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person, Professor method of variation constant are used for the transformation problem of
S. T. Ariaratnam, solutions. The asymptotic averaged method Krilov-Bogolyuvov-
University of Waterloo,  Mitropolskiy is used for obtaining the first approximation of It6 stochastic
Canada. differential equations and Stratonovich results. By using idea of

Ariaratnam the sets of Lyapunov exponents are obtained.

INTRODUCTION

The transversal vibration beam problem is classical, but in current university books on
vibrations, we can find only the Euler-Bernoulli’s classical partial differential equation for describing
transversal beam vibrations. In monograph [20] we can find a non-linear partial differential equation
for describing transversal vibrations of the beam with non-linear constitutive stress-strain relation. By
using the asymptotic method of Krilov-Bogolyubov- Mitropolskiy [20, 21], many authors studied one
frequency or multi-frequency non-linear oscillation regimes of deformable bodies. Specially, Hedrih
[9, 9, 10, 11] studied one-single and two-frequency stationary and non-stationary regimes of non-
linear transversal and forced vibration of beams. Transversal vibrations of the beam on the eastic
Winckler's foundation under the action of multi-frequency forces with frequencies in the form of the
first frequency resonant range of the beam was also studied by Hedrih [9], and some results of
transversal vibrations of beams graded by a creep and hereditary material, were presented in
References [12,13, 16].

In the university book [22] by Raskovi¢, an extended partial differential equation of
transversal idedlly eastic beam vibrations was presented considering the inertia rotation of the beam’'s
cross sections and transverse shear of the cross section. Also, in numerous papers, by using the partial
differential equation of the transversal idedlly dastic beam vibrations with members, by which
influences of the inertia rotation of the beam’s cross sections and transverse shear of the cross section
by transversal forces are taken into account, and based on the monograph [19] by Nowatski as the
scientific source, the complex properties of the transversal vibrations of the beam are investigated.

In paper [1] by Ariaratnam stochastic stability of visco-elastic systems under bounded noise
excitation was investigated. For small damping and weak random fluctuation, asymptatic expressions
are derived for the Lyapunov exponent and the rotation number using the method of stochastic
averaging. From the sign of the Lyapunov exponent, the condition for asymptotic stability with
probability 1 of the trivial equilibrium state is obtained. The stochastic amost-sure stability of a
single degree-of-freedom linear visco-€lastic system subjected to random fluctuation in the stiffness
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parameter is investigated by Ariaratnam S. T. [2]. For small damping and weak random fluctuation,
asymptotic expressions are derived for the Lyapunov exponent and the rotation number using the
method of stochastic averaging. From the sign of the Lyapunov exponent, the condition for
asymptotic stability with probability 1 of the trivial equilibrium state is obtained. In the paper [3] by
Ariaratnam S. T. and Xie W.C. wave localization of along continuous beam over several supportsis
studied. The localization factor isrelated to the larger of the two Lyapunov exponents associated with
a product of 1-1 random wave transfer matrices. By using a theorem- due to Furstenberg- on the
asymptotic properties of a product of independent and identically distributed random matrices\ the
localization factors are calculated by a combination of analytical and numerical simulation methods.

In the paper [4] by Ariaratnam and Wei-Chau Xijz buckling mode localisation in large
randomly disordered one-dimensional structures is studied. Furstenberg's theorem on the limiting
behaviour of the product of random matrices is employed to determine the Lyapunov exponent and
the localisation factor. Green's function formulation is applied to show that although the buckling
loads are different for different sample structures, the buckling loads satisfy a probability distribution
which depends only on the disorder parameters and is independent of the specific sample realisations
for large structures. Due to the positivity of the Lyapunov exponent it is found that localised modes
(bulges) may be visible for an arbitrary value of load close to the buckling loads if there exist
perturbations or imperfections. In the paper [5] the dynamic stability of non-gyroscopic viscoelastic
systems under multiple parametric excitations is investigated. The largest Lyapunov exponent as an
indicator of the almost-sure asymptatic stability of the system is obtained by applying the stochastic
averaging method together with Khasminskii’'s technique. The integral term arising from the
viscoelastic effect is averaged by making use of Larianov's method. As an application, the flexural—
torsional instability of a deep rectangular viscoelastic beam under stochastically fluctuating central
load and end moments applied simultaneously is investigated. Both cases of follower and non-
follower central fluctuating load are included in this analysis. Also, in paper [6] Ariaratnam and
Abdedrahman presented results about stochastic stability of non-gyroscopic visco-eélastic systems.

