess energy (over
the electrochemical potential µα), which becomes an ac-
tual heat current after being dissipated deep inside the
contact α.

If the scatterer is stationary then in the equations
above the Floquet scattering matrix is replaced by
the stationary scattering matrix, SF,αβ(En, Em) →
δnmSαβ(Em). In the case if the scatterer is sta-
tionary but the ac potentials are applied at the con-
tacts we proceed as follows. According to the ap-
proach of Refs. 20 and 21 a uniform in space and pe-
riodic in time potential Vα(t) = Vα(t + T ) (applied
to the macroscopic contact α but not into the tran-
sition region near the scatterer) results in the follow-

ing phase factor, Υα(t) = exp[− i (e/h̄)
∫ t
dt′ Vα(t′)], ac-

quired by an electron wave function in the contact α.
Straightforward calculations show that in this case in the
equations above we have to replace, SF,αβ (En, Eq) →∑∞
m=−∞ (Υ∗α)n−m Sαβ(Em)Υβ,m−q, where Υα,r is a dis-

crete Fourier transform of Υα(t).

To illustrate Eqs. (1b) and (1c) and to highlight main
sources of the noise of a dissipated heat let us con-
sider simple but instructive example, namely a quan-
tum point contact (QPC) with energy-independent trans-
mission, T , and reflection, R = 1 − T , probabilities,
Fig. 1. The periodic voltage V1(t) = V10 + V11(t) is
applied to the contact α = 1. The static part of the
potential is accounted in the electrochemical potential,
µ1 = µ+ eV10, µ2 = µ. While its ac part with zero mean
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FIG. 1. (Color online) A sketch of a ballistic conductor (or
a Hall bar with chiral edge states) interrupted by a quantum
point contact (QPC) shown as a constriction. A voltage bias
V across a QPC induces an electron flux, shown by arrows,
transmitted and reflected at a QPC.

is accounted for by the phase factor Υ1(t) as described
above. The elements of the Floquet scattering matrix
read: SF,αβ (En, Eq) = Sαβ (Υ∗αΥβ)n−q with Υ2 = 1. To

ensure that the system is in equilibrium at V1(t) = 0 we
put the temperature of both contacts to be the same,
θ1 = θ2 = θ.[22] The total heat released in the conduc-
tor, the Joule heat, is equally[23] partitioned between the
contacts (JQ,1 = JQ,2 ≡ JQ),

JQ =
G

2

∫ T
0

dt

T
V 2

1 (t), (7)

where the conductance G = TG0 with G0 = e2/h being
the conductance quantum. The correlation functions are
the following [for brevity we drop the argument (0)]

SautoQ = SeqQ + 2kBθ(1−R/3)JQ

+2kBθ

∞∑
q=−∞

{
T 2

2h
|eV11,q|2 F

(
qh̄Ω

2kBθ

)
+
RT

3h

[∣∣∣(eV1Υ1)q

∣∣∣2 + (πkBθ)
2 |Υ1,q|2

]
F
(
qh̄Ω + eV10

2kBθ

)}
, (8a)

ScrossQ = −SeqQ + 2kBθ

{
R

3
JQ +

RT

6h

∞∑
q=−∞

[∣∣∣(eV1Υ1)q

∣∣∣2 − 2 (πkBθ)
2 |Υ1,q|2

]
F
(
qh̄Ω + eV10

2kBθ

)}
, (8b)

SQ = 2kBθ

{
JQ +

G

2

∞∑
q=−∞

[
T |V11,q|2 F

(
qh̄Ω

2kBθ

)
+R

∣∣∣(V1Υ1)q

∣∣∣2 F (qh̄Ω + eV10

2kBθ

)]}
, (8c)

where the function F(X) = X coth(X) − 1. To ob-
tain the equation above I used the following identity,∑∞
s=−∞ h̄ΩsΥ1,sΥ

