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INTRODUCTION

The phenomenon of deterioration of fluid free-surface waves between two cylindrical shells
when the inner wall vibrates radially, is rather known [1]. The waves may be excited by harmonic
axisymmetric deformations of the inner shell and depending on the vibration frequency both
axisymmetric and non-symmetric wave patterns may arise. Experimental observations have revealed
that waves are excited in two different resonance regimes [2]. The first type of waves corresponds to
forced resonance, in which axisymmetric patterns are realized with eigenfrequencies equal to the
frequency of excitation. The second kind of waves are parametric resonance wavesand in this case the
waves are "transverse”, with their crests and troughs aligned perpendicular to the vibrating wall.
These so-called cross-waves have frequencies equal to half of that of the wavemaker [3].

Garrett [4] has shown how energy is transferred from the wavemaker to the cross-wave in a
mathematical model including a mean motion of the free surface. He mentioned, however, that this
mean mation of the free surface is not sufficient to supply the energy to the cross-waves. Therefore,
the cross-waves must derive their energy in some way directly from the wavemaker. To show direct
transmission of energy from the wavemaker the method of superposition has been used and the fluid
potential ¢ was presented as the sum of three harmonic functions.

1. TEORETICAL ANALYSIS

One considers theoretically the nonlinear problem of fluid free-surface waves which are excited
by inner shell vibrations in a volume between two cylinders of finite length. It is useful to relate the
fluid motion to the cylindrical coordinate system (r,d,x). The fluid has an average depth d ; the
average position of the free surfaceis taken as x =0, so that the solid tank bottom isat x=-d .

The fluid is confined between a solid outer cylinder at r = R, and a deformable inner cylinder

a average radius R =1, + ao(d)‘lji| cos(yx)dx=r,+2a,/ 7. This inner cylinder acts as the
wavemaker and vibrates harmonically in such a way that the position of the wall of the inner cylinder
isr=R+ xrn(xt)=R —(a, + & coswt)cosnx—2a, / 7, where n =z /(2d). Assuming that the fluid

is inviscid and incompressible, and that the induced motion is irrotational, the velocity field can be
writtenas v=V¢, with ¢(r,0, x,t) the velocity potential. The governing equation is
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V=0 on (R+x<r<R,,0<0<27,-d<x<() (1)

where ¢(r,8,t) isfree surface displacement.
The dynamic and kinematic free-surface boundary conditions are;

¢+uzwwf+g§:£ﬁﬂ4—%v4«vm2v:n+Fa> a  x=((noY @

h=VeVe+g a  x=¢(r,o,1) 3

with g the gravitational acceleration, T the air-fluid surface tension and p the fluid density, F(t) is
an arbitrary function of time [5]. Here and later the subscripts x,r,0,t signify partial differentiation.
The normal velocity vanishes at the solid flow boundaries:

4=0 a =R,
¢, =0 a x=-d

while the kinematic condition at the vibrating inner cylinder is:

$=x+VoVy a r=R+xp(xt). (4)

Effects of the meniscus and capillarity at the contact line of the fluid's free-surface and the
annular container walls were not incorporated in the formulation of the problem. We assume, that

¢, =0 a r=R ad r=R,

From the experimental observations we may conclude that the pattern formation has a
resonance character, every pattern having its "own" frequency.

Assuming that patterns can be described in terms of normal modes with characteristic
eigenfrequencies, we expand the potential ¢ and the free-surface displacement ¢ in a complete set of
eigenfunctions, which are determined by linear theory. The amplitudes of these eigenfunctions are
governed by the nonlinear problem (2) - (3).

The solution of the linear general non-axisymmetric boundary problem

V=0 on (R <r<R,0<60<2r,-d<x<0), (5)
¢ =1 a x=0 (@)
$.=0 a x=-d (b)
¢. =0 a r=R, (©) (6)
¢ =1 a r=R (d)
¢9|9=0=¢9|9=2n (e