In the papers [14, 16] the influence of rotatory inertia of beam cross section and transverse
shear of beam cross section under the transverse force, and the corresponding members in the partial
differential equation are taken into account and by use Ariaratnam's idea [1] the expression for
Lyapunov exponents are obtained and the stochastic stability of beam deformable forms and processes
are investigated. Bernoulli particular integral method and Lagrange method of variation constant are
used for the transformation problem of solutions. The asymptotic averaged method is used for
obtaining the first approximation of 1t6 stochastic differential equations. The sets of Lyapunov
exponents are obtained.

In the paper [16], the stability of a hereditary visco-dastic beam subjected to parametric
random bounded excitations described by stochastic processes of small intensity is investigated. The
motivation for the study of these problems is the necessity to explain the influence of rotatory inertia
of beam cross sections and transverse shear of beam cross section under the transverse forces on the
stability of the transversal time vibrations process of the beam, and also on the stability of the
deformable beam’s forms.

Paper [15] present an investigation about stochastic dynamics of hybrid systems with thermo-
rheological hereditary elements. Tensor of state of the random vibrations was considered in the paper

[17].

In the present paper transversal vibrations of a parametrically excited sandwich double
hereditary beam system and influence of rotatory inertia and transverse shear on stochastic stahility of
deformabl e forms and processes are investigated.

1. CONSTITUTIVE RELATION OF THE VISCO-ELASTIC HEREDITARY BEAM
Let suppose that material of the beam is rheological with hereditary property (se Ref. [7]).
Parameter of beam material aree N own material clock of the material rdaxation or short rdaxation

time of beam material; E and E modulus of easticity momentaneous behavior of material and
prologeous one in long time period. In Figure 1. a* we can see homogeneous prismatic hereditary
beams with two axes symmetry of the beam cross sections with line element in deformed stressed
state. For ideal visco-elastic hereditary beam and axially stressed line element at the distance y from
neutral beam line, the normal stress component crz(z, y,t) for the beam cross section on the distance
Z from left beam end, at the moment t is:
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Fig. 1. a* Sandwich double beam hereditary system.

Cross section surface forces and moments acting on a beam element:

The influence of rotatory inertia of beam cross sections and transverse shear under the

influence of transversal force in the cross section

b*. Cross section displacement and surface forces and moments acting on a beam element

- the influence of rotatory inertia of beam cross sections

c* The sandwich double beam hereditary system elements with standard light hereditary

connection
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o.(2,y,)= E[gz(z, yt)- Rt =),z v, T)df} M
where ¢,(z, y,t) is dilatation — strain of beam line element and

E-E &
R(t—T):Fe " (2)

kernel of relaxation of beam visco-elastic material with hereditary properties.

2. PARTIAL INTEGRO-DIFFERENTIAL EQUATIONS OF THE TRANSVERSAL
VIBRATIONS OF PARAMETRICALLY EXCITED DOUBLE HEREDITARY BEAM SYSTEM

The dilatations ¢, (z, y,t) ,1 =1,2 of corresponding beam’s stressed and strained line elements
at thedistance y from neutral beam line and normal to the beam cross section on the distance Z from
|eft beam end, at the moment t are

ds —dz yo”wi(z,t)

e,(zyt)= & > i=12 3)

where ¢, (z,t), I =1,2 are the component inclination angles of the tangent to the visco-elastic bended

beam’'s line in result of pure bending beams by corresponding couple moments. With Wi(z,t),

I =1,2 are denoted the component inclination angle of the tangent to the visco-elastic bended beam’s

line in result of transverse shear as influence of the transversal forces in corresponding beam’s cross
section.

