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Persistent current in a one-dimensional ring with a weak link
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Abstract

The e�ect of a single impurity on the persistent current in a one-dimensional ring of correlated electrons is considered.
It is shown that the dependence of the current amplitude on the temperature may be used for detecting a non-Fermi liquid
behaviour of an electron system. ? 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

At low temperatures the phase breaking length L’(T ) of an electron wave function is large compared to
the size L of small samples (mesoscopic samples) [1]. As a result the properties of such systems are sensitive
to the change of a wave function phase, which provides the possibility to study the Aharonov–Bohm (AB)
e�ect [2] in solids.
The physical properties of two-connected mesoscopic samples with an AB magnetic �ux � through its

opening are periodic in � with a period of �0 = 2�˜=e [3,4]. One of the manifestations of this e�ect is the
existence of a thermodynamic equilibrium (persistent) current

I(�) =−dF=d�; (1)

where F is the free energy (for an isolated sample) or the thermodynamic potential (for a sample connected
to an electron reservoir) [3,4]. For the �rst time the existence of such a current (or a magnetic moment) was
predicted in Ref. [5] for ballistic cylinders and in Ref. [6] for one-dimensional rings with a disorder. The
persistent current was observed experimentally in the ensemble of many mesoscopic rings [7,8] as well as in
single rings [9,10].
The investigation of the persistent current problem [11–48] shows that the properties of such currents depend

on both the features of an electron system in a ring and the character of an interaction with an environment
(with a reservoir). Note, that the model of noninteracting spinless electrons in a ballistic ring [13] agrees with
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the experiment [10]. At the same time in the case of disordered rings the experimentally observed persistent
current [7,9] is two orders of magnitude larger than the theoretically predicted one [21,22]. By now such a
discrepancy has not a satisfactory explanation and the study of the interplay of interelectron interactions and
impurities stays yet an actual problem of persistent currents physics.
In the present paper we consider the e�ect of a single-point impurity on the persistent current in a one-

dimensional ring of correlated electrons. In the limit of a small transmission coe�cient through the impurity
this problem may be solved analytically that allows to investigate the e�ect of parameters of an interelectron
interaction on the persistent current in the isolated ring (N = const), as well as in the ring coupled to a
reservoir (� = const). In the case of a high concentration of impurities the same problem was considered in
Ref. [48]. The e�ect of a single impurity in the limit of a strong electron–electron repulsion (g� 1) at a
�xed number of electrons (the model of a pinned Wigner crystal) was investigated in Ref. [45].
On the other hand, recently the interest in the low-dimensional interacting electron systems [49–54] have

increased with a view to �nd a non-Fermi liquid behaviour of the electron systems. This also makes the present
paper actual. It is known that the persistent current amplitude is proportional to the transmission coe�cient of
a potential barrier created by an impurity in a ring [13,36]. At the same time, in the presence of interelectron
interactions the e�ective transparency of a barrier depends on the temperature [55]. Therefore, the measurement
of a dependence of a persistent current amplitude on the temperature may be used as contactless methods (in
contrast with the measurement of a conductance) for the detection of a non-Fermi liquid behaviour of electron
systems.

2. Model and main equations

Let us consider a one-dimensional isolated ring of interacting electrons with a weak link located at x = 0.
Our aim is to calculate the current due to a magnetic �ux � to a leading order in the hopping strength t.
We describe interacting electrons in a ring as a Luttinger liquid [52,55]. The Euclidean action S0 (in the �

representation) describing the Luttinger liquid is [55]

S0 = ˜
∫ L

0
dx

∫ �

0
d�
vg
2

{(
9�
9x

)2
+
1
v2

(
9�
9�

)2}
; (2)

where � is an imaginary time, � = 1=T , T is the temperature, v and g are the Haldane’s parameters. For
noninteracting electrons g= 1; v= vF, where vF = �˜N=(mL) is the Fermi velocity (here L is the length of a
ring, N is the number of electrons in a ring, m is an electron mass). The hops of electrons across the weak
link we include by adding [55]

St =−˜t
∫ �

0
d� cos(2

√
���(�) + 2�(�=�0 + �N )): (3)

Here ��(�) = (�(x = 0; �)− �(x = L; �)), the term �N ≡ �(N ) = (N − 1)=2mod 1 describes the parity e�ect
for the ring with a �xed number of electrons N [26]. If we integrate out �uctuations in �(x) for all x �= 0
we obtain the e�ective action Se�0 which depends on �� only [55]. For this purpose we expand ��(�) in
the Fourier series