under arbitrary excitation of the inner cylindrical shell w(8,x,t) can befound in several ways. One is
Grinberg's method [6]. Here the potential ¢ is presented as Fourier series of the complete system of
eigenfunctions in the radial and azimuthal coordinates with the coefficients as functions of the
coordinate x. The inhomogeneous boundary condition at r =R, is transformed into the right-hand
side of the equation (5) due to the ordinary procedure of the Fourier series representation for the
derivatives on r . The solutions of the sequence of the inhomogeneous linear differential equations in
X for the expansion coefficients with inhomogeneous boundary conditionsin X can be easily found
by any analytical techniques. This approach yields, however, rather cumbersome expressions, in
which the input of the wavemaker motion w(é, x,t) is not seen in a clear way. In order to obtain a
more lucid picture of the transmission from the wavemaker motion to the free-surface motion it is
more convenient to use another analytical method, namely, the method of superposition. The authors
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are of the opinion that the application of this method is without doubt preferable for the problem in
question. It provides a clear physical picture of the mechanism of energy transfer from the wavemaker
to the mean level variation and every eigenmode of free-surface oscillations. The idea of the
superposition method was first proposed by Lamé in his classical lectures on the theory of dasticity

[7].

According to this superposition method, the potential ¢ can be written as the sum of three
harmonic functions:

P=+ o+ (7)

The potential ¢, is governed by the following axisymmetric boundary problem:

V=0 on (R<r<R,, 0<0<2z, —d<x<0) (8)
(d0)x = (o) a x=0 (a)
(40)x =0 a x=-d (b)
(o), =0 a r=R (©) ©)
(o), = (W), a r=R (d)
()0 lp-0= () lp-2- (e
where
0=t T orddo
= r,o,t)rdr
>0 ”(Rzz - Rlz) 0 i(
1 2z 0 (10)
W, (t) = 2eRd g jd w(@, x,t)Rdxdé

represents the mean level eevation of the fluid free surface and mean displacement of the cylindrical
wavemaker, respectively. These mean values are connected by the relationship

(Co)ir(R; = RY) = 27dR (), =0 (11)

expressing mass conservation for the incompressible fluid. Thus, for the particular case of the
wavemaker excitation it is easy to derive from this relationship the mean level oscillation:

Coolt) =R
T

m (al COSa)t) . (12)

The potential ¢, is governed by the following linear problem:

Vi, =0 on (R<r<R,,0<0<27,-d<x<0) (13)
(¢1)x :(g_go)t a x=0 (@)
(#1),=0 a x=-d (b)
(¢1), =0 a r=R (©) (14)
(¢1), =0 a r=R (d)
(¢1)9|9=o =(¢1)9|9=27z (e)

where the conditions in the radial direction are homogeneous and in the azimuthal direction periodic.
So ¢ will be expressed as a sum of complete systems of eigenfunctions in the radial and azimuthal
coordinates.
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While the potential ¢, is governed by

Vé4,=0 on (R<r<R,,0<6<27,-d<x<0), (15)
(¢,),=0 a x=0 (a)
()« =0 a x=-d (b)
(¢,), =0 a r=R, (c) (16)
(¢,)r = (W—Wwp), a r=R (d)
(¢2)9|9=o = (¢2)9|9=2n (e

it can be represented as a sum of eigenfunctions in the vertical (homogeneous boundary conditions
(16a) and (16b)) and in the circumferential (condition of periodicity (16€)) directions. (The potential
¢, does not cause any changes in the velocity of the displacement ¢ . at the surface. However, it
provides the pressure component which "supports’ the free-surface motion, as can be seen from (2).
This component has an excitation frequency equal to the frequency of w(é,x,t) in the linear
approximation of the problem.)

It is worth noting that the boundary problems (8)-(9), (13)-(14) and (15)-(16) are of the
Neumann type when the normal derivative of the harmonic function is prescribed. For the solutions
without singularities in the corner points Green's second theorem requires that these prescribed values
should satisfy the condition of zero flux across the boundary. Obviously, this property is satisfied for
all three boundary problems.