∗
1,s−q = V11,q. Remind that V1(t) =

V10+V11(t) while Υ1(t) depends on V11(t) only. The auto-
and cross- correlation functions are SautoQ = SQ,11 =
SQ,22 and ScrossQ = SQ,12 = SQ,21, respectively. Their
sum, SQ,α =

∑
β SQ,αβ , is the same for both contacts in

our case, SQ ≡ SQ,1 = SQ,2. The equilibrium heat noise
power across the conductor with transmission T is the
following: SeqQ = Tπ (kBθ)

3
/(3h̄).[10] Heat is not a con-

served quantity since it is injected into the system by the
driving force and dissipated by electrons deep inside con-
tacts. As a consequence SQ,α is not zero[19] unless the
system is in equilibrium[12]. Another notable difference
from a charge noise is that the cross-correlation function
of dissipated heat currents is not necessarily negative.

By virtue of definition, namely the total dissipated
heat,

∑
α JQ,α = 2JQ, and the total heat fluctua-

tions,
∑
α

∑
β SQ,αβ = 2SQ, are quantities, which are

addressed in Eq. (1c). Neither the auto- nor cross-
correlation functions (with the equilibrium contribution
being subtracted) do not possess this equation. To
demonstrate this let us consider the high temperature
limit, kBθ � h̄Ω, eV , where F → 0. In such a case
we have, SQ = 2kBθJQ. This high-temperature result
seems to be universal[26–30] and is not restricted to the

linear response regime addressed in Eq. (1c). The ex-
cess (marked by the superscript ”ex”) auto- and cross-
correlation functions depend additionally on the reflec-
tion at a QPC causing the partition noise, Sex,autoQ =

SautoQ −SeqQ = SQ(1−R/3) and Sex,crossQ = ScrossQ +SeqQ =
SQR/3. Notice the factor 1/3, which is specific for parti-
tioning of energy (as opposed to the factor 1 specific for
partitioning of a charge) carried by statistically uncorre-
lated electrons with continuous spectrum. The partition
noise is an essentially non-equilibrium noise, which is not
addressed by the Callen-Welton theorem. Interestingly,
the ratio of excess cross- and auto-correlation functions,
defined for R < 1, Sex,crossQ /Sex,autoQ = R/(2 + T ), de-
pends neither on the temperature θ nor on the voltage
bias. The similar ratio of electrical correlation functions
is −1, since zero frequency auto- and cross-correlation
functions of charge currents are equal to each other up
to a sign.[5] The reason for that is the charge conserva-
tion.

Let us now check Eq. (1b) in the linear response
regime: V1(t) = V10 + V11 cos(Ωt), with eV10 � kBθ
and eV11 � h̄Ω. In this case in Eqs. (8) only the har-
monics with q = 0,±1 do contribute. In addition we can
use (V1Υ1)±1 ≈ V11/2 and (V1Υ1)0 ≈ V10. With these
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simplifications Eq. (8c) gives,

SlinQ =
V 2

10

2
2GkBθ +

V 2
11

4
Gh̄Ω coth

(
h̄Ω

2kBθ

)
. (9)

Here the superscript ”lin” refers to the linear response
regime. The equations (9) and (1b) are consistent with
each other. When only a dc voltage is applied, V10 6= 0,
V11 = 0, the heat noise power is related to the elec-
trical noise power at zero frequency, SeqI (0) = 2GkBθ
(Nyquist-Johnson noise). The heat fluctuations and elec-
trical fluctuations are due to thermal fluctuations of the
number of electrons in the stream. They both vanish
at zero temperature. In contrast, when an ac voltage
is applied, V10 = 0, V11 6= 0, the additional source of
a heat noise comes into play. Due to probabilistic ab-
sorption of energy from the dynamical driving force, the
energy of excited electrons fluctuates. This source of a
heat noise exists even at zero temperature. Indeed, now
in Eq. (1b) the finite-frequency electrical noise power,
SeqI (Ω) = Gh̄Ω coth (h̄Ω/[2kBθ])[5, 31], has to be used,
which does not vanish at zero temperature. Note that in
this case we have contributions of two harmonics, Ω and
−Ω, with corresponding amplitudes entering Eq. (1b) be-
ing V±Ω = V11/2.