��(�) =
1
�

∞∑
n=−∞

ei!n��n + �0L=2; (4)

where !n = 2�n=� is the Matsubara frequency (n �= 0). �0 is an arbitrary real constant (the zero mode).
Finally, the e�ective action is

Se�0 [�; g; v] =
˜g
�

{ ∑
n�=0

|!n||�n|2fn(v) + L�2v�20=2
}
: (5)
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Fig. 1. One-dimensional ring pierced by a magnetic �ux � and weakly coupled to an electron reservoir with the chemical potential �
and the temperature T: Vg and C are the potential di�erence and the geometrical capacitance between a ring and a reservoir, respectively.
The cross denotes a weak link.

Here fn(v) = (1 + exp(−|!n|L=v))=(1− exp(−|!n|L=v)). Taking into account that �n = �∗
−n we write down

the partition function ZN (the index N denotes a �xed number of electrons in a ring) which determines the
free energy F =−T ln(ZN ) as follows: ZN =

∫
D� e−(S

e�
0 +St)=˜; where

∫
D� ≡ ∫∞

−∞ d�0
∏∞
n=1

∫∞
−∞ dRe(�n)×∫∞

−∞ dIm(�n).
In the case of spinfull electrons [55] the e�ective action is Se�0s = S

e�
0 [��; g�; v�] + S

e�
0 [��; g�; v�]. The per-

turbation is

Sts =−2˜t
∫ �

0
d�{cos(2√����(�) + 2��=�0 + �(�↑ + �↓))cos(2

√
����(�) + �(�↑ − �↓))}; (6)

and the partition fuction is ZNs =
∫
D��D�� e−(S

e�
0s +Sts)=˜. Here the bosonic �elds �� = (�↑ + �↓)=2 and �� =

(�↑ − �↓)=2 describe the charge (�) and the spin (�) subsystems. The �elds �↑, �↓ correspond to electrons
with spin up (↑) and down (↓). For noninteracting electrons the Haldane’s parameters [53,55] are: g� = g� = 2
and v� = v� = vF. The quantity �s = �(Ns), where s= ↑; ↓, and Ns is the number of electrons with spin s in
the ring. The quantities ��(�) and ��(�) are expanded in the Fourier series by analogy with �(�) (4).
Expanding the partition function ZN in powers of t we may integrate out � (or �� and �� in the case

with spin) that allows to obtain an analytical expression for the persistent current (1). We consider an
isolated ring as well as a ring coupled to a reservoir. In the last case we also take into account the small
geometrical capacitance C between a ring and a reservoir (see Fig. 1). At low temperatures the charging
energy Ec = e2=(2C) associated with the transfer of an elementary charge between a ring and a reservoir
may exceed the temperature T and strongly suppresses the charge transfer (the Coulomb blockade regime
[56–58]). This e�ect considerably a�ects the persistent current [59–65].

3. Fixed number of electrons

3.1. Spinless electrons

For spinless electrons in the limit of t → 0 the persistent current I = T9 ln(ZN )=9� is periodic in the
magnetic �ux with a period of �0 and in the leading order is proportional to t [13]. Using the partition
function ZN we obtain the persistent current I1 as follows:

I1 =−I01A1(T )sin(2��=�0 + �N ); (7)
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I01 =
ev
2L
tF

(
�2T ∗

	F

)1=g−1
; (8)

A1(T )≡ A(T; T ∗; g) =
(

T
2�T ∗ 


2
2

(
0; exp

(
− T
2T ∗

)))1=g

=

⎧⎪⎨
⎪⎩
1; T� T ∗;(
2gT
�T ∗

F

)1=g
e−T=4T

∗
F ; T� T ∗:

(9)

Here tF = �˜t=	F is the transmission coe�cient of a potential barrier (of a weak link) within the free electron
gas model at the Fermi energy; T ∗ = ˜v=(2�L); T ∗

F = gT
∗; 
2(v; q) is the Jacobi theta functions [66].

The obtained expressions describe the dependence of a current of correlated electrons on the temperature
and reproduce some features obtained in the papers of other authors [13,36,45]. Note that in the considered
model the dependence of a current on the temperature is monotonic, which di�ers from the nonmonotonic
dependence in the model of a pinned Wigner crystal [45].