The solution of the boundary problem for ¢, can be easily found as

B L T P R
$o(r.6,t) = W°(t)R§—Rf[2 R2|nl’]+§o q (17)

(here the dot means the time derivative), which identically satisfies the Laplacian equation (8) due to
the relation (11).
The solution of the linear problem (13)-(14) for ¢, can be written in the form

b=3 5 gp T S
i

SS(r,0), 18
22 N, coshk d iy (r.0) (18)

on the complete systems of azimuthal (cosi@, sini@), and radial eigenfunctions

LN

Jtij(kijr)z‘Ji(kijr)_Y(kl R) i
i (K

(kir)

with some arbitrary amplitudes ¢5°(t) .
In the solution (18) the notations

v (r,0) =z, (K r)(cosig,sinig) (19)

are used, where J, and Y, are the i-th order Bessel functions of the first and the second kind,

27 R,
respectively, and N;; isanormalization constant implied fromtherelation N7 = | [ (5°)?rdrdo,
OR

where the index ¢ (or s) indicates that the eigenfunction cosi@® (or sini@) is chosen as the
circumferential component; k;; represents the roots of the equation
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34(k;R)
30k R) o= (R,) = 0.
SRRy
The system of functions y;;(r,0) , with i=0,1,2,... and j=1,2,3,..., is a complete orthogonal

system, so any function of the variables r and & can be represented using the usual procedure of
Fourier series expansion.

Thus, the free surface displacement £'(r,8,t) — ¢, (t) can bewritten as

w o c.s 0
C.00-60 =33 2 (20)

i=0j=1 N;;

The boundary condition (14a) provides the rdation between the amplitudes of the series (18)
and (20) in the form:

4 (1) = £ () K tanhk o) (21)

The velocity potential ¢,(r,8,x,t) can be formulated in terms of an ordinary Fourier series in
cose, X with ¢ =Iz/d andin(cosié, sini@), so that the general solution reads

¢, = i id)ﬁ's(t) cosa, Xz, (e r)(cosif,sinid) (22)

i=01=1

with

@R

Zin(ogr) =i (ogr) - K (@R)
i\dj

(1)

were |; and K; the i -th order modified Bessel functions of the first and second kind, respectively.
Using the boundary condition (16d) we can explicitly define the amplitudes ®;°(t) as

2-5, .
(1) = W () = ————

dra 7 (@R j_od[v'v(e,x,t)—Wo(t)]c05a|x(cosie,siniH)Rl dx do,
1A M

where 5, istheDirac functionand 7, .(2) =d 7, (2)/ dz.
To define the unknown functions gff(t) , representing the amplitudes of directly excited free
surface waves, we have to apply the linearized dynamic free-surface boundary condition (2)

¢}+gg—1v2§=F(t)a1x=o, (23)
Yo,

where ¢ represents the total velocity potential according to (7).
Substitution of (7) into (23) leads to the functional equation on r in the interval (R,R,).
Representing the radial functions r?/2—RZInr and 7, (e;r) inthe form of the expansions

2 RZInr_aOOJer::laoj No;
]Zil(alr)zhlojLihljw,
j=1

i
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where the coefficients ay,, a,;, by and by can be found by straightforward integration, we can

write down the infinite sequence of ordinary differential equations for the functions gff(t) :

iR & Vi Y
(RQZ_RlZ) IZ:::L 0l (t)bOI]ﬁOJ’ (24)

sty + ol (1) =—§wi°.'5(t)n.jﬂi y

C.;!;Oj(t)-}_a)gjé/oj (t) =iy (t)

12
where 3, =k, tanhk ;d and & =[(glgj +Ilg3j)tanhlgjd} fori=012..and j=123,..
o)

The linear equations (24) represent typical equations of the forced oscillations with
eigenfrequencies ;. Solving these linear differential equations with specified initial conditions

under prescribed time dependence of the functions w,(t) and w;°(t), we can easily obtain the

amplitudes
¢ (t) of thefluid free-surface waves in an explicit manner.

CONCLUSIONS

A simple mathematical model, which shows how the cross-wave can be generated directly by
the wavemaker motion without having to take into account the presence of any axisymmetric waves at
the free surface. This mathematical model of the excitation of the resonant cross-waves may be the
easiest way to understand pattern formation on the fluid's free surface

The nonlinear problems for resonant eigenmodes could be solved in the following way. First,
for finding the amplitudes of the potential ¢, the nonlinear boundary condition (4) is applied with the

expansion procedure in the series with cose; x and (cosi@, sini@) functions. The second step is to
determine the relations between the amplitudes of potential ¢, the functions ¢ ,(t) and the

amplitudes ¢, (t) of the fluid free-surface waves according to the nonlinear boundary condition (3).

And finally, the dynamic condition (2) should be taken in consideration for the closure step, namely,
to obtain nonlinear differential equations for resonant amplitudes under the prescribed excitation.
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