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A new effect, viz., the oscillatory dependence of the collector current on the diameter of the
diagram confining the electron flow from the emitter to the collector, is considered. Such a
dependence is due to a change in the position of conducting subbands of the diaphragms
upon a change in its diameter. It is also shown that the collector current contains a noticeable
interference component �associated with the Aharonov–Bohm effect and corresponding
to the mixing of conduction channels of the quantum diaphragm� in the case of a strong
mismatching of electron states outside and inside the diaphragm. © 1997 American Institute of
Physics. �S1063-777X�97�01003-7�

INTRODUCTION

Ballistic electron transport in mesoscopic systems1 has
become an object of interest in connection with the possibil-
ity of experimental creation of controllable structures whose
size is comparable with the electron wavelength �F, on the
one hand, and due to the fact that the quantum-mechanical
�wave� nature of charge carriers is manifested in such struc-
tures on the macroscopic level, on the other.

This is manifested most clearly in the conductivity of
two-dimensional ballistic point contacts in the form of a nar-
row bridge �whose width d is comparable with �F� connect-
ing two regions in a two-dimensional electron gas �see Fig.
1�. It was shown experimentally in Refs. 2 and 3 that the
conductance G of such a junction is quantized in the units of
G0�2e2/h . The reason behind this is a restriction in the
transverse �relative to the contact axis� motion of electrons in
the microscopic constriction region, and consequently the
quantization of the transverse momentum of particles.2–11

Each quantization level �n�(�n�/d)2/2m (n�1,2, . . . )
corresponds to the one-dimensional subband
�n(px)�px

2/2m��n �the x axis is directed along the contact
axis� with the conductance Gn�G0 . The number N of con-
ducting subbands is determined by the magnitude of the
Fermi energy �F of electrons in the banks �x→�	; the
junction coordinate x�0� and by the contact width d which
limits the separation between transverse quantization levels.
The subband is conducting under the condition
�n��F�e
(d) �
(d) is the potential emerging between the
junction and the banks�.12 According to the multichannel
generalization of the Landauer formula,13 the conductance of
the junction is G�NG0 . As the diameter d of the junction is
varied, the separation between energy levels, and hence the
number of conducting subband changes. Consequently, the
G(d) dependence has the shape of a ladder with steps of the
same height G0 .

Quantum contacts are usually described by using one of
the two models: the model of a junction with a smooth ge-
ometry �adiabatic contact�10,11 or the model of a junction
with an abrupt geometry.4–9 The calculations based on either
of these models lead to a step dependence G(d), but the

passage of an electron through the contact region differs sig-
nificantly in these models. For example, in an adiabatic con-
tact a reflectionless matching of electron states in the left and
right banks is observed.10 In this case, each electron state can
be unambiguously attributed to a certain conducting subband
of the junction. Interband transitions associated with nona-
diabaticity of the contact shape at long distances14 or with
the presence of scattering centers in the junction15 only lead
to small corrections for the conductance of the microscopic
structure. A different situation takes place for contacts with
an abrupt geometry. Mismatching of the electron states in the
banks leads to a strong scattering of the electron wave in the
regions of conjugation of the junction with the banks. The
‘‘backward’’ scattering leads to the multiple passage of the
contact region by the electron wave, which is manifested in
the form of the resonant structure in the G(d)
dependence.4–9 The ‘‘forward’’ scattering leads to the exis-
tence of several channels of transition from a certain state k
of the left bank to a certain state k� of the right bank �via
different states in the junction; see Fig. 1b� and �see below�
is responsible for the interference term appearing in the ex-
pression for the transition probability �tk,k��

2 �tk,k� is the el-
ement of the transition matrix of the contact�. Both these
processes lead to a strong interband mixing, It should be
noted that no resonant structure on the G(d) dependence was
observed in the experiments.2,3 This is probably due to the
fact that the contacts used in these experiments have a
smooth shape in view of the electrostatic nature of the po-
tential barrier that forms the microscopic constriction. Ac-
cording to Castano and Kirczenow,16 the G(d) dependence
for nonadiabatic contacts with a smooth shape does not con-
tain a resonant structure either. These authors emphasized a
significant role of interband mixing in such contacts.