3.2. Spinfull electrons

The presence of spin considerably a�ects the persistent current [65,67–69]. In particular, for the ring with
a �xed number of electrons the dependence I(�) has a period of �0 if both N↑ and N↓ have the same
parity, otherwise the period is �0=2. The last circumstance is important for the ring with a weak link (tF� 1).
Because, the dependence I2 ∼ sin(4��=�0) appears in the second order in t and the current amplitude I2s ∼ t2F
in the ring with an odd number of electrons N = N↑ + N↓ is much less than the one I1s in the ring with an
even number of electrons N : I2s=I1s ∼ tF� 1.

Note, that in the present paper we consider a conventional Aharonov–Bohm e�ect. At the same time, as it
was found in Refs. [68,70–72] the interelectron correlations result in a fractional Aharonov–Bohm e�ect with
a period of �0=N , where N is the number of electrons in the system. However, the amplitude of such oscil-
lations vanishes with an increase in the number of electrons N (at constant parameters of a system) that is
numerically shown in Ref. [71]. In the present paper we consider the case of N� 1 when the spectrum may
be linearized near the Fermi points (Luttinger liquid model). In such a case the fractional oscillations do not
appear.

3.2.1. Even number N of electrons

In this case the current is periodic in � with a period of �0. Calculating the current I1s in the �rst order
in t with respect to Eq. (6) we get I1s =−I01sA1s(T )sin(2��=�0 + �(�↑ + �↓)); where

I01s =
e(v�v�)1=2

L
tF

(
�2T ∗

�

	F

)1=g�−1=2(
�2T ∗

�

	F

)1=g�−1=2
: (10)

A1s(T ) = A(T; T ∗
� ; g�)A(T; T

∗
� ; g�): (11)

Here T ∗
r = ˜vr=(2�L) (r = �; �), the quantity A(T; T ∗; g) is de�ned in Eq. (9). As it follows from the above

expressions the interplay of spin and interactions leads to an existence of three characteristic temperature
intervals which are separated by two crossover temperatures T ∗

� and T
∗
� . So, in the case of a strong interelectron
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repulsion g�� 2 which does not depend on spin g� = 2 we have T ∗
� � T ∗

� that leads to

A1s(T ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1; T� T ∗
� ; T

∗
� ;(

2T
�T ∗

�

)1=2
exp

(
− T
8T ∗

�

)
; T ∗

� ¡T ¡T ∗
� ;

(
2T
�T ∗

�

)1=2( 2T
�T ∗

�

)1=g�
exp

(
− T
8T ∗

�
− T
4g�T ∗

�

)
; T ∗

� ; T
∗
��T:

(12)

For noninteracting electrons T ∗
� = T

∗
� . Thus, the dependence of a persistent current on the temperature may

be used as an indicator of an electron–electron interactions.

3.2.2. Odd number N of electrons
In this case �↑ �= �↓ and as it follows from Eq. (6) the persistent current of the order of t vanishes that is

due to quantum �uctuations in spin subsystem. The calculation of a current up to the order t2 gives

I2s = I02s(−�1cos(2�(�↑ − �↓))− �2)A2s(T )sin(4��=�0): (13)

I02s =
e(v�v�)1=2

�L t2F

(
�2T ∗

�

	F

)2=g�−1(
�2T ∗

�

	F

)2=g�−1
: (14)

A2s(T ) = A2(T; T ∗
� ; g�)A

2(T; T ∗
� ; g�)

�2(T ∗
� T

∗
� )
1=2

2T
: (15)

�1;2 = 2
∫ 1=2

0
dx

(

1(x; q�)

4(x; q�)

)2=g� (
4(x; q�)

1(x; q�)

)±2=g�
; (16)

where q� = exp(−T=T ∗
� ), q� = exp(−T=T ∗

� ). Note, that at g� �= 2 the quantity �1 diverges at some values of
parameters. This indicates that the perturbation theory fails. In this paper we consider the case g� = 2 only,
when the quantity �1 is limited and the perturbation theory may be used. In such a case, the dependence of
a current in the ring with an odd number of electrons on the temperature is

�A2s(T ) =

⎧⎪⎪⎨
⎪⎪⎩
�((2=g�)1=2); T�T ∗

� ; T
∗
� ;

�1=222=g�−1
(1=g�)