By introducing previous expression (3) for strain into expression of constitutive relation (1),
the normal stress component o, (z, y,t),i =12 for the corresponding beam cross section on the

distance z from left beam end, at the moment twe obtain in the following form:
aj(z,y,t)zEy[m—jR(t—r)Mdr}, i=12. 4
V7/4 0 oz

In Figure 1. b* the beam's element with length dz is presented with transversal
displacements. In the results of the elimination of the component inclination angles ¢, and ¢, from
the system of the four partial integro-differential equations obtained into results of Principle of
dynamical equilibrium application to the double hereditary beam e ement, shown in Figure 1.c*, we
obtain two coupled partial integro-differential equations of the transversal vibrations of the two
coupled beams of the previous sandwich double hereditary beam system in the form:

otv(zt) Cf{aztvl(z,t) iRt T{awiz,t)}dr} g o'(zt) b o' (z,1)
0 oz

ot? oz o107 ot
otoz?

+el(af_i;){§;[vl(z,t)_vz(z,t)]_‘gR(t_f){aa;[vl(z,f)_vz(z, r)]}df};{ﬁﬂ(s,z,t)a“l(z’t)}o

74 2z

+(a2 - ifl)i R(t- r{m(z’t)}dr +¢[v(z1t)-v,(z1)]+Ep? %Z[vl(z,t)—vz(z,t)]+

©)

ot? 2 a7 z oo ¢ ot

o™, (z,t) +C{o”“vz(z,t) jR(t —7){0”4\/2(2’0}&} a2 v, (zt) i o*v,(z,1)

+(a§—ifz)iR(t—r){a;\fzf;zt)}dr—éz[vl(z,t)—vz(z,t)]—62b225:2[vl(z,t)—vz(z,t)]—
—éz(aj—ifz{aa;[vl(z,t)—vz(z,t)]—lR(t—r)[aa;[vl(z,r)—vz(z,r)]}dr}—aaz{ﬁaz(a,z,t)d/;(z’t)}:o
where:
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3. SOLUTION OF THE PARTIAL INTEGRO-DIFFERENTIAL EQUATIONS OF THE
TRANSVERSAL VIBRATIONS OF PARAMETRICALLY EXCITED DOUBLE HEREDITARY
BEAM SYSTEM

For the solutions of the governing system of the corresponding coupled partial integro-
differential equations (5) for free double beam system oscillations, we take in the eigen amplitude

function Z,,(z)=2(z), i=12, s=1234,...00 expansion with time coefficients in the form of
unknown time functions Ti(s)(t), i=12, $=1,2,3,4,....00 describing their time evolution in the form:
Vi(z1t)= zlz(s)(z)-ri(s)(t)’ =12 (6)

After introduce the proposed solution into partial integro-differential equations (5) and taking
into account orthogonality conditions (see Refs. [13], [14] and [15]) , we obtain:

)+ -, 1)+ b_lz[Cst e (B B EO)T. )+

a’—i? ¢ 0
+ b? !R(t_ ) ()d (t_T)T(l)s(T)dT__T(Z)s(t):0

%<z>s(t)+%[1— an [T, (t)+bi[ m+ &+ o B 0T, 1)+

0 IR (o)t e~ SR ()T, (b ST, 00 ?

b? 0 b?
whereit isintroduced the following notations:
L
IZ z)dz=m, s=r; J.Z’S(Z)Z'S(z)dz:ﬁs, S#T
0
Jzz<z>zs<z>dz=[z;<z)zs(z1;—fz;<z>z:<z)dz}=msms ®
0 0

[2:02)2.(2Kz=-a| Z/(2)2.(2), - [2:()Z:(2)ez |+ b, 2,(2)2, iz i,

First, we concentrate our attention to the solution of the coupled ordinary differential equations
(7) for the case of free own vibrations. Solution of the basic equations of the previous system (7) are
proposed in the following form:

T(I)S(t): Ai)s COS(a)(S)t + (Z(S)), I = 1,2, S= 1,2,3, ..... (10)

After introducing this proposed solution (10), we obtain the homogeneous system of two

algebra equations with respect to the unknown amplitudes A, . The corresponding frequency
equation isin the following form: or in the form:

f(a)(zs)) L)l (c m +C+n, Fao)+a)(“s)—%[l—a2ns]} —[b—éz} =0 (11)

Circular frequencies areroots of the previous equation and are defined by following
expressions:

a)(zs)l,ZZ . [1—a2ns]$

o ; [i-an[ - bl (c m +n, F ao) (12)
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Ol 1 [1—a2ns]$\/ 1

BT o I
Then, we can write the following time functions correspond to the set of the obtained own circular
frequencies::

[-an [ —b—lz(czms +26+n, IEaO) (13)