Note also that for a ballistic conductor, R = 0, the
equations (7) and (8c) do satisfy Eqs. (1) (generalised
to the case of many harmonics) even beyond the lin-
ear response regime. While the reflection at the QPC,
R > 0, increases heat noise over the level put by the
Callen-Welton theorem. The reason is rooted in the fact
that backscattered electrons interact again with the same
driving potential. If they would be just split at the QPC
and directed to contacts, which a driving potential is not
applied to, then the heat noise, SQ,α, and the dissipated
heat, JQ,α, would satisfy the Callen-Welton theorem as
they do for the case of a ballistic conductor.

To illustrate this let us consider an example, a peri-
odic sequence of Lorentzian voltage pulses applied across
the QPC, eV L(t) =

∑∞
n=−∞ 2h̄Γ/([t−nT ]2 +Γ2), where

Γ � T is the half-duration of a single pulse. According
to the theoretical prediction[32, 33] such a voltage pulse

with a quantized flux,
∫ T

0
dtV = h/e, excites one elec-

tron out of the Fermi sea and no accompanying electron-
hole pairs are excited. The recent ingenious experiment
has successfully confirmed this theoretical prediction and
unambiguously demonstrated a single-particle nature of
excited quasiparticles termed levitons.[34]

First, we consider the case when levitons are excited
in a ballistic conductor, R = 0. Substituting V L(t) into
Eq. (7) we find a dc heat current, JLQ = ε0/T (superscript
”L” stands for the flux of levitons). Here ε0 = h̄/(2Γ)
is the mean energy of a leviton.[35–37]. Importantly the
total heat power released in the system is two times big-
ger, 2JLQ. The half of it is released in the contact where
the levitons were exited from and the other half is carried
by the stream of levitons to another contact. The heat

noise, Eq. (8c), reads

SLQ =
h̄Ω

T

{
kBθ +

∞∑
q=1

qh̄Ω coth

(
qh̄Ω

2kBθ

)
e−q

h̄Ω
ε0

}
.(10)

Given the Fourier coefficients of the applied poten-

tial,
∣∣eV L0 ∣∣2 = (h̄Ω)2,

∣∣∣eV Lq 6=0

∣∣∣2 = (h̄Ω)2 exp(−qh̄Ω/ε0),

and the equilibrium electrical noise, SeqI (qΩ) =
(e2/h)qh̄Ω coth (qh̄Ω/[2kBθ]), we see that the equation
above is nothing but Eq. (1b).

It is instructive to look at the noise to current ratio (or,
alternatively, at the heat Fano factor[38]), EL = SLQ/JLQ,
which provides a characteristic energy. At high temper-
ature, kBθ � ε0, the equation above gives EL = 2kBθ.
This means that the thermal fluctuations are the domi-
nant source of a heat noise.

At low temperatures, kBθ � h̄Ω, however, we find
EL = ε0. This result reveals another source of a heat
noise. To clarify it we write explicitly, SLQ = ε20/T . The

quantity ε20 is interpreted as the variance of leviton’s en-
ergy, which agrees well with calculations based on the en-
ergy distribution function for single-electron excitations
having Lorentzian time profile.[35, 39] Since the stream is
regular, i.e., the number of electrons in the stream does
not fluctuate (the electrical noise is zero), the intrinsic
fluctuations of energy of levitons are the only source of
heat fluctuations. The heat Fano factor in this case is
just the ratio of the variance to mean energy of levitons,
EL ≡ SLQ/JLQ = ε20/ε0 = ε0.