(1=g� + 1=2)

(
2T
�T ∗

�

)1=2( 2T
�T ∗

�

)2=g�−1=2
exp

(
− T
g�T ∗

�

)
; T ∗

� ; T
∗
��T:

(17)

Here �= �1 − �2,

�(�) = 4
∫ ∞

0
dx

exp(−2x=�)
1− exp(−4x=�)

(
1− exp(−2x�)
1 + exp(−2x�)

)�2
:

The dependence �(�) is depicted in Fig. 2. 
(x) is the gamma function.
Thus, in the case of an odd number of spinfull electrons in the isolated ring with a weak link the persistent

current is paramagnetic (near �= 0), has a period �0=2, and does not depend on the temperature at T → 0.
These features coincide with the ones for the ballistic case [47,65,67]. At the same time, in contrast with the
ballistic case for a ring with a weak link the current amplitude is considerably modi�ed by the interelectron
interaction compared to the free electrons gas model.
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Fig. 2. Plot of � versus g� (see Eq. (17)).

4. Fixed chemical potential

In this section we consider a ring coupled to an electron reservoir with a chemical potential �. We assume
that the coupling is weak, i.e. the lifetime of an electron in a ring is much larger than the characteristic time
scales of a problem under consideration (the maximum time is an inverse frequency of tunneling through the
barrier). In such a case, the reservoir does not a�ect the energy levels in a ring. Therefore, we can perform the
quantum mechanical averaging in two steps. First, we perform an averaging at a �xed number of electrons and
then we average over �uctuations of the number of electrons in a ring. Such an approximation corresponds to
an incoherent exchange of particles between a ring and a reservoir. The averaging at N = const was performed
in the previous section. The aim of the present section is to perform an averaging over �uctuations of number
of electrons at � = const.
The change in the number of particles leads to an appearance of zero modes in the �-sector of the �eld �

[26,47]. Such modes do not a�ect the perturbation St (that is a not quadratic in � part of the action) which
depends on the di�erence ��(�) = �(x = 0; �)− �(x = L; �) only. Thus, the averaging over �uctuations in the
number of particles can be performed independently. Such an averaging we perform in 
 representation [55].
If the number of particles changes we have to add the term in the Euclidean action [64]

S� = ˜
∫ L

0
dx

∫ �

0
d�

{
v
2g

(
9

9x

)2
+
1
L
��N +

Ec
L
(�N − N (Vg))2

}
: (18)

Here �N = N − N0, where N0 is the number of particles in the ground state (T = 0; N (Vg) = 0). The last
term in Eq. (18) is the charging energy due to a small geometrical capacitance C between a ring and a
reservoir (see Fig. 1). Ec = e2=(2C); N (Vg) = C(Vg − Vg0)=e, where e is an electron charge. We assume that
at T = 0 and Vg = Vg0 the ring is electrically neutral. Taking into account that the zero mode 
m(x) =

√
�mx=L

corresponds to an additional number (over the number in the ground state) of particles m ≡ �N , we �nally
obtain

S�(m) =
Tc
T
(m− 2�)2 + Ec

T
N 2(Vg)− Tc

T
4�2; (19)

where Tc = T0 + Ec; T0 = �˜v=(2gL); �= (e(Vg − Vg0)− �)=(4Tc). The partition function takes the form Z� =∑∞
m=−∞ exp(−S�(m)=˜)ZN=N0+m.
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Fig. 3. Spinless electrons. Dependence of B1 (see Eq. (21)) on the dimensionless potential di�erence � for T=Tc = 0:02 (1); 0:1 (2); 0:2 (3).

Similarly, in the case of spinfull electrons we have

S�s(m�; m�) =
Tcs
T
(m� − 4�s)2 + T0�T m2� +

Ec
T
N 2(Vg)− Tcs

T
16�2s : (20)

Here m� and m� have the same parity and characterize an additional number of charge m� = N� − N0� and spin
m� = N� − N0� excitations. Here N0� = N0↑ + N0↓ and N0� = N0↑ − N0↓, where N0s is the number of particles
with spin s= ↑; ↓ in the ground state. Tcs = T0� + Ec; T0�;� = �˜v�;�=(2g�;�L); �s = (e(Vg − Vg0)− �)=(8Tcs).
To calculate the partition function Z� we have to perform the summation over both m� and m�.