Among other things, the universal nature of quantization
of conductance and its relative insensitivity to details of elec-
tron scattering in the contact is due to the fact that conduc-
tance G is determined by all electron states of the left and
right banks. The expression for G has the form1
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The coefficients of transition matrix tkk� themselves contain
more detailed information on electron scattering.

In the present paper, we will show that the value of
�tkk��

2 can be determined by a method similar to the method
of transverse electron focusing17 realized in a two-
dimensional electron gas.18 It was shown theoretically in
Ref. 19 that an analysis of the dependence of the collector
current Ic on the magnetic field H makes it possible to re-
construct the angular distribution of electrons leaving the
emitter. If we place a diaphragm between the emitter and the

collector �Fig. 2�, the collector current for a fixed value of
H is proportional to the transition probability �tkk��

2 �k cor-
responds to an electron moving from the emitter to the dia-
phragm, and k� to an electron moving from the diaphragm to
the collector�. The collector current Ic(d) in such a situation
oscillates depending on the diaphragm diameter d . The
peaks on the Ic(d) dependence �Fig. 3� correspond to quan-
tization levels of transverse motion of electrons in the region
of microconstriction. Moreover, it is predicted that contacts
with a sharp geometry are characterized by a significant in-
terference contribution to Ic, which is associated with the
Aharonov–Bohm electrostatic effect.20

1. TRANSITION MATRIX FOR A CONTACT WITH SHARP
GEOMETRY

We consider a model of a two-dimensional ballistic con-
tact in the form of a rectangular channel of width d and
length L , connecting two broad regions D�d �Fig. 1a�. The
electron mean free path l is assumed to be larger than the
characteristic size of the contact (l�L ,d). We will describe
the propagation of an electron wave through the contact by
the method developed in Ref. 4.

Let us consider an electron having an energy
�p�p2/(2m) and momentum p��k moving through the
contact �Fig. 1� from left to right �we denote kx� and
ky�q�. We can write the electron wave function �k in the
form

FIG. 1. �a� Model of a quantum contact of length L and width d , which
connects 2D regions of width D; k and k� are the electron wave vectors
before and after the passage through the contact, respectively. �b� Phase
trajectories of an electron moving through a contact; q ,qi(1�i�N), and
q� are the projections of the electron wave vector on the x axis in front of
the contact. in the contact, and behind the contact, respectively.

FIG. 2. Schematic diagram of mutual arrangement of the contacts.

FIG. 3. Dependence of the collector current (Ic�F) on the diaphragm
diameter for various angles of incidence of an electron. The value of
L/�F�5. For better visualization, the curves are displaced along the vertical
by 0, 10, 20, and 30 rel. units and are compressed along the vertical by a
factor of 6.6, 7, 3, and 0.3, respectively.
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�
�k�x�0 ���q�y �exp� ix �

��
k�

rkk��q��y �exp��i�x �,

�k�0�x�L ���
n


n�y �� tkn exp� inx �

�rkn exp��inx �� ,

�k�L�x ���
k�

�kk��q��y �exp� i�x �.

�2�

Here �q(y) and 
n(y) are the transverse wave functions in
the broad band and in the channel, respectively, which are
normalized to unity. The summation is extended to all the
states satisfying the energy conservation law
�p��p���n��2n

2/2m �in this paper, we do not consider
the effect of the electrostatic potential 
(d)�.12 In addition,
�0 and ��0. In order to define the coefficients tkn ,
rkn , �kk� and rkk� , we use the continuity of the wave func-
tion �2� and of its derivative for x�0 and x�L . After simple
transformations, we obtain the following system of equations
for the quantities tkn and rkn :

�
�
k�

�
m

�aq�naq�m� tkm exp� imL �

�rkm exp��imL ���n� tkn exp� inL �

�rkn exp��inL �� ,

�
k�

�
m

�aq�naq�m� tkm�rkm�

�2aqn�n� tkn�rkn�.