T(i )s (t) = éﬁ‘ir)’s Cos(a)(s)rt + a(s)r )’ I = 1’2’ S= 11213; ----- (14)
T, )S(t) =C>? Cos(a)(s)lt + 0!(5)1)+ C!? Cos(a)(s)zt +a, )+ c Cos(a)(s)gt + 0!(5)3)+ c COS(a)(S)4t +o, 4)

T(Z)S(t) =C!*? Cos(a)(s)lt + a(s)l)‘f‘ C.? Cos(a)(s)zt + a(s)z)— c Cos(a)(s)st + a(5)3)— c COS(a)(S)4t + 05(5)4)

These time functions are time component of the solutions for the case of the axial force acting
to the sandwich doubl e beam system when these forces are deterministic and constant intensity.
Now, following the idea presented by S.T. Ariaratnam (1995) in Reference [1], for solving the

previous equations (7), we can propose that random, bonded noise axial excitation §(t) is taken in the
following form:

Fu(t)=F, &(t)=F, usin[ot+oB(t)+7] (15)
where B(t) is the standard Wiener process, and y is a random uniformly distributed variable in
interval [O, 271], then §(t) is a stationary process having autocorrelation function and spectral
density function:

2

R(z)= %,uze_2 cosQr (16)
and
02
o @'+ Q%+
Sw)= j‘R(z')e"”drzl,uO'2 4 (17)

? a)z—QZ—G—2 2+0'2a)2
4

Stochastic process |£(t) <1 is bounded for all values of time t.

Next idea of Ariaratnam is to apply the averaging method, and for that reason we must to
introduce the amplitudes C[(t),C2(t), CS(t),C2(t) and phases @ ,(t), @,(t), @,(t) i

S S S

®,,,,(t), which are time unknown functions, by means of the transformation relation of T, (t),

i =12, s=1234,....,00 fromthe case of free vibrations (14) to the case of the perturbed stochastic
vibrations, in the following form:

Ty (t)=Cl(t)cos® , (t) + CZ(t)cosd ., (t) + C2(t)cosd ., (t) + CL(t)cosd ., (t)

To,(t) = Ci(t)cos @, (t)+ CZ(t)cosd , (t) - C(t) cosD () - C: (t)cos D, (1)  (18)
inwhich amplitudes CX(t),CZ(t),C2(t) and C/(t)and full phases @, (t), @, (t), @,(t) and

S

D (t) are unknown functions of the time. It is necessary to fined solutions which correspond to
parametric resonant state, for which full phases @, (t), @,(t), @,t) and @, (t) are

functions of timein the proposed forms:
Q Q
Pot) =+ 4o (t) s A =0 = k=1234, 5=1.234,...,0 (19)

We suppose that the corresponding first, second and third derivatives with respect to time of the time
functions T(i)s(t), i=12, s=1234,...,0 ae same as in case when the amplitudes

Ci(t),C2(t), C2(t),CL(t) and phases @, (t), @,(t), @,t) i @) are constants and

correspond to the solutions of the unperturbed case. For that reason, we obtain sixth conditions —
equations with respect to the unknown first derivatives of the unknown amplitudes

Ci(t),C2(t), C2(t),C2(t) and phases @, (t), D, (t), D, (t) and D, (t) with respect to the
time. Substituting these time derivatives together with four derivative into system differential
equations (7), we obtain system of eight equations, bat in the form of homogeneous system of series

of unknown expressions with sub-system determinant different them zero, then as follow we obtain
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simpler system with eight equations. Now, obtained simpler system of the eight equations with
unknown time functions which represent unknown amplitudes CX(t),C2(t),C3(t)and CZ(t) and

unknown full phases @ ,(t), @,(t), @) and @) o ¢,,(t). ¢..(t). F..lt) and
¢(S)4 (t) which are the time functions, is not difficult to solve. By solve these equations along first time

derivatives of the amplitudes C}(t), C2(t), CS(t)and C(t) and phases 4, (t), ¢, (t). d,(t) and

B (t), we obtain the system of the eight, first order, integro-differential equations. We can conclude
that this full system of the first order integro-differential equations contain eight coupled integro-
differential equations. These integro-differential equations of the first order with respect to unknown
amplitudes Cl(t), C2(t),C3(t)and CZ(t) and unknown phases @, (t), ®@,(t). @) ad
@, (t), orindifference of the phases ¢, (t), ¢, (t). d..(t) and ¢, (t), represent example of
the eight 1t6 stochastic integro-differential equations.