4.1. Spinless electrons

First we consider spinless electrons. Taking into account the results of Section 3:1 and Eq. (19) we obtain
the following expression for the persistent current I1� =−I01A1(T )B1(�)sin(2��=�0 + �(N0)); where

B1(�) =

2(2�; q4c)

3(2�; q4c)

=

⎧⎪⎪⎨
⎪⎪⎩
1− exp(−(Tc=T )(1− 4|�|))
1 + exp(−(Tc=T )(1− 4|�|)) ; T�Tc; |�|¡

1
2 ;

2 exp
(
−�

2T
4Tc

)
cos(2��); T� Tc:

(21)

Here qc = exp(−�2=4T=Tc). The quantities I01 and A1(T ) are de�ned in Eqs. (8) and (9), respectively. The
function B1(�) is periodic in � with a period of 1, that corresponds to a periodicity in Vg (or in �) with a
period of 4Tc (this period is the same as for the ballistic case [64]). Such a period corresponds to the change
of the number of particles in the ring by 2. The dependence B1(�) is depicted in Fig. 3.
Note that in the case of noninteracting electrons (g= 1; v= vF; Ec = 0); the calculation of the persistent

current using the Fermi distribution function [13] gives the same result as I1�. In such a case, the persistent
current I is

I =
∞∑
n=1
f0(	n)In: (22)

Here f0(	n) = (1 + exp((	n − �)=T )−1 is the Fermi function, In =−9	n=9� is the current carried by level
	n(�) = ˜2k2n (�)=(2m), where kn(�) = (1=L)(�n+ (−1)ntn cos (2��=�0)); tn = tFn=nF (nF is the topmost oc-
cupied level in the ring at T = 0).
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In the limit of a large charging energy Ec� T (the Coulomb blockade regime) the current amplitude I1�
does not depend on Vg and coincides with the one at a �xed number of electrons excepting of a region near
�0 =±1=4 + n with n being an integer, where the number of electrons in a ring �uctuates N ↔ (N + 1).
Near �0 the odd harmonics of a current I(�) vanish [60]. In the case of a ring with a weak link this leads
to a large reduction in the current amplitude (the Coulomb dip in the dependence I(Vg)). Since the second
harmonic I2 is proportional to t2 and much less than the �rst harmonic I1 ∼ t. Note, that in the ballistic case
[64] such a reduction of a current amplitude is predicted at high temperatures T� T ∗ only.

4.1.1. Persistent current in the Coulomb dip: �=± 1
4

At �= �0 the �rst harmonic of a current I1� vanishes: B1(�0) = 0. Expanding the partition function up to
the order of t2 we get

I2� =−I02A2(T ) sin (4��=�0): (23)

I02 =
�
4
ev
L
t2F

(
�2T ∗

	F

)2=g−2
: (24)

A2(T ) =
2T ∗

T
A2(T; T ∗; g)

∫ 1=2

0
dx

(

1(x; q)

4(x; q)

)2=g

=

⎧⎪⎪⎨
⎪⎪⎩
T ∗

T
; T� T ∗;

22=g+1
(1=2 + 1=g)
�3=2
(1 + 1=g)

(
2T
�T ∗

)2=g−1
exp(−T=T ∗

F ); T� T ∗:
(25)

Here q= exp(−T=T ∗).
The unusual feature of this regime is an increase of a current I2� ∼ 1=T at low temperatures T� T ∗.

Therefore, strictly speaking, at T → 0 the perturbation theory fails. Comparing Eqs. (7) and (23) we see that
at low temperatures the actual parameter of an expansion is p= tF(T ∗=T )(�2T ∗=	F)1=g−1 and the perturbation
theory (p� 1) is valid if

T� tFT ∗
(
�2T ∗

	F

)1=g−1
: (26)

The simplest way to understand both the dependence 1=T and restriction (26) is to consider the case of
noninteraction electrons (22). If the chemical potential � coincides with one of the energy levels 	n of electrons
in a ring the �rst harmonics of a current vanishes. The calculation of the second harmonic of a current I2 (with
a period of �0=2) within the perturbation theory requires the expansion of the Fermi function in Eq. (22)
f0(	n(�)) = f0(	n(0)) + 9f0=9	�	n(�), where �	n(�) ≈ �FtF(−1)n cos (2��=�0); �F is the level spacing
near the Fermi energy at �= 0. Such an expansion is valid if �	n(�)� T . This leads to restriction (26). The
increase of I2 with a decrease in the temperature is due to a multiplier 9f0=9	 ∼ −1=T , which characterizes
the intensity of a change of a level occupation with the magnetic �ux.