�3�

Here aqn��0
ddy�q(y)
n(y) is the overlapping coefficient

for transverse wave functions. The solution of this system of
equations determines the coefficients �kk� :

�kk��e�i�L�
n

aq�n� tkneinL�rkne�inL�. �4�

Calculating the quantum-mechanical current I through a
contact with a voltage eV��F applied across the banks in
the standard way, at zero temperature, we obtain

I�
2e2

h
V �

k�kF
�

k��kF

�������
�


��kk��

2. �5�

Here �(x) is the unit step �Heaviside� function. Each term in
expression �5� is the current passing through the contact
upon a transition of an electron from the state k in front of
the contact to the state k� behind it. Comparing the expres-
sion for the conductance G�I/V obtained from �5� with ex-
pression �1�, we can determine the relation between the ele-
ments of the transition matrix tkk� and the coefficients �kk�
defining the amplitude of the wave function after the passage
through the contact:

tkk����/�kk� . �6�

The quantity �tkk��
2 determines the intensity of electron flux

in the state k� after the passage through the contact for a unit
intensity of the flux of electron in the state k incident at the
contact.

The solution of the system of equations �3� can be ob-
tained only by numerical methods and requires a consider-
able computer time. However, Szafer and Stone4 used simi-
lar calculations to substantiate a method of approximate
determination of coefficients tkn and rkn �the mean-field ap-
proximation�, lying in the replacement of the exact expres-
sion for the coefficients aqn by the approximate expression

aqn
2 �

d

D
���q�qn�1����q�qn�1�� . �7�

In this case, the coefficients aqn must satisfy the complete-
ness condition �qaqnaqm��nm . It can easily be verified that
using definition �7�, we can assume to a sufficiently high
degree of accuracy that

�
k

aqnaqm��nm �
q�qn�1

qn�1

��nm�Kn�iJn�. �8�

Substituting �8� into �3�, we can determine the coefficients
tkn and rkn . Substituting the obtained expressions into �4�,
we can find the expression for the coefficients �kk� in the
mean-field approximation:

�kk�� �
n�1

N

2naqnaq�nZn
�1 exp��i�L��n�, �9�

where

Zn
2�4Kn

2n
2���Kn�n�2�Jn

2���Kn�n�2

�Jn
2�sin2�nL�
n�, �10�

tan 
n�2Jnn�Kn
2�n

2�Jn
2��1, �11�

� tan �n��
2Jnn cos�nL ���Kn

2�n
2�Jn

2�sin�nL �

2Kn�n cos�nL ��Jn sin�nL ��
.

�12�

Expression �9� shows that the amplitude of transmitted
wave (�kk�) consists of N terms corresponding to the exis-
tence of N possible channels through a contact, namely, to an
electron transition to a certain conducting subband of the
contact �see Fig. 1b� �for L/�F�1, the contribution of at-
tenuating modes n�N can be neglected�. The contribution
from each possible channel of the transition is proportional
to the product of the overlapping coefficients aqnaq�n . It
should be noted that the mean-field approximation �7� and
�8� can be applied only for solving the system of equations
�3�. The quantity �n is the phase shift of the electron wave
during its passage through the contact in the subband with
the number n . For deep energy levels �actually for
n�N�1�, we have

�n���1��n�F/2d �2�1/2kFL . �13�

The motion in the subband can be regarded as the mo-
tion in the region with the potential energy
�n�(�n�/d)2/(2m). Thus, a multichannel analog of the
Aharonov–Bohm electrostatic effect is realized in this situa-
tion.

While calculating the value of quantities quadratic in
�kk� �such as the current �5��, we encountered interference
terms associated with the splitting of the electron wave en-
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tering the channel and with subsequent interference of trans-
mitted waves emerging from the channel �see Fig. 1b�. Inter-
ference is possible in the absence of inelastic processes
which destroy the coherent electron state, which we are as-
suming here.

Further, substituting �9� into �6�, we obtain an expression
for the quantities �tkk��

2 in the form

�tkk��
2� �

n�1

N

4n
2�aqn

2 aq�n
2 Zn

�2�2 �
n�2

N

�
m�1

n�1

4nm�

	aqnaq�naqmaq�mZn
�1Zm

�1cos��n��m�. �14�

The first term corresponds to the additive contribution of the
conducting subbands to the transition probability, while the
second is the interference term. Its sign is determined by the
difference in the phase lead in different subbands as well as
by the phase jump at the entrance and at the exit of the
channel, i.e., by the signs of the quantities aqn .