In the previous obtained system of the eight integro-differential equations, &(t) is the
excitation of the stochastic-random process and it is taken in the form (see Ref. [1] by Ariaratnam):

£(t)= psin[Qt +oB(t) + 7] = psin[Qt +y(t)] (20)

where B(t) is the standard Wiener process and vy is a random variable. If vy is uniformly
distributed in the interval [0,27[], then §(t) is a stationary process having autocorrelation function
and spectral density. We introduce the following notations:

w(t)=oB(t)+ . aswell as y(t)= oB(t) (21)

Substituting the £(t) in obtained system equations, we obtain system of the stochastic, first
order integro-differential equations, with respect to the unknown amplitudes as time functions
Ci(t),C2(t), C2(t) and CZ(t), and unknown phases ¢, (t), @.,(t), ¢,(t) and ¢,(t) in the
transformed form. Now, we must apply the method of averaging to the right-hand sides of obtained
equations with respect to the full phases @, (t), @, (t), @, (t) and @, (t). After averaging the

right-hand sides of all other equations with respect to the full phases @ ,,(t), @, (t), ®(t) and

D (t) we obtain the system of averaged differential equations of the first approximation.

The averaging method for integro-differential equations developed by Krilov Bogolyubov
Mitropolskiy and also Larionov (1969) is applied to obtain the so called averaged equations. Thus we
assumethat are:

1 n,
2 2 T2 at
4(0’(5)2 — O )a’(s)l

cm 1 ~0(e) , 1 =0(e), Ay =0(¢) (22)

The assumption of the detuning parameter A, = O(¢) effectively restricts, the analysis to

those excitation frequencies Q2 that are in the vicinity of the frequency 2Q of fundamental
parametric resonance. After averaging the members in the right hand sides of previous stochastic 1t6
differential equations, we obtain the averaged differential equations in the following form:

) 1 n -~
= g i P Gl 20,0
D(syy — O(sp JO(sp

a’ 1 Q Q
~ o N> {a)é)lH re(zj + wé)zH 'm[Zﬂ _
D5 — O JO(sp

- 2 2 2 H rel A + H im| A
2 (‘%)z ~ Oen )“’(s)l 2 2
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B T E, sinly - 24,,0)]-
D52 5)1 (23)
a’ 1

Q Q
-—n ol H | = |+oiH, = ||+
2b2 ° sl(t)(w(zs)z - w(25)1)w(s)1 |: (o2 rE[ 2) o Im( 2 j:|
C ms : |: [Qj (Q)}
H re Py + H m >y
2b2 1( )(w(zs)z - w(zs)l)w( 1L 2 2

: 1
Cit)=- ALY F C 2¢,,t
s( ) a)(zs)2 —CU( bz al s COS(U/ ¢ 2( )

2
- iz ns 2 1 2 |:a)(25)1H rs(gj + a)(zs)ZH |m(Q]j| +
2b @, — Oy )0 ), 2 2
ENON
2v? (a)(zs)z - a)(zs)l )a)(s)z "2 "2

. 1 n
¢(s)2(t):A(s)1_ w(z) o . F;Falgn[ _2¢(s)2(t)]_
s)2 (s 2

aZ

Q Q
_a EH L = |+ @i H L = | |dt+
©cop 5 3]
e [ (3)w(3)
s Hre — +H‘m = ||dt
- 2p7 Clt )(60(5)2 Oy )‘%z 2 2

2
_ 2%2 oL [a)@BH (‘;) + a)(ZS)AHlm((;ﬂ _
Bis)s ~ Do) JDs)3

Pkl
2b° (w(zs)A_w(z's)S)a)(sB "2 "\ 2

1
4(0(2) —0)( b2 alsn[‘// 2¢(s ()]

7a—2n ! a) H (Q]+w H (9] +
sz s C:(t)(a)(zs)A )a)(s (s)a' "re (s)3' lim 2
c¢’m 1 Q Q

- > H | —|+H | —
2b* C:(t)(w(zsm - w(25)3 )‘%)3 |: re( ZJ Im[ 2 ):|

. 1 n -
Ci(t)=- —=F, C(t)cosly — 24,(t))-
Oy = O J0y 0° ' S( o )