4.2. Spinfull electrons

We assume that the chemical potential of an electron reservoir does not depend on spin. In such a case,
the ground state of electrons in a ring coupled to a reservoir is nonmagnetic N0� = 0. Therefore, in contrast
with the case of an isolated ring (with a �xed but arbitrary number of electrons) in the regime � = const the
states with a di�erent parity in the number of electrons with an opposite spin in the ring do not exist. Thus,
in this section we consider the case N0↑ = N0↓ only.
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Fig. 4. Spinfull electrons. Dependence of B1s (see Eq. (27)) on the dimensionless potential di�erence �s for T0�=Tc = 0:1 (1); 0:5 (2) at
T=Tc = 0:02.

In the case of an even number of electrons N0 = N0↑ + N0↓ in the ground state the persistent current is of
the order of t (10). Note that the change of N↑ and N↓ by 1 changes the sign of a current. Moreover, if
N↑ changes by 1(0) and N↓ changes by 0(1) the current I1s (of the order of t) vanishes. The straightforward
calculations give I1s� = I1s(�)B1s(Vg), where

B1s =

2(2�s; qcs)
2(0; q0�)


3(2�s; qcs)
3(0; q0�) + 
3(2�s + 1
2 ; qcs)
3(

1
2 ; q0�)

: (27)

Here qcs = exp(−(�2=4)T=Tcs); q0� = exp(−(�2=4)T=T0�); �s = (eVg − �)=(8Tc). The dependence B1s(�s) is de-
picted in Fig. 4. The current (as well as in the ballistic case [65]) is periodic in Vg with a period of 8Tc that
corresponds to the change in the number of particles by 4.

Note that in the case of noninteracting electrons (g� = g� = 2; Ec = 0) the dependence B1s(Vg) is the same
as B1(Vg) (21), i.e. the e�ect of a reservoir does not depend on the spin. However, in the case of correlated
electrons the spin subsystem considerably a�ects the current. In particular, at a strong interelectron repulsion
(g�� 2) the current decreases exponentially at relatively low temperatures T¿T0� at which the discreteness
of the energy spectrum of a spin subsystem is irrelevant.

B1s =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sinh((2Tcs=T )(1− 4|�s|))
cosh((2Tcs=T )(1− 4|�s|)) + exp(Tcs − T0�=T ) ; T� T0�; Tcs; |�s|¡ 1

2 ;

2 exp
(−�2T
16T0�

)
sinh((2Tcs=T )(1− 4|�s|))

cosh((2Tcs=T )(1− 4|�s|)) + 1
2exp(Tcs=T )

; T0�� T� Tcs; |�s|¡ 1
2 ;

2 exp
(
−�

2

16

(
T
T0�

+
T
Tcs

))
cos (2��s); T0�; Tcs� T:

(28)

Note that in the case of spinless correlated electrons the current exponentially decreases at higher temperatures
(T¿T ∗, see Eq. (9)).
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At �s0 =± 1
4 + n the current I1s vanishes as well as in the case of spinless electrons. However, in the case

of spinfull electrons if Tcs� T0�; T the �rst harmonic of a current I1s vanishes through the entire interval ��s
near �s ≈ �s0 [60,61] (see Fig. 4). As it follows from Eq. (28) at low temperatures T� T0�; Tcs the length
of this interval is ��s = (1− T0�=Tcs)=4. The current through this interval is of the order of t2.

4.2.1. The second harmonic of a current
Calculating the current I2s� we have to take into account that the corresponding current I2s (13) in the regime

N = const contains two contributions. The �rst term depends on the parity of the number of electrons and the
second term is parity independent. The calculation gives I2s� = I02s(−�1B2s(Vg)− �2)A2s(T ) sin (4��=�0):
The quantities I02s; A2s; �1, and �2 are de�ned in Eqs. (14)–(16) and

B2s =

3(2�s; qcs)
3(0; q0�)− 
3

(
2�s + 1

2 ; qcs
)

3

(
1
2 ; q0�

)

3(2�s; qcs)
3(0; q0�) + 
3

(
2�s + 1

2 ; qcs
)

3

(
1
2 ; q0�

) : (29)

At T� Tcs and �s ≈ �s0 we have B2s =−1 and the current I2s� in the ring coupled to a reservoir is the same as
the current I2s in the ring with a �xed (odd) number of spinfull electrons: I2s�(T� Tcs; �; � ≈ ± 1

4 ) = I2s(T; �).
The distinction appears at higher temperatures T¿Tcs at which the particle exchange with a reservoir plays
a signi�cant role. In such a case, we have I2s�(T¿Tcs; �; �s) =−2I2s(T; �)exp(−�2T=4Tcs) cos (4��s).