In the next section, we will consider the schematic dia-
gram of an experiment which makes it possible to determine
the coefficients �tkk��

2 directly.

2. COLLECTOR CURRENT IN THE PRESENCE OF A
QUANTUM DIAPHRAGM

Let us consider the ballistic propagation of electrons
from the emitter to the collector separated by a diaphragm in
a weak magnetic field �see Fig. 2�. The diaphragm was in the
form of a quantum contact with the elements of transition
matrix tkk� , while the collector and the emitter were classi-
cal point contacts. When the current Ie was passed through
the emitter, a fraction of nonequilibrium electrons scattered
by the diaphragm reaches the collector creating the collector
current Ic �we assume that electrons cannot move directly
from the emitter to the collector�. For the mutual arrange-
ment of the contact shown in Fig. 2, the expression for the
collector current can be written in the form

Ic�Ie�
�2

�1
d��

�2

�1
d� cos � cos ��t�� ,���2. �15�

Here t(� ,�)�(D/�F)tkk� ;

�1,2�arccos��1��1
d/2L1�2�1/2L1/2rH��arccos��1

��1
d/2L1�2��1/2�;

�1,2�arccos��1��1
dc/2L1�2�1/2L1/2rH��arccos��1

��1
dc/2L1�2��1/2�;

2L1 is the separation between the contacts, rH�cpF /(eH) is
the cyclotron radius, and d and dc are the diameters of the
diaphragm and the collector, respectively. We assume that
the following conditions are satisfied: l ,rH � L1 � dc , de � d
� �F �de is the diameter of the emitter�.

In experiments �see, for example, Ref. 18�, the voltage
Vc which must be applied to the collector for the total col-
lector current to be equal to zero �Ic�Vc /Rc�0, where Rc is
the resistance of the collector� is usually measured. It should
be noted that in the case of a linear response (eVc��F), the
value of Ic does not depend on the voltage across the collec-
tor. For a small value of the ratio d/L1 and dc /L1 , we can

factor t(� ,�) outside the integral sign in �15� and using �14�,
we can obtain the following expression for the voltage across
the collector:

Vc�IeRc

�Fdc

16L1
2 �1�cot� ��

�

4 � ��1�cot� ��
�

4 � �F ,

�16�

where ����arccos(L1 /&rH)��/4. Since �kF cos �,
q�kF sin �, ��kF cos �, and q��kF sin �, we find that
the expression for F�F0�Fi has the form

F0� �
n�1

N

2�n
2kF

2 Zn
�2
�n ,n �. �17�

Fi� �
n�2

N

�
m�1

n�1

4�nmkF
2 Zn

�1Zm
�1
�n ,m �cos��n��m�,

�18�


�n ,m ��an���am���an���am���cos2 � cos2 � , �19�

where� � 2d/�F ; n � kF(1 � (n/�)2)1/2, and

an����
&n

��3/2

sin����sin ��sin �n��

sin2 ��sin2 �n
, �20�

where�n � arcsin (n�F/2d).

3. DEPENDENCE OF THE COLLECTOR CURRENT ON THE
DIAPHRAGM DIAMETER

Figure 3 shows the dependence of the quantity F which
appears in expression �16� and which defines the voltage
Vc across the collector �or the collector current Ic�Vc /Rc�
on the diaphragm diameter d . The presence of peaks on the
Ic(d) �accordingly, Vc(d)� dependence is mathematically
due to the vanishing of the denominator of the overlapping
coefficient an(�) �20�. The physical origin of these phenom-
ena is as follows. The quantity an(�) has a peak for
���n , which corresponds to the coincidence of transverse
wave vectors qn��n/d in the contact �in the nth subband�
and q�kF sin � outside the contact. A change in the dia-
phragm diameter d leads to a change in the position of quan-
tization levels in the microscopic constriction, and the con-
dition q�qn is observed for a certain d�dn . At this instant,
the resonant mode of electron passage through the microcon-
striction is realized in the nth subband, leading to an increase
in the collector current. The positions of the peaks are deter-
mined by the expression