2
_ Zabz N, — 12 {W(ZSMH 'e((;j +wf,H Im[gﬂ _
D(s)s ~ Ds)s JD(s)a
C m, 1 Q Q
% Gl [H@(ijm(z]}
a’(s) (s)a

j = £ sinfy -2
¢ m bz [‘// ¢s)4( )]

a 1 ) Q . (Q]

-—n oy,H | = |+t ogHul = | |+
sz ) C:(t)(w(zs)a - wtzs)s )a)(s)4 |: or re( Zj e 2
c'm,

2
ot [ (2o (2)
20% C: () — @2 e 2 2

where corresponding members are obtained by following expression:
R(r)e"dr =H,(0)+iH, (@), i =v-1 (24)
0

The change of variables in the following ways and in the following forms: psk(t): InC!,

S

94 (t) = g (t)—%w , s=1234.., k=1234 where = oB(t)+ y and transforming the
averaged system of differential equations into the system of averaged stochastic differential equations
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with respect to the unknown amplitudes Cl(t),CZ(t),C3(t)and CZ(t), and unknown phases
¢(S)l(t), ¢(S)Z(t), ¢(S)3(t) and ¢(S)4(t), results in the following forms:

1 . .
dpl(t)= - i, ds:(t)= g e~ Zdy » k=1234 (25)

S

4. LYAPUNOV EXPONENTS AND STOCHASTIC STABILITY OF THE TRANSVERSAL
VIBRATIONS OF PARAMETRICALLY EXCITED DOUBLE HEREDITARY BEAM SYSTEM
Let us consider the following expressions [1]:

i+ 2 [ - nfe - avfet)- zett)

(s)k

s=1234,.., k=1234 (26)
where
T.(t)= 2C!(t)ecosd, (t) = XTA(1) (27)
with thefirst derivativesin theforms
T.(t)= Zw Ci(t)sina,, ()=§T§(t) (28)

where we introduce the time modes as , new time component coordinates’ T (t)

The Lyapunov exponents of the system mode processes A5, s=1234,.., k=1234, [1] may be
introduced by using the time modes as ,new time component coordinates* T'(t) and which by
making use of the averaged equations becomes:

—Ilmzln{[s(t)]erwi [T'sk()]Z}—nm PX(t), k=1234. (29)

t—>o (S)k

Now, each separate Lyapunov exponent is a measure of the average exponential growth of the
amplitudes Cl(t),C2(t),C3(t)and CZ(t) component processes of the corresponding , new time
component coor dinates’ Tsk(t) of beam transversal vibrations in the s-th form of the perturbed

parametric resonance process. The Lyapunov exponentsA:, s=1,234,., k=1234 are the
deterministic numbers with probability one (w.p.1) for the system given by averaged equations.
Solutions of the averaged differential equations depend on initial values TX(t,) and TX(t,), and in

general will be four values of the Lyapunov exponent A, s=1234,., k=1234 in the

corresponding S-th form of perturbed parametric resonance process. If both Lyapunov exponents are
negative, the trivial solution in the corresponding s-th form of perturbed parametric resonance of a
two-frequency process is a stable process with probability 1.

In order to calculate the expression and values for both Lyapunov exponents AS,k =1,2,
s=1234,.., , weintegrate both sides of two stochastic differential equations of the system (25) and

we obtain the following system::

1 t
pi(t)- pi(0)=- —F, [cos29dt -
Ny, = O oy b {

e )]
Hre >y +Him >y
2v* ( 25 a)(zs)l)a)(s)l 2 2

1 n ~ t
pi(t)- p2(0)=- L E [cos29%dt -
%), — 0l o, b7
2 ¢ ) o i o (30)
_sz n,—; 2 a)(SJlH re E + a)(s)ZHim E -
(a)(s)z ~ Osp );’(s)z

w e "))
- H rel o + H im{ "
20° (0f), ~ f Jo, 2 2
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e (0

0

: Q Q
- a72 n 2 . 2 |:a)(2s)3H re(j + a)(25)4H im(j:| +
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Nty = O s B* 0