5. Discussion and conclusion

In the present paper we consider the e�ect of an interelectron interaction (repulsion), an electron spin and
the temperature on the persistent current in a one-dimensional ring with a weak link. An isolated ring with a
�xed number of particles (N = const) as well as a ring coupled to a reservoir (� = const) are considered. In
the last case the e�ect of a charging energy due to the small geometrical capacitance C on the charge transfer
between a ring and a reservoir is taken into account. Interacting electrons in a ring are described within the
framework of the Luttinger liquid model [52]. We consider a weak link as a point potential barrier with a
small transparency tF� 1.
In the ring with a �xed number of electrons the magnitude of a current decreases if the interelectron

repulsion strengthens g¡ 1 (see Eq. (8)). The crossover temperature T ∗, which separates the low-temperature
region (where the current is temperature independent) from the high-temperature region (where the current
decreases exponentially), increases T ∗ = T ∗

F =g with decreasing g in contrast with the ballistic case [26] for
which the crossover temperature does not depend on g. At the same time, at high temperatures T� T ∗ the
power of exponent Eq. (9) is the same as for the ballistic case. In the case of spinfull electrons the spin
subsystem a�ects considerably the persistent current. In particular, this leads to the existence of two crossover
temperatures T ∗

� and T
∗
� which depend on the parameters of spin (�) and charge (�) subsystems (see Eq.

(12)). The current amplitude strongly depends on the parity of the �xed number of electrons in the ring.
The properties of a persistent current in the ring coupled to an electron reservoir are also considered. At

the strong interelectron repulsion and=or the large charging energy we have T� Tc at the whole temperature
region where the persistent current exists. In this regime (the Coulomb blockade regime of a persistent current
[64]) the number of electrons (the number of charge excitations in the case of electrons with spin) in the ring
is conserved with the exception of values Vg (see Fig. 1)) for which the charging energy is degenerate in N
and the Coulomb blockade is lifted [73]. In the case of spinless electrons the Coulomb blockade is lifted at
certain values of Vg0 (which correspond to �0 =± 1

4 + n, where n is an integer). At the same time in the case
of spinfull electrons the Coulomb blockade of a persistent current is not e�ective within the whole interval
near Vg0 [60,61,65] (see Fig. 4).
In the case of spinless electrons the current in the Coulomb blockade regime is the same as in the ring with

a �xed number of electrons. However, the dependence of a current amplitude on Vg (see Fig. 3) consists of
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a series of Coulomb dips [64] located at �(Vg) = �0 and corresponding to a lift of the Coulomb blockade. At
the point �= �0 the period of the dependence I(�) halves (23) and the current amplitude is much less than
the one in the regime N = const. The characteristic of such a current is an increase in the current amplitude
with decreasing temperature: I2 ∼ 1=T (25).
In the case of an even number of spinfull electrons in the ring with a weak link (as well as in the ballistic

ring [65]) the current in the Coulomb blockade regime is not the same as in the isolated ring. This is due
to the fact that the charging energy does not isolate the spin subsystem of a ring (which a�ects the current)
from the reservoir. At the same time, at T ¡Tc and Vg ≈ Vg0 (see Fig. 4) the current is the same as in
the isolated ring with an odd number of spinfull electrons. In particular, the current has a period of �0=2
and is paramagnetic (near �= 0). The distinction appears at high temperatures (T ¿Tc) that is due to a
particle exchange with a reservoir (�N ¿ 1). Note, that in the case of the electrons with spin the amplitude
of the second harmonic of a current does not increase with decreasing temperature, which is due to quantum
�uctuations in the spin subsystem.
In conclusion, in the present paper the e�ect of the statistical ensemble, interelectron interactions, spin and

temperature on the persistent current in a one-dimensional ring with a weak link has been considered.
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