dn�
�F

2

n

sin �
. �21�

The fine structure of the peaks is associated with two
effects: the intraband and interband interference. The inter-
ference of electron waves in a conducting subband is associ-
ated with ‘‘backward’’ scattering at the channel edges, which
is responsible for multiple passage of the electron wave
through the region of microscopic constriction. This effect is
described by the quantity Zn �10� in expressions �17� and
�18� and is manifested in the form of a resonant structure on
the G(d) dependence for contacts with a sharp shape.4–11 A
peculiar feature of this effect is that the resonant structure is
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determined by the contribution from the upper conducting
subband alone since the Zn(d) dependence is smooth for
n�N . It follows from �21� that the number n of a resonant
level is connected with the number N��2d/�F� in the con-
tact through the relation N��n/sin �� �the brackets indicate
the integral part of a number�. It can be seen from Fig. 3 that
n�N for ���/2, i.e., the main contribution to the collector
current comes from the upper conducting subband; for this
reason, the peak is strongly jagged �for L/d�1�. As the
angle � decreases, the peak is smoothed since the main role
is played by deeper energy levels.

The contribution of interband interference to the collec-
tor current is defined by Eq. �18�. This contribution is sig-
nificant when a large number of subbands in the microcon-
striction are conducting. However, for ���/2, this
contribution is insignificant since the separation between
quantization levels in the vicinity of the upper conducting
subband �which determines the main contribution to the cur-
rent in the given case� is large, and the product
an(�)am(�)(n � m) is small. Figure 4 shows the depen-
dence of the quantities F , F0 , and Fi on the contact diameter
in the region d��F/2. It can be seen that the contribution
from interband interference processes considerably affects
the shape of the curve.

In the region d��F/2, the peculiarities associated with
the two effects are superimposed �Fig. 5a�. If, however, we
take into account the effect of temperature T , i.e.,

�tkk��T ��2��� d� f ��� ,T ��tkk�����2 �22�

�f (� ,T) is the Fermi distribution function�, the peculiarities
associated with the intraband interferences are smoothed
even for T�0.01�F �Fig. 5b�.

CONCLUSIONS

We have considered the conductivity of a ballistic mi-
croscopic structure consisting of an emitter, a collector, and a
quantum diaphragm. It is shown that the current in such a
system oscillates with a change in the diaphragm diameter.
This is due to the resonant passage of an electron through the
microconstriction in the case where the transverse momen-
tum of an impinging electron coincides with the momentum
corresponding to one of the quantum energy levels in the
microconstriction.

It should be noted that the contribution from electrons
reflected from the confining surfaces is not taken into ac-
count in expression �15�. This contribution is small in weak
magnetic fields �is absent for H�0� and is manifested in the
form of a smooth background on the Vc(d) dependence.

The scattering of an electron wave at the entrance and
the exit of the microconstriction �‘‘forward’’ scattering�

FIG. 4. Collector current (Ic�F) in the case of large diaphragm diameter
for ����60°, L/�F�5. The dashed curve corresponds to the quantity
F0 �17�. The curves are compressed along the vertical by a factor of 3.

FIG. 5. Dependence of the collector current (Ic�F) on the diaphragm
diameter for ����60°, L/�F�5 at various temperatures: T�0 �a� and
T�0.01�F �b�. The curves are displaced along the vertical by 0.1 and 3 rel.
units, respectively, and compressed by a factor of 3.
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leads to the emergence of a coherent state corresponding to
the passage of the contact over all conducting subbands �see
Fig. 1b�. The interference of transmitted waves affects the
collector current �see �18��. In this case, the phase shift of the
wave �n��L(kF

2 �(�n/d)2)1/2 is different for different
subbands and depends on the contact diameter d . This effect
is a multichannel analog of the Aharonov–Bohm electro-
static effect.

We have investigated a diaphragm with rectangular
edges. Collector current oscillations should be present, how-
ever, in the case of an adiabatic contact �playing the role of a
diaphragm� also. The only difference lies in the absence of
interference contributions, which is manifested in a smoother
shape of the peaks.
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