2
— a—z n,— t - {a)(zs)AH re(Q) + a)(zs)3H im[Qﬂ +
2b (a)(s)4 ~ D)3 ﬁ(s)zx 2 2
e 33
- 3 H rel A~ + H im| ~
2b2 (a)(zs)A - a)(zs)e, )a)(s)zl 2 2

so that, from expressions for Lyapunov exponents /12 , s=1234,.., k=1234, with previous
obtained system (30), we can write the following series of the Lyapunov exponent expressions:

- (L 4A 1,2~ (12 47,
ﬂ :_ELls alF( Ls (25)1J_ ﬂ’ :__L25 alF(021 O_(Z)2 -
o

s PRl
(e

@ [ 0 2 o a2 Q Q

-Z L [ . H re( 5 j +af,H ‘"‘(ZH + - L25|:a)(25)1H re(E) + w(Zs)zH .m(EH _
2

BLAUSE Y [Q]J”Him[Q) v Hre[gjmim(g)

2n, 2 2 2n, 2 2

with probability 1. . (37
L 4A a 4 AN
B=—LE o, e | Be-trp L A
4 o o 4 o o
a’ Q Q a’ Q Q
2b2 nSLs’S{ 25}3H [ 2 ) + w(25)4H Im(z):| + - 2b2 nsL45|:w(25)4H re(zj + w(25)3H |m(2):| +

Suf{3)n ()] {5

with probability 1, where

1 n 1 n
L(0- Eoou- o
(a)<2s>z - a’(zsn)“’(s)l b* (“’ém - a’(zsn)@(s)z b*
1 n 1 n
()= o = 2
(a’<23>4 - a)(zs)B )0)(5)3 b’ (a’(zs)4 - a’(zs)a )a) (s)4 b*
Aoy = O _% s=1234,..., k=1234: (31)
2 l 2 1 2
O B [1 a’n ] \/4b4 [1— a ns]2 _E(C m, +n, Fca0+ C)

where the random processes 9 (t) k =1,2,3,4 given by previous system of the stochastic differential
equations (25) can be shown to be ergodic, in which case, we can write:

t
|tim% [cos29dt = E[cos29*] | k1234, with probability 1.
i )

where E[] denotes the expectation operator.

To this end, we set up the Fokker-Planck equation governing the invariant (or stationary)
probability density functions p* = p(9*), k=1234 of the processes (see [1], [25] and [26])
IX(t)=g¥(t)-w /2, k=12,34 defined by the second and fourth equations from system (25) of the
stochastic differential equations It6-type:
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zdzp(!gk) d K G k K k=1234 32
) G Man . —1*sin29p(9)l =0 3, (32)
o d(lgsk)z dLgsk {[ (s)k sgn s]p( s)}

The solutions of the previous series of equations satisfying the periodicity conditions in the
form p* = p(9*)= p(9* + 2 ), was obtained by Stratonoviich (1967) [24]:

p(9) = é exp|(8A 8 + L cos29t )/ o2 - ﬂﬁaxp[(SA(s)kr + L cos2r)/ o?Jdr (33)

Lk
e

is the Bessd function of the imaginary argument and imaginary order and ¢ = 4A<782>K,
o

S

k =1,2,3,4, where normalizing constants are:

4A
Ct =27 exp(—ﬂ—(;)kj

o

2

,k=1234 (34)

where ||

L
iq (72
k=1234.
Using equations and results by Ariaratnam [1] and previous stochastic differential equations,

the values of the mathematical expectation E[cos29"], for the processes  9“(t)= ¢"(t)—%z//,

S

s=1234,.., k=1234 and = oB(t)+y arefound to bein theform of expressions:

Elcos29]= F("E,“A@kj ,  k=1234 (35)
(o) (o)
where
_ 1 |1+iq (Z) Il—iq (Z) 36
a3 i )| >
CONCLUSIONS

Hence, by using previous expressions for the infinite sets of the Lyapunov exponents A,
s=12,34,.., k=1234, in the forms of expressions (37) with probability 1 for evaluation of the
stability or instability, we must find the Lyapunov exponent with maximal values between Lyapunov

exponents from defined sets, and determine kinetic parameters of the hereditary beam vibration such
that this Lyapunov exponents are with negative values. This is not simple, because we need

investigation of the max /12 <0, s=1234,..,k=1234. Also, we can consider the case when only

one of the A = Oy —%, s=1234,..,k=1234: is equal to zero, and all other different from

zero; this analysis needs a large discussion.
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