Now we switch on backscattering, R 6= 0. We use the
phase factor for levitons, ΥL(t) = e2πi tT (t+ iΓ)/(t− iΓ),
to calculate necessary Fourier coefficients and find at
low temperature, kBθ � h̄Ω, from Eqs. (7) and (8c)
heat fluctuations SLQ = T (1 + 2R)ε20/T [40, 41] and dis-

sipated heat JLQ = Tε0/T . Thus the heat Fano factor

becomes enhanced, EL = (1 + 2R)ε0. Similarly one can
find that in the case of a cosinusoidal driving voltage,
V1(t) = V11 cos(Ωt), the heat Fano factor increases with
increasing of a reflection coefficient too. At zero temper-
ature it is,

E = (1 + ξR) h̄Ω, (11)

where ξ = −1 + (2/x)2
∑∞
q=1 q

3J2
q (x) with x = eV11/h̄Ω

and Jq being the Bessel function of the first kind of the
qth order.

For comparison let us consider the stream of single
particles (electrons and holes) emitted adiabatically by
an on-demand coherent single-electron emitter[42] made
of a quantum capacitor[43, 44] side attached to a chiral
electronic waveguide. The capacitor is driven by an ac
potential applied to a top gate. The stream of particles is
split at the QPC, as shown in Fig. 1 but with V = 0 and a
capacitor being attached at the left upper piece of a chiral
waveguide. Since these particles have Lorentzian profile,
their mean energy and the variance of energy are the
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same as for levitons. However, it turns out that the heat
Fano factor (at zero temperature), E = ε0, is independent
of the reflection coefficient R. The difference with the
case of levitons comes from the fact that after reflection
at the QPC particles arrive at the contacts, where the
potential (driving a capacitor) is not applied to.

In conclusion, the Floquet scattering matrix theory of
heat fluctuations in driven coherent multi-terminal con-
ductors is developed. The intrinsic fluctuations of energy
of dynamically excited electrons are identified as the fun-
damental source of the low-frequency heat noise, which
does not show itself in the low-frequency electrical noise.
In the linear response regime or at high temperatures the
heat noise is equilibrium. Otherwise the non-equilibrium
nature of heat noise manifests itself in the presence of
scattering back to original contact with oscillating po-
tential.
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[21] M. H. Pedersen and M. Büttiker, Physical Review B 58,
12993 (1998).

[22] The general equations (5) and (6) give a heat flux and its
fluctuations also for unequal temperatures of the reser-
voirs.

[23] If the thermal resistance of the contacts is not negligible,
the Joule heat can be partitioned asymmetrically, see,
e.g., Refs. 24 and 25.

[24] I. F. Itskovich, M. V. Moskalets, R. I. Shekhter, and I.
O. Kulik, Sov. J. Low Temp. Phys. 13, 588 (1987).

[25] M. Rokni and Y. Levinson, Physical Review B 52, 1882
(1995).

[26] C. Jarzynski, Physical Review Letters 78, 2690 (1997).
[27] G. E. Crooks, Phys. Rev. E 60, 2721 (1999).
[28] G. Bunin, L. D’Alessio, Y. Kafri, and A. Polkovnikov,

Nature Physics 7, 913 (2011).
[29] D. V. Averin and J. P. Pekola, Europhys. Lett. 96, 67004

(2011).
[30] G. N. Bochkov and Y. E. Kuzovlev, Phys.-Usp. 56, 590

(2013).
[31] The difference in a factor of 2 with Ref. 5 is due to the

difference in the same factor 2 in the definition of the
noise power.

[32] L. S. Levitov, H. Lee, and G. B. Lesovik, J. Math. Phys.
37, 4845 (1996).

[33] D. A. Ivanov, H. W. Lee, and L. S. Levitov, Physical
Review B 56, 6839 (1997).

[34] J. Dubois, T. Jullien, F. Portier, P. Roche, A. Cavanna,
Y. Jin, W. Wegscheider, P. Roulleau, and D. C. Glattli,
Nature 502, 659 (2013).

[35] J. Keeling, I. Klich, and L. S. Levitov, Physical Review
Letters 97, 116403 (2006